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The concept of the gravitational potential tensor is introduced. Equations are established which de-
fine the gravitational potential tensor. An approximate solution of the equations is obtained for the
astronomical problem of an isolated mass system. The equations of motion in relativistic mechan-
ics are considered. General expressions are derived for the force acting on the body and for the
momentum of the body. It is shown that the force and momentum depend not only on the mass tensor

but also on the gravitational potential tensor.

THE article consists of two parts. In the first part we
introduce a tensor which we call the gravitational po-
tential tensor, and we investigate some of its proper-
ties. The purpose of the second part is to establish a
connection between the equations of motion of relativis-
tic mechanics (see!*™®)) and the tensor of the gravita-
tional potential.

1. THE TENSOR OF THE GRAVITATIONAL
POTENTIAL

We introduce first the vector V,, which satisfies
the equations

p*g ViV Vo = a7, (1)
where p* is the invariant mass density, guv the funda-

mental tensor, Ty the mass tensor, c the velocity of
light in vacuum, and

M = I — (Tw?)e. @)

Here I‘ﬁu are Christoffel symbols of the second kind
for the considered space-time (I‘ﬁu)o are also
Christoffel symbols of the second kind, not for the in-
vestigated space-time but for the auxiliary space-time
against the background of which we consider the real
physical space-time. In Egs. (1) V, as usual, denotes
the covariant derivative in the investigated space-time.
Greek indices take on values 0, 1, 2, 3 and summation
from zero to 3 is implied for repeated Greek indices.
The aggregate of the values of V, defined by Egs. (1)
composes a general-covariant vector.

If we choose as the auxiliary space-time against the
background of which we consider the investigated
space-time a space-time for which

(Tw?)o =0, (3)
then Eqgs. (1) take the form
08" VWV = T T, (4)

The aggregate of the quantities V, defined by Eqgs. (4)
does not make up a general-covariant vector. This is
a vector only with respect to linear transformations;
in particular, V, is a vector in a harmonic coordinate
system.

We write down Egs. (4) as applied to the case when
we can put
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1
Ty = —p'n,u..
L (5)
Here u,, is a three-dimensional covariant velocity
vector, normalized in accordance with the formula
gy’ = c?, (6)
The conditions
V. — 0 (7)
with allowance for the continuity equation
Vup'u" =0 (8)

are equivalent, as applied to the assumption (5), to the
equations

uV,u, =0, )

or, which is the same,

due | dv — Totu'u, = 0, (10)
where 7 is the proper time. From (5) and (10) it
follows that

dua O
p—d;=cI‘avTu. (11)

Taking (11) into consideration, we arrive at the conclu-
sion that as applied to the assumption (5) Eqs. (4) take
the form

gV, V.V, = du, / dx.

Let us consider now Egs. (4) as applied to the
astronomical problem of an isolated mass system.
Starting from the solution obtained in Fock’s book!®]
for the Einstein gravitational equations, we can show
that for the astronomical problem of an isolated sys-
tem of masses the following equations are valid in first
approximation:

12)

wp oy 1 98U
Fuv Tu = ?DOT,
where U is the Newtonian gravitational potential and
p is the ordinary mass density.

Taking equality (13) into consideration, we arrive at
the conclusion that as applied to the astronomical
problem of an isolated system of masses Egs. (4) as-
sume in first approximation the form

(13)

(14)

Here A is the usual Laplace operator. The solution of
Eqgs. (14) is the vector

AVy = 09U | 3z,
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Vo= oW [ o, (15)
where W is a function satisfying the Poisson equation
AW = U. (16)

In'® it is shown that the solution of (16) is the function

W_—yjp |r—r'|(d.1: (17)
)
where y is the Newtonian gravitational constant, r as
usual is the radius vector of the point with coordinates
X3, Xa, X3, (dx')® = dxjdxjdx3, p’ = p(x}, X3, X3, t). The
integration is carried out over the entire infinite space.
We construct the tensor

Iw=V,V, (18)

and assume
I} = V.. (19)

From (1) and (19) it follows that
0 VIt = Tl T, (20)

In the approximation corresponding to equalities
(13)—(17) we have

FW U oW FR4
o= o Tw=do=550

The Latin indices assume values 1, 2, and 3 and sum-
mation from 1 to 3 is applied for repeated Latin in-
dices. In formulas (21) it is assumed that x, = t.

Starting from the presented components of the ten-
sor J, vy, we can easily show that in the approximation
in question we have

In = 8°W/oz: 9z, (21)

cj').r.,f(dx)‘z = —dit

®)

[ ua=ye. (22)
)

Here (8) is an arbitrary closed surface and (V) is the
volume bounded by the surface (S). In formula (22) it
is understood that (dx)? = dx.dxs;, (dx); = dx,dx; (dx)3
= dx,dx, and (dx)® = dx,dx,dx,.

The foregoing gives grounds for calling the tensor
J the gravitational potential tensor.

2. EQUATIONS OF MOTION OF RELATIVISTIC
MECHANICS

Let us establish the connection between the equations
of motion of relativistic mechanics and the gravita-
t10na1 potential tensor. For any factor y and tensor
T we have
a(xT

(xT') -z 3 (xV—g) g)

« (23)
dzy dz, — T

XVVTMV ==
and therefore, assuming that T/ is the mass tensor,
we arrive, by virtue of the conservative nature of the
mass tensor, at the following equations:

oxTw)  —9(/V—g) .., v
oz, T—¢g oz T — xTw*T. = 0.
In these formulas g is a determinant made up of the
components of the fundamental tensor g, ,. From (24)
it follows that

(24)

—X—N—g) To(dz)* + [ (DT, (da)"

(@)
— $urt () (25)

(8,)

i [xT"(dz)’ j T—¢

Here f is the integral over the volume occupied by the

(@)
mass a, and gS is the integral over the surface en-

Sa
closing the sa(me) mass a. Equations (25) are the equa-
tions of motion of the mass a. However, the right-hand
sides of (25) cannot be interpreted as the components
of the force acting on the mass a. This can be verified
by applying Egs. (25) to an isolated system of masses.
Indeed, the sum of the right-hand sides of Egs. (25),
taken (at a fixed index i) over all the bodies of the
system considered, differs from zero. Accordingly, the
quantities under the sign of the derivative with respect
to time in the left-hand sides of Eqs. (25) cannot be
interpreted as components of the momentum of the
mass a.
We put
Pu=—c [ T0y=g(dz)® —-_J' ploV—g(dz)®,  (26)
(a) (@)

Fo=— cII‘,v“T Y= g(dz)* +c (}5 V— el (dz),?
(@ (8q)

—77tjovw~g<dzw @7)

It follows from (25), (26), and (27) that the equations of

motion of the mass a can be represented in the form
(see'®))

AP, | dt = I, (28)

Let us verify that the quantities Py; and Fai defined
by relations (26) and (27) represent the momentum of
the mass a and the force acting on this mass.

Let us consider relations (26) and (27) as applied to
the astronomical problem of an isolated system of
masses.

Starting from the Einstein gravitational equations
obtained in{®) it can be shown that for the astronomical
problem of an isolated system of masses the following
equalities are valid accurate to quantities of the order
of U/c?:

= o i e 0] )
(29)
(30)

In these formulas v; is the component of the velocxty
of the particle of the medium and v? = v2 + v3 + va,
pik is the three-dimensional tensor of the elastic
stresses, Il is the elastic potential energy of a unit
mass of the medium, and Uj is the vector potential of
the gravitational field, i.e.,

1 (oU* 4 U,
—_— " = —— ___
V T Ty { 0x; g T 0x; }

AU = —4nypv,. (31)
The potential U* is determined by the equation
AU ’%(,;_Z. = — 4y, (32)
with
a=p+f(—u +m— U) LL3 (33)

and, of course pgk = Pu1 + P22 + Pas.

To calculate the quantities Pyj and Fyj by formulas
(26) and (27), it is necessary to find the components of
the gravitational potential tensor contained in (26) and
(27). 1t follows from (21) that in the approximation of
interest to us
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1 oW

I,
¢ oz, ot

(34)
Taking into consideration (29), (30), and (34) and
recognizing that in the considered case of the astronom-
ical problem of an isolated system of masses the inte-
gral over the surface (Sy) in (27) is equal to zero, we
arrive in accordance with (26) and (27) at the conclu-
sion that in the approximation of interest to us

1 /1 1
Pai= i 1 —-(—— 2 - ]—— i
(!}{pv[ —+ =\3 v 411 +—3U) p Dinls
4 1 FW
—woli— ot (da)’

¢* " dx; 9t (35)

U+ 1 d W 4 U,
Fo= | —o(dz)? — — — s__ 4 3
(z‘; ox; o(dz) c? dt(!)paz.-@t(dx) cz(!; pvk 0x; ()"
(36)

For convenience in the comparison of formulas (25)
and (36) with the corresponding formulas (75.31) and
(75.32) from!®], we assume, following the cited book

(37)

where p is the isotropic pressure and, as usual, §ik
=1 when i =k and 6jx = 0 when i# k. Further, fol-
lowing!®), we divide the potentials U*, W, and Uy into
internal and external, putting

D= — pé,-h,

Ut =us + U, (38)

(a)

W = w, + WO, U =ugp+ Uy .
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Then, as shown in!®]

ou,* .1 de dw

(J; oz, oldz)’ = ?E(ipax,» 3 (49 (40)
au“" 3 __

j pvx—a—z—‘_-(dx) =0. (41)

@
Taking (37)—(41) into account, we arrive at the conclu-
sion that relations (35) and (36) coincide with relations
(75.31) and (75.32) of[®), Consequently, the quantities
P,i and Faj, defined by Eqgs. (26) and (27), can indeed
be interpreted as the angular momentum of the mass a
and the force acting on this mass.

The author is grateful to Academician V. A. Fock
for interest in the work.

LA. Einstein, L. Infeld, and B. Hoffman, Ann. Math.,
39, 65 (1938).

V. A. Fock, Zh. Eksp, Teor, Fiz. 9, 375 (1939).

®N. M. Petrova, Zh. Eksp. Teor, Fiz. 19, 989 (1949).

*1. G. Fikhtengol’ts, Zh. Eksp. Teor. Fiz. 20, 233
(1950).

°A. Papapetrou, Proc. Phys. Soc., A., 64, 57 (1951).

®V. A. Fock, Teoriya prostranstva, vremeni i
tyagoteniya (Theory of Space, Time, and Gravitation),
Fizmatgiz, 1961.

Translated by J. G. Adashko
130



