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A hypothesis of isomorphism of critical phenomena is proposed, whose essence is that the singulari
ties of physical quantities near the transition points have the same form in various physical objects, 
provided the thermodynamic variables are properly chosen. The choice consists in selection of an 
ordering parameter (TJ) and a conjugate quantity. With the aid of this hypothesis and on the basis of 
similarity theory, a thermodynamics of critical phenomena is set up for various mixtures and other 
systems possessing critical-point lines. Singularities of various experimentally observable quanti
ties are calculated and the ranges of applicability of the formulas are estimated. The available ex
perimental material was analyzed. Critical phenomena in dilute solutions are considered in detail. 
It is shown that in such systems the various types of singularities (strong, of the r-Y type, and weak, 
of the r-0' type) can be smoothed out by admixtures in various temperature ranges (rY ~X and rG' 
~ X, where T is the reduced temperature deviation from the critical point, a and y are critical in
dices, and X is the admixture concentration). The purity and contamination number of a substance 
in the real experiment is calculated. Some considerations regarding isomorphism of kinetic coeffi
cients are presented. 

1. INTRODUCTION 

IT is known that critical phenomena of different types 
(second-order phase transitions) reveal similar fea
tures. This gives grounds for hoping that the theory of 
critical phenomena should have a universal character. 

Modern phenomenological theory of critical phe
nomena-similarity theory (see the review [11}-starts 
from the general fact that the correlation radius of the 
system grows near the critical point. The model of the 
substance is not specified too concretely, and therefore 
this theory is suitable for a description of critical phe
nomena of various types. The singularities of the ther
modynamic quantities near the transition point are de
scribed by introducing the so-called "critical exponents" 
"critical indices"). Similarity theory does not make it 
possible to find the values of the critical indices, and 
only establishes universal relations between them. 
Therefore each type of phase transition should have, 
generally speaking, its own set of indices. 

Unfortunately, similarity theory can be constructed 
(without additional assumptions) only for a system with 
an isolated transition point, which is described by two 
variables (for example, temperature and magnetic field} 
and consequently, within the framework of the theory, 
by two independent indices. fu real objects, only the 
critical liquid-gas equilibrium critical point is isolated. 
All the remaining transitions occur on critical lines or 
surfaces, depending on the number of independent vari
ables. 

We start from the concept of isomorphism of critical 
phenomena in different real objects. fu other words, we 
assume that when the thermodynamic variables are suit
ably chosen, the thermodynamic potentials describing 
the properties of different systems near phase-transi
tion points have the same functional form. 

fu order to formulate the rule for the choice of the 
isomorphic variables, we note that a second-order phase 
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transition is connected with violation of the stability with 
respect to a certain parameter TJ (the ordering param
eter in Landau's terminology[21 } and is characterized by 
the vanishing of the second derivative of the thermody
namic potential with respect to the ordering parameter: 

(ii"Y) = O 
iJ1']2 T,Yi ' 

(1) 

where >¥ = >ll(T, TJ, Yi) is the thermodynamic potential 
and Yi are all the independent variables of the system, 
with the exception of the temperature and the ordering 
parameter. 

Let us assume that the potential >ll(T, TJ, Yi) has, near 
the transition point, the same functional dependence on 
T and TJ for all the systems, the remaining variables Yi 
being fixed. This corresponds to the choice of a certain 
fixed point Yi = {Yfc>} on the line (surface) Tc(Yi)· If 
this point is not singular (cases with singular points 
should be considered separately}, then the critical tem
perature Tc(Yi) can be expanded in terms of the vari
ables Yi. 

Let us assume now that the thermodynamic potential 
as a function of r(Yi) = [T - Tc(Yi)l/Tc(Yi) and TJ (Yi) 
has the form obtained in similarity theory for a system 
with an isolated transition point. Thus, the number of 
independent critical indices remains equal to two as 
before. 

Basing himself on the results of an investigation of 
decorated lattice models, [4• 51 Fisher[SJ proposed that 
the singularities of the thermodynamic quantities re
main unchanged when an additional thermodynamic 
variable ("generalized coordinate") is added, if the 
value of the "generalized force" conjugate to it is fixed. 
Fisher's main result is the renormalization of the criti
cal indices on going from an "ideal" system to a "real" 
one (with increasing number of variables). Fisher's 
hypothesis in the variant formulated by him is somewhat 
artificial, but it is easily seen that it is a particular 
case of the physically natural isomorphism assumption. 
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Table I. Singularities of thermodynamic quantities near 
the critical points of binary mixtures 

Thenno
dynamic 
region 

l Thermodynamic quantity 

•(P)~i 
•(fl)~i 

Note. 0<, /3, '"(, 6 are the indices of specific heat, the coexistence curve, susceptibility, 
and the critical isotherm [1]. 

Indeed, the condition for thermodynamic equilibrium 
is equality of the "generalized forces" (temperature, 
pressure, chemical potentials, etc.) at all points of the 
system, whereas the "generalized coordinates" (en
tropy, density, concentration, etc.) can vary from point 
to point. Therefore the variables Yi in condition (1) are 
always "generalized forces." 

When a new degree of freedom Xi+l appears in the 
system, the condition (1) takes the form 

(2) 

where Yi+l is the quantity thermodynamically conjugate 
to Xi+u and lit* = llt*(T, TJ, YiJ Yi+ 1). 

In the present paper, starting from the concept of 
isomorphism, we consider phase transitions of different 
types in real objects. We consider in detail critical 
phenomena in mixtures, since binary liquid mixtures 
are particularly promising for experimental investiga
tions. A special investigation is made of the case of 
dilute solutions and of the associated problem of the 
influence of impurities on the properties of substances 
near second-order phase-transition points. In addition, 
we discuss the possibility of isomorphism of kinetic 
coefficients near critical points. 

2. CRITICAL PHENOMENA IN MIXTURES 

In binary solutions (critical equilibrium points of 
liquid-liquid, liquid-gas, gas-gas mixtures and lami
nating solid solutions), the stability determinant takes 
the form [2• 61 

Here X is the molecular concentration of one of the mix
ture components, F = F(T, V, X) is the free energy of 
the mixture/1 and JJ. = (ilF/ilX)T v = (il<P/ilX)T pis the 
chemical potential of the mixtur'e. [61 Now, depending on 
which quantity we choose for the mixture as the order
ing parameter (TJ = x(P) = X - Xc(P) or TJ = v(JJ,) 
= [V- Vc(JJ.)]/Vc(JJ.)), we can write in accordance with 
(1) two equivalent conditions for the critical point of 
the mixture: 

( &JL) (&'<D) - -- -0 ax T,P- ax• T,P -

!)Here and throughout all the extensive quantities are referred to 
one mole of substance. 

(4) 

or 

where 
F'(T, V, JL) =F(T, V, X) -JLX(T, V, JL), 

<D(T,X,P) =F(T, V,X) +PV(T,X,P). 

(5) 

Near the critical point we assume for the free energy 
F(T, V) of the pure substance the form resulting from 
similarity theory: Ul 

F(T, V) =t'-a/(v/t~) +Fo(T, "V), (6) 
where F 0(T, V) is a regular function, a and f3 are the 
critical indices of the specific heat and of the coexis
tence curve, T = (T- Tc)/Tc, v = (V- Vc}/Vc, and 
f(z) is a certain function with known asymptotic forms. 

In accordance with the initial isomorphism assump
tion we obtain for the binary mixture 

where 

<I>(T,X,P)=-r(P)'-acp{ x(P) }+<I> (T X P) 
t(P)' 0 

' ' ' (7) 

F'(T, V, JL) = t(JL)'-a /' { :((::~ }+Fo"(T V, !t). (8) 

T- Tc(P) 

Tc(P) 

Differentiating expressions (7) and (8), we obtain all 
the singularities of the thermodynamic quantities near 
the critical points of the binary mixture (Table I). 

Expressions (7) and (8) are equivalent for the de
scription of the thermodynamic properties of mixtures 
near the critical points, and the choice between them 
can be made exclusively from considerations of con
venience. The real experimental conditions, however, 
impose limitations on the choice of the thermodynamic 
variables. Thus, whereas the quantities (ilJJ./ilX)T p and 
Cx,P as functions of T(P) are easily measurable quanti
ties for liquid-liquid systems (the experiment is usually 
carried out in the presence of saturated vapor and the 
pressure remains practically unchanged), it is quite 
difficult to ensure constancy of P for liquid-gas sys
tems. It is even more difficult to ensure constancy of 
JJ. in the system (this would call for varying the concen
tration during the course of the measurement), making 
it practically impossible to observe the singularities of 
the thermodynamic quantities as functions of T(JJ.) (the 
last three columns of Table I), since at a fixed value of 
the concentration X the chemical potential ceases to be 
an independent variable and becones a function of T and 
v. 
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Table II. Singularities of thermodynamic quantities near the critical points of binary mixtures 
in terms of the variables T, V, and X 

Thermodynamic quantity 
Thermodynamic 

(~h,x (~h.P I Cp) _, (ox) (apr region Cx,P w T,l"~cp,~ ifi< T, v-· iii T, V cv,x 

't(X);l;>zi(X) 'f (X)-Il/(1-«) 'f (X)-a/(t-a) 'f(X)YI<I-•> 'f(X)Y/(1-«) 'f(X)-aJ<t-•> 'f (X)"K!-a) + oonst 

'f(V);l;>.o:(V) 'f {V)-•/(1-a) 'f (V)-«/(1-a) 't (V)Y/(t-a) 't (V)Y/(1-a) 't(V)-Il/(1-•> 't (V)•t<t-•> + oonst 

't(X)<v(X) V {X)-a/(1-a) v (X)-«1(1-•) v(X)Y/(1-a) v(X)yf(t-•) v(X)-•f(!-a) v (X) •I(! -a) + const 

't(V)<~V) z(V)-af(t-> z(V)-a/(1-) :t (V)Y/(!-a) :t(V) Y/(1-a) :t{V)-/(t-> :t (V)af(!-a) + oonst 

Note. The quantity (oP/oV)r, J.l determines the intensity of light scattering by density and concentration fluctuations near the critical point of the 
mixture. 

A method that makes it possible to find the depen
dence of the chemical potential on the volume and on 
the temperature was proposed by Fisher. [SJ We confine 
ourselves therefore to a brief listing of the results ob
tained by such a method. 

From the definition X=- (ilF*/ilf..L)T V• using ex
pression (8), we obtain (F* = F*{T, V, ~. T(T, f..L), v(V, f..L)}) 

( BF') ( 1 dTc ) ( BF') ( 1 dVc) 
X= - --a; •. .-.•. l - Tcd; - Tv <,T,.,Y - Vc d11. 

( aF,·) 
- ----a;- v, v ,-r,r • 

(9) 

Expanding (ilFt/ilf..L)v v T,T in a series about the crit
ical point f..L = f..Lc, T = T~[~c] = Tc(x), V = Vc(f..Lc) = Vc(X), 
putting X= Xc and representing Tc(f..L) in the form 

dTc 
Tc(J.t)= Tc(X)+aj;I\J.t, 

we obtain from (9) and (10) the equation2 > 

(10} 

A T 1 dT. ]'-"' -~M~[T(X)---c 811 +tn"(X)-bv(X)-c8~-t=O, (11) 
Tc IJ.L Tc d11 

The solution of Eq. (11) for T{X} » v(X) (on the iso
chore) in the temperature region 

T(X)~ &-• 't(X)•-• == [ A(dTc/d:; (dTc/dX) ( i- ;: ~i) r 't(X)'-"' 

(12) 

is of the form b.f..L = Tc(dTc /df..Lr1 { T(X)- [ ~T(X)1;u-ai}, 
and then 

(13} 

In the region T(X) » ~-1T(X}1- a, we obviously obtain 

( a' dT. ) 
't(!-')= 1-"T; al: 't(X). (14) 

We can find analogously the solutions of (11) in the 

2lJn deriving (11) we assumed that z(p.) = v(p.)/r(p.)~-<\!( I, and used 
the known asymptotic form of the function f(z) [ 1] • Then Cy, p. = 
-To 2 F*/oT 2 = -(1-a)Ar(p.)-a-B. It can be shown that the assumption 
z(p.) <~!( I is valid both when r(x) > v(X) and when r(X) <~!( v(X) in a suf
ficiently close vicinity of the critical point. 

case v(X} » T(X) (on the isotherm) 

't _ { bTc ( dTc ) -• } ,'<•-•> 
(!-')_- A d;'" v(X) 'I j , (15) 

Tc dVc (. dTc )-• 
v(J.t)= v(X)---- -- 't(X). (16) 

Vc dJ.t d11 

Since we have z(f..L) = v{f..L)/T(f..L)f3 « 1 even on the iso
therm (in the T-V-X space), formula (16} is needed 
here only for the differentiation of (B) with respect to 
T(X) (for example, to determine Cv x). 

Substituting {13)-(16} in the expression for the free 
energy 

F.(T, V,X) =F'(T, V, J.t) +X~-t(T, V,X), 

we easily obtain the singularities of any thermodynamic 
quantity in terms of the variables T, V, and X (see 
Table II}. 

The results of the transition from T, P, X to T, V, X 
are obtained in analogy with (13)-(16} with the following 
change of variables: 

Vc-+Xc, v(X) -+z(V), v(!-') -+z(P), J.t-+P. 

Naturally, the singularities of the thermodynamic 
quantities as functions of T(V) at X = Xc or of x(V) at 
T = Tc coincide with those obtained as functions of T(X) 
at V = V c or of v(X) at T = Tc (Table II). 

We emphasize that the solutions of Eq. (11) in the 
form (13} (and consequently all the singularities given 
in Table II} are obtained only if condition (12) is satis
fied. 

We note that owing to the smallness of a, there ex
ists a very wide intermediate region of T, in which these 
terms remain on the same order. Thus, at a = 0.1 the 
quantity T1- a becomes larger than T by one order of 
magnitude only when T changes from 1 to 10-10• There
fore prime importance attaches to the coefficients in 
(11) and (12}. Namely, depending on these coefficients, 
the renormalization of (13) will be observed or will re
main entirely inaccessible to observation. 

3. POSSIBILITY OF EXPERIMENTAL OBSERVATION 
OF THE RENORMALIZA TION OF THE CRITICAL 
INDICES 

The solution (13) of Eq. (11) is valid in the region 
T(X) « C1;a. S) This means that the singularities of the 

3l In the case of a logarithmic singularity of the specific heat, the 
limit of the corresponding region is 

T ~ exp {TcfD dTc ~} D = D' (1-!._~) · 
djl dX ' Tc dX > 

D' is the coefficient in the formula Cv, p. = -D' In r(p.)-B. 
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different thermodynamic quantities listed in Table II 
can be observed experimentally in this region, which 
is as a rule quite narrow. However, even in the case 
when T(X) » ~-1;a (the region in which the critical in
dices do not change), the change of the singularities of 
the thermodynamic quantities can be connected with the 
coefficient preceding T(X) in relation (14). The rate of 
growth of the corresponding quantity can either increase 
or decrease, depending on the sign of the derivative 
dTc/dX. 

Owing to the smallness of a, there exists a suffi
ciently wide intermediate region that can extend over 
several orders in T and in which both mechanisms of 
distortion of the singularities are active. This means 
that the experimental results in this region can hardly 
be interpreted to any definite degree. As the critical 
point is approached, the index that can be ascribed to 
the given quantity changes. 

Let us consider some concrete systems. 
1. In the case of a liquid-liquid phase equilibrium, 

the critical mixing temperature usually depends little 
on the pressure, and the region T(V) « (~*r1;a is very 
narrow. Here 

6" _ Tc ( 1 a'• dTc) 
- A•(dTc/dP) (dTc/dV) -Tc dV • ' 

A* is the coefficient in the formula Cp x = - (1 - a) 
x A*T(Pta- B*. For the methanol-cyclohexane sys
tem, for example (the results of an investigation of the 
specific heat Cp x of this system are given in en), we 
have (~*r1 ~ 2 x 10-2, and therefore for all reasonable 
values of a (~0.2), up to the experimentally unattain
able region T ~ 10-8 -10-18, relation (14) is valid, there 
is no renormalization of the critical indices, and Cy x 
increases and follows (lagging) the singularity of Cp' X· 
For the same reason, in the region T >> 10-8 -10-18, fue 
singular increments of the quantities (oV /oP)T x and 
(oV /oT)p x are very small (they contain the qu'antity 
dTc/dP in the coefficients of the singular parts) and 
they are difficult to observe. 

An analogous regularity is observed near the A tran
sition in helium, where (~*r1 is also a small param
eter. c81 

2. A similar situation can arise in the investigation 
of the critical points of liquid-gas equilibrium in mix
tures, where, owing to the weak dependence of Tc on X 
(for example in solutions of isotopes or in the presence 
of an extremum on the Tc(X) curve), Cy x will increase 
practically over the entire experimentally attainable 
region. If dTc/dX = 0 (extremum) then (see (12)) Cy x 
~ Cv,JJ. ~ Cp,x ~ T(X)-a, and ' 

( av ) cP,z ( av) 
aP = -C -aP = const. 

r.x v,.r r,s 

Another unique case is the critical point of an azeo
tropic mixture/61 where (oP/oX)T v = 0 and therefore 
(oP/oV)T,x = O, as at the critical point of the pure sub
stance. It is important, however, that at this point 
dTc/dX * O, and in the region defined by the inequality 
(12) we have 

( :~) r,x- -r(X)'I'-~ and Cv,x- -r(X)~I•-~ + const, 

i.e., the specific heat Cv,x remains finite. 

For the critical azeotropic ethane-carbon dioxide 
mixture investigated in CBl, the parameter is 

6_, 1:::1 ~ dTc dTc 1:::1 10_, 
Tc d11- dX 

and when a ~ 0.1-0.2 the renormalization region is 
T ~ 10-a -10-10, which does not contradict the measure
ments of Cy x in this mixture. [101 However, since the 
intermediate' region for this system is close to the 
measurement region, the critical index that can be ob
tained by approximating the experimental curve by 
means of the expression Cy x =-AT-a*- B, lies 
in the interval 01 > 01* > - d/(1 - 01) and is not a con
stant quantity. 

3. A limiting case that is the opposite of the pre
ceding one, 

dTc I diJ. - dTc I dP = oo 

is realized in the so-called hypercritical point, Clll when 
the upper and lower critical mixing points coalesce with 
increasing pressure (for example, the system heavy 
water-picoline cu1). 

To obtain the singularities of the thermodynamic 
quantities at such a point, we rewrite (8) in the equiva
lent form 

lli(T,X,P)=p(T)'-~<p {;(~:P }+lllo(X,P,T). (17) 

where p(T) = [P - Pc(T)]/Pc(T). If dPc /dT = 0 (i.e., 
there is no linear term in the expansion of Pc in terms 
of T), then 

({)11-I{)X)e.r- p(T)'- t 21, 

({)VI {)P), .. x - p(T)-~ - or-•~, (18) 
CP, z = Cv. x = const, (aV I {)T}F, "= const., 

( av) Cv.x ( IIV) 
ap x,s = CP,X ap T,X ,_ 't-

2rz' 

and finally (oP/oT)Xc,Vc = (oJJ./oT)Xc,Vc = 0, since 
(oP/oT)x,v = dPc/dT and (oiJ./oT)x,v= diJ.c/dT at the 
critical point. The hypercritical point is apparently one 
of the few objects where it is actually possible to ob
serve singularities of the isothermal and adiabatic 
compressibilities in mixtures. 

4. In order to be able to compare the results of the 
experimental investigation of the liquids and solids, we 
make a few remarks concerning the place the latter 
occupy in the general isomorphic scheme. We immedi
ately call attention to the fact that in phase transitions 
in solids the resultant ordering is usually weakly con
nected with the mechanical stability of the lattice. There
fore the regular part of the free energy near the transi
tion point does not depend on the variable that charac
terizes the ordering parameter, and it is necessary to 
write in lieu of (7) and (8) (for example, for an incom
pressible ferromagnet) 

(19) 

where m is the magnetic moment and oF /om = h is the 
magnetic field. After subtracting from the pressure 
(chemical potential) of the liquids its value at the criti
cal volume (concentration) P(Vc, T) (or JJ.(Xc, T)), the 
thermodynamic relation for the liquids also reduces to 
the form identical with the formulas that follow 6:om 
(19). For example, for z = v /Tf3 « 1 we get 

(20) 
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{Compare with Ch ~ Cm ~ T- 0 ), where Cp ~ {ilV /ilP)T 
~ T-Y. 

In the case of a compressible ferromagnet, there are 
grounds for assuming [121 that in the region defined by 
the inequality (12), where the renormalization of {13) 
might be observed, the second-order phase transition 
is transformed into a first-order transition at a non
zero shear modulus. 

We note also that various inhomogeneities, which are 
always present in solids, make the question of the ex
perimental determination of the renormalizations of the 
critical indices in these objects quite problematic. 

4. DILUTE SOLUTIONS. INFLUENCE OF IMPURITIES 
ON THE PROPERTIES OF SUBSTANCES NEAR THE 
CRITICAL POINTS 

The isomorphism hypothesis makes it possible to 
consider the experimentally and theoretically important 
problem of the influence of impurities on the properties 
of substances near second-order phase-transition 
points. The problem of dilute solutions (X« 1) is a 
problem of the influence of impurities. 

The distinguishing feature of the description of dilute 
solutions near the critical points, as compared with or
dinary dilute solutions, lies in the appearance of the ad
ditional small parameter T. 

Let us consider first the transition to the critical 
point of liquid-gas equilibrium of a pure substance. Al
though we have already noted above the equivalence of 
the potentials ~(T, X, P) and F*(T, V, JJ.) for binary 
mixtures, it is more convenient in the description of 
dilute solutions to use the potential F*(T, V, !J-), for in 
this case the ordering parameter v(IJ-) goes over in natu
ral fashion into the ordering parameter of the pure 
liquid. 

In view of the fact that in (9) Xc is determined only 
by the regular part of F*(T, V, ~J-), we have at X<< 1 
the obvious equalityr2 • 61 

( oF' ) { j.tc } X=Xc=- -- =exp -- • 
8~-t •=•· •~• RTc 

(21) 

Experiment [131 shows that T c (X) and V c{X) are linear 
functions of the concentration, and therefore 

Tc(X) = Tc<'> + dTc exp {~}, 
dX RTc 

Vc(X)= Vc<'>+ dVc exp{.l::_}, 
dX RTc 

where T~0> and V~0> are the critical temperature and 
volume of the pure substance. Then 

dTc =-1- dTc exp{~} =dTc.!_, 
d~-t Tc dX RTc dX Tc 

(22) 

(23) 

{24) 

i.e., in the quantity that determines the region of re
normalization of the singularities of different thermo
dynamic quantities there appears a small parameter X. 
Inside the "cone" 

't" ""{~ (El)'}'l• 
<:rE; RTc' dX (25) 

(for X« 1, a' ~X ln X and 1 - (a' /Tc( dTc/dX ~ 1 
the renormalization of (13) is observed and the solution 
cannot be regarded as dilute no matter what the value 
of X. 

Let us find, for example, the quantity (ilX/il~J-)T V· 
Differentiating (8) twice with respect to 11- and takiftg 
(22) into account, we obtain 

( ax) ='-1 ~ ( dTc )'x',;(X)-•7<'-d>+...!_· (26 ) 
alA: r,v Tc (RTc) dX RTc 

In the region T0 « X we have {ilX/il!J-)T v ~ T(Xra;u-m, 
and in the region Ta » X we have {ilX/~!1-)T v ~X, just , 
as in ordinary dilute solutions. The specific heat Cv,x 
is found from the thermodynamic equality 

Cv,x=Cv .• -T - - . (a"')' (ax) 
ar v.x a"' T,v 

(27) 

In the region Ta « X we have (taking into account {26), 
{27), and (il~J-/ilT)v x ~ d!J-/dTc) , 

Cv. x ~ t(X) "1('-•) + 1/ X+ const, (28) 

i.e., on moving to the critical point of the pure sub
stance along the critical line of the solution, the spe
cific heat Cy x becomes infinite like 1/X. When Ta 
»X we get Cv,x ~ Cv,/J- ~ T{X}- 0 , and finally, taking 
{22) into account we obtain a specific heat Cy x ~x-a 
when T = T~0 > and V = V ~o>. The singularities 'of the 
other quantities, which are listed in Table III, were 
obtained in similar fashion. 

Let us consider now the behavior in dilute solutions 
of quantities having "strong" singularities. 

From (3) it is easily seen that 

( al-t) ( iJP) ( al-t) ( aP \ -• 
ax T,P = i) v T,. ax T,V wl T,X • 

{29) 

Recognizing that when Ta » X 

(!!__) ~ ,;(X)', 
av T •• 

(!!...) ~(ax) ~x 
av T,X iJj.t T,V 

0 
{30) 

we obtain from (29) in the region TY « X« T0 

(~) ~,;(X)' 
ax ·T,P X' · (31) 

and only for T'Y » X do we get 

( av) ( av) . ( iJ~-t) 1 _ ~ - ~ :r(X)-• and - ~ ,.,--. aP T,:r: aP T.. ·. ax T,P x (32) 

Thus, the properties of dilute solutions near the 
critical point of the pure substance are determined by 
the presence of two "cones" Ta ~ X and T'Y ~ X (see 
Table III). In the region T'Y ~ X there occurs the "kill
ing" of the strong singularity of (ilV /ilP)T X ~ T'Y and 
the appearance of a singularity of (iliJ-/ilX)T p (it can 

' be revealed, for example, by the decrease of the diffu-
sion coefficient). In the region Ta ~X, the singularity 
of the specific heat Cv,x is "killed," singularities of 
(oX/o~J-)T v and (ilV /ilP)T x appear, and renormaliza-

' ' tion of (13) occurs. 
The appearance of two regions Ta ~ X and TY ~ X 

when an impurity is added to a pure substance is a fea
ture characteristic only of critical phenomena in lami
nating systems. In the case of other second-order phase 
transitions in mixtures (mixtures of ferromagnets, .\. 
transition in the He3-He4 solution, etc.) there exists 
only the region T 0 ~ X, where renormalization of all 
the critical indices takes place. 

On the isotherm (T(X) « v(X)) it is also possible to 
separate several regions: when v(x)a « X there takes 
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Table m. Singularities of thermodynamic quantities in dilute solutions near the critical point 
of the pure substance 

Thermodynamic quantity 
Thermodynamic 

region 

-r(X)«<x 

-r (X)' <X<-r (X)" 

't(X)'>X 

cv,x. 

-rof(l-<t)+X.-1 

..:-• .... 
X-.. (T = !f'C.Ol' 

V= y<~>) 

'("/(l-<t) 

x-• 

"' x-•(T=T~>, 

V=V~~ 

't-Y/(1-<t) x....-•/(1-<t) z,.-Y/(1-<t) g-. const ..:•/(1--o<) 

'r-Y X x~..:-' lnX x-• const 

..:-< X X lnX x-• const 

Table IV. Singularities of thermodynamic quantities in the 
presence of equilibrium impurities near the Curie point 

of a pure ferromagnet 

- I Thermodynamic quantities 
Thermodynamic 

1(~)r,p;- (~)r.x.j Cv-, h=O (~}x. (~)r region Cz,h=O 

..:•<X ..:«Kt-o:> + x"' '(Y/(1-o) 

"'«>X { .r•;=Tt0) "'' 

place renormalization of (15), and when v(X)<1-~>/{3 »X 
the ratio becomes larger than unity and the thermody
namic quantities cease to depend on r(IJ.), with v(IJ.) 
~ v(X), and finally in the region v(X)6-1 » X we have 

( fJP) :::::: (!!..) ~ v(X)•-•. 
fJV T,X fJV •.• 

It is meaningful, in our opinion, to pose the question 
differently and to speak of an impurity influencing the 
singularities and of an impurity without any influence. 
Indeed, solving the inequality (25) with respect to X, 
we obtain for the region in which the influence of the 
impurities is significant 

X RTc' «= « 
> A(dTc/dX.)' 't' - Sz't'. (33) 

Since the singularities are experimentally observed 
only in the interval 10-1 < T < 10-8, we can put in (33) 
,.a ~ 1. Then for all X > ~X the substance will be 
"dirty" and the singularities renormalized. At a con
centration X< 0.1~x. a substance chosen for the mea
surements can be regarded as practically pure. 

The free energy of a mixture of ferromagnets near 
the Curie point, in accordance with the isomorphism 
hypothesis, is of the form 

F'(T.m, f.t) = 't'(f.t)'-«j• t(:A +F.(T, fl). (34) 

Since, as already noted in Sec. 3, the regular part of 
the free energy of the ferromagnet does not depend on 
m (or h), then (ah/aX)T m=o = 0 above the transition 

' point. Therefore for ret « X we have 

i.e., the susceptibility at X= const has the same singu-

'("/(1-<t) ..t-• ""'(1-•) 

"'-.. lnX x-• 

larity as at IJ. = const, unlike the liquids, where 

( fJV) ~ (oX) ~ 't'(X)-W-«>, 
fJP •.• fJJ.t P,T 

( fJV) ~ ( fJX) ~ 't'(X)-«1<•-«> 
fJP T,Z Of.t T,V 

(see Tables m and IV). 
It must be emphasized that we are dealing here only 

with thermodynamic (equilibrium) impurities. 
Inasmuch as in solids the principal role is appar

ently played by "frozen-in" (non-equilibrium) impuri
ties, the renormalizations in such objects can be car
ried out only for well-founded estimates of the degree 
of non-equilibrium. 

In concluding this section let us estimate the influ
ence of impurities in two concrete systems. 

1. He4 -He3 mixture. In this case we obtain for the 
renormalization region, in accordance with formula 
(25), 

X 011 0,2 0,4 
(X-'sz) 30 12 3 
't' w-" 1o-• w-• 

The foregoing estimates show that the interpretation of 
the results of the measurement of the specific heat 
Cp x in the He4-He3 mixture[141 is apparently not quite 

' correct. Although at X~:::: 0.1 the renormalization re-
gion has apparently not yet been reached, in accordance 

RTc 
~i>=::: A(dTc/dX.)' ~i, 

with the foregoing statement (see Sec. 3) the intermedi
ate region already covers part of the measurement in
terval. At X ~:::: 0.2 the entire measured region is inter
mediate and cannot be interpreted. Finally, at X~:::: 0.4 
the critical index of the specific heat is renormalized 
in the entire measurement interval. Such a complexity 
of the interpretation is connected with the fact that 
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and the inequality (33) is very sensitive to weak changes 
of the parameters. Moreover, solutions with concentra
tions 0.1-0.4 cannot be regarded as dilute, and there
fore a comparison with formulas (25) and {33) can be 
carried out only accurate to the order of magnitude. 

2. In the methanol-cyclohexane system, the critical 
temperature changes strongly when water is added 
(T(;1 dTc/dX;:,: 10). Therefore according to (33), for im
purities with concentration X« 2 x 10-3, the substance 
will behave like a pure one. However, when X» 10-2 , 

to the contrary, there will always be observed a renor
malization, and consequently, the "killing" of the sin
gularity of the specific heat. Real experiments lie pre
cisely in the intermediate region and therefore are 
difficult to interpret quantitatively. Already at X;:,: 0.5% 
the region of renormalization extends over T ~ 10-3 • Let 
us call attention, however, to the fact that the inequality 
(25) contains a numerical parameter (A/R)1/Cl!. Since 
this parameter can be different above and below Tc 
(A+ I A_ ;:,: 1. 5-2), the corresponding estimates above 
and below Tc can differ by three orders of magnitude. 

We thus have an explanation of the fact that at T 
< Tc the influence of impurities and other "smearing 
factors" on singularities of different thermodynamic 
quantities extends much farther away from Tc than 
when T > Tc. 

5. ISOMORPHISM OF KINETIC COEFFICIENTS 

Starting with the hypothesis of isomorphism of crit
ical phenomena in different systems, we can obtain cer
tain suggestions concerning the singularities of kinetic 
coefficients near phase-transition points. 

The kinetic coefficients (t) are defined here as the 
coefficients of proportionality between the fluxes (j) and 
the gradients of the corresponding generalized forces 
(Yi) causing these fluxes. 

Since the critical temperature of the system and the 
ordering parameters are themselves defined by speci
fying the generalized forces: Tc = Tc(Yi), TJ = TJ(Yi), it 
follows that the presence of gradients of these forces 
leads to the occurrence of gradients of T(Yi) and TJ (Yi), 
and consequently to additional absorption of energy, 
connected with the relaxation with respect to these two 
parameters. The corresponding kinetic coefficients can, 
generally speaking, be singular functions of T(Yi) and 
TJ (Yi)· 

We represent all the kinetic coefficients in the form 
of a sum of two quantities 

~=~,+~', (36) 
where t 0 is the regular part of the coefficient t, and t' 
is the part connected with the relaxation of the param
eters T or TJ, and is generally speaking singular. 

We shall consider henceforth by way of an example 
the critical points of liquid-vapor (liquid-liquid) equi
librium of a binary mixture. The role of Yi is played 
in such a system by the chemical potential fl and by the 
temperature T, and the equations for the fluxes are of 
the form 

j(ll= -ryVT- T~'Vft, 

j(•i = -d'Vft- ~'VT, 
(37) 

j (1 J is the entropy flux in the system and j (2 J is the dif
fusion flux of one of the components. 

Since the decay of the density fluctuations is de
scribed by acoustic equations and is not accompanied 
by energy dissipation, the heat flux is connected only 
with relaxation of the parameter T(f.l): 

Comparing this expression with the first equation of 
(37), we obtain 

IJ' _ 1 dTc 1 
f' ----ry 

Tc dft • 

(38) 

(39) 

Analogously, from the expression for the flux j (2 J we 
have 

Comparing (40) with the second equation of the system 
(37) we get 

_, _ dTc IJt _ 1 ( dTc ) 2 , 
a ----p -- -- ry. 

dft Tc dft 
(41) 

Relations J41j sho~that the additions to the kinetic 
coefficients a, (3, andy coincide, accurate to factors 
that do not depend on T. 

In the spirit of the isomorphism hypothesis, we can 
assume further that the singularity of the coefficient y 
in the binary mixture coincides with the singularity of 
the coefficient of thermal conductivity in the pure liquid 
(see [15J) (y is the heat-conduction coefficient at a fixed 
value of the chemical potential). 

This means that 

I ~ (!!..) -'/, 
Y av · r,o 

(42) 

As already noted above, at a near-zero concentration 
(X) of one of the components, the derivative dTc /df.l 
~ X. Therefore the additions to the coefficients a and {J 
are proportional respectively to X2 and X. 

Finally we thus obtain 

It is interesting to note that a more detailed calcula
tion of the kinetic coefficients in binary mixtures [18J 

confirms the formulas (41)-(43). 
The authors are grateful to A. I. Larkin and M. A. 

Mikulinski1 for useful discussions, and also to Doctor 
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1 V. L. Pokrovskil, Usp. Fiz. Nauk 94, 127 (1968) 
[Sov. Phys.-Usp. 11, 66 (1968)]. 

2 L. D. Landau and E. M. Lifshitz, Statisticheskaya 
fizika (Statistical Physics), Nauka, 1964 [Addison
Wesley]. 

3 M. Fisher, Phys. Rev. 176, 257 (1968). 
4 J. Syozi, Progr. Theor. Phys. 34, 189 (1965). 
5 C. J. Thompson, J. Math. Phys. 7, 531 (1966). 
6 J.D. Vander Waals and F. Kohnstamm, Textbook 

of Thermostatics (Russ. trans!.), ONTI, 1936. 
7 A. V. Voronel' and T. M. Ovodova, ZhETF Pis. Red. 

9, 294 (1969) [JETP Lett. 9, 172 (1969)]. 
8 E. G. Batyev, A. Z. Patashinskil, and V. L. Pokrov

skil, Zh. Eksp. Teor. Fiz. 47, 598 (1964) [Sov. Phys.-



612 ANISIMOV, VORONEL', and GO RODE TSKII 

JETP 20, 398 (1965)]. 
9 L. S. Lesnevskaya and N. Khazanova, Zh. Fiz. Khim. 

41, 2373 (1967). 
10 A. V. Voronel', V. G. Gorbunova, and N. G. Shmakov, 

ZhETF Pis. Red. 9, 333 (1969) [JETP Lett. 9, 195 (1969)]. 
11 1. Prigogine et al., Chemical Thermodynamics, Wiley, 

1954. 
12 A. I. Larkin and S. A. Pikin, Zh. Eksp. Teor. Fiz. 56, 

1664 (1968) [Sov. Phys.-JETP 29, 891 (1969)]. 
13 1. R. Krichevskil, Zh. Fiz. Khim. 41, 2458 (1967). 
14 F. Gasparini and M. R. Moldover, Phys. Rev. Lett. 

23, 14 (1969). 
15 M. Sh. Giterman and E. E. Gorodetskir, Zh. Eksp. 

Teor. Fiz. 56, 634 (1969) [Sov. Phys.-JETP 29, 347 
(1969)]. 

16 M. Sh. Giterman and E. E. Gorodetskil, Zh. Eksp. 
Teor. Fiz. 57, 637 (1969) [Sov. Phys.-JETP 30, 348 
(1970)]. 

Translated by J. G. Adashko 
119 


