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Quasilinear action on parametric dissipative instability is studied and it is shown that the formation of
a plateau on the velocity distribution function.results in a decrease of Cerenkov dissipation and in a
corresponding increase of the instability increment. It is also shown that during the destabilization
time the plasma conductivity, which determines the energy growth of the excited plasma oscillations,

increases considerably.

EARLIER investigations“‘” pointed out the possibility
of the development of parametric instability of a plasma
situated in a high-frequency electric field. So long as
the amplitudes of the oscillations produced in such an
instability are small, the growth increments are de-
scribed by a theory that is linear in these amplitudes.
Allowance for nonlinear action of the excited oscilla-
tions on the indicated instability, analogous to the usual
quasilinear theory, was undertaken by Silin!®), He in-
vestigated stabilization of the parametric instability in
a strong high-frequency field, when the velocity of the
oscillations of the electrons in this field vy exceeds
their thermal velocity. Such a stabilization, due to the
considerable growth of the electron temperature, can
be set in correspondence with the hydrodynamic stage
of stabilization of two-stream instabilities!"), Unlike
in[e], in the present paper we consider the quasilinear
influence of the excited oscillations on the instability
that develops in a relatively weak high-frequency field,
namely we discuss the case of buildup of plasma and
ion-acoustic oscillations under conditions when the
frequency of the external field is close to the plasma
frequency, and the conditions for the decay of the ex-
ternal wave with frequency w, into plasma and ion-
acoustic waves are satisfied approximately, while the
growth increment y of these oscillations does not ex-
ceed the usual damping decrement of the ion-acoustic
oscillations ysm. The maximum increment of the
buildup of the plasma and ion-acoustic oscillations is
¥ymax ~ 1/vg. It is known that the quasilinear action of
the excited oscillations leads to the occurrence of a
plateau on the velocity distribution function in the
vicinity of the phase velocity of the excited oscillations.
If the contribution made to the decrement yg by the
ion-ion collisions and by the Cerenkov effect on the
ions is small compared with the contribution of the
Cerenkov damping by the electrons, then the formation
of the plateau on the electronic distribution function in
the region of the phase velocity of the ion-acoustic os-
cillations leads to a decrease of the decrement yg and
a corresponding increase of the increment g%, Such
a growth of the increment y 5% (in the case of suffi-
ciently strong non-isothermy, when the contribution of
the ion Cerenkov effect to the decrement yg remains
small) is limited by the condition ymax(t) = yg(t). As
soon as this condition is violated because of the growth
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of ymax and the decrease of yg, the maximum incre-
ment ceases to depend on yg and on the dissipative ef-
fects in general, and assumes a maximum value equal
to (ymax(0)ys(0))2 When this value of ymax iS
reached, the growth of the increment and the described
quasilinear influence on the instability stop.

During the considered destabilization process, the
work of the external field determines mainly the growth
of the energy of the plasma oscillations, while the
thermal energy changes relatively little. At the end of
this stage, the conductivity causing the excitation of the
plasma oscillations greatly exceeds the value corre-
sponding to the pair collisions of the particles.

1. The dispersion properties of a plasma that are
linear in the amplitudes of the excited longitudinal os-
cillations when it is situated in a relatively weak (E2
<« 4meTe) homogeneous high-frequency electric field

E(t) = E, sin w,t

with a frequenc/y close to the plasma frequency w
= (wie+ wii)l ? (here wyy = (4meyn,/m, )2 is the
Langmuir frequency of the particles of species a)
were investigated in!*®!, Let us consider the case of
parametric instability for sufficiently low frequencies
of electron-ion collisions vej and values of the detun-
ing wo — wp:

Ve <€ 2y, (k) (1.1)
Veilds (k.xt) 3 Ve ©o — Wp 3
s o ke < —ko'roe’. .
(ko 8 7 vk o =g it (1.2)
Here the collision frequency is
metedn,
_ 4 V 2m e*eln; ) (1.3)

Vi =3 m T Pmin
the wave number kgt is determined by the condition of
equality of the contributions made to the linear damp-
ing decrement of the plasma oscillations by the elec-
tron-ion collisions and by the Cerenkov effect on the

electrons, and with logarithmic accuracy we have
karpe = [21n (0 [ ves) 1%,

wg = kwy irpe = kvg is the usual frequency of the ion-
acoustic oscillations, rpe = (Te/4mee?)”? the Debye
radius of the electrons, yg(k) the linear damping
decrement of the ion-acoustic oscillations:
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v:(k) = — @5 azlz—itnaf:-j avad (o, (k) — kva)k—%;(;‘:"—t), (1.4)
with the contribution made to yg(k) by the ion-ion
collisions in the detuning region (1.2) negligible[sl. As
is well known!®!, the maximum of the growth increment
of the plasma and ion-acoustic oscillations

(kE,)* ©o@,2 A @oYs

Y Toan T F [(Aow) — o] + 4yi(han? TV

{1.5)

Aﬁ)a(k) =Wy — (l)p(1 + :/ZkerZ)' = ‘/vaiy
is reached, when (1.1) and (1.2) are satisfied, under
the conditions

Awo (ko) = w.(ko), (1.6)

corresponding to the decay of the external wave into a
plasma wave and an ion-acoustic wave. It is deter-
mined from (1.5) at not too large intensities E, of the
high-frequency field, by the relation

Eg (K 1
Vimas = —Q—M———v,i < Yu (ko).

(1.7)
We shall subsequently consider such intensities E,
at which ymax > vei/2, and, consequently, we can
neglect the contribution of the electron-ion collisions
to the increment (1.7). If the contribution of the Ceren-
kov effect on electrons dominates in expression (1.4)
for yg, as is the case in the case of sufficiently strong
non-isothermy, when

(le:|T. [ |e|T) > In (e2T*mi] eTem.),

then the influence of the growing oscillations on the
instability increment (1.7) can be taken into account
with the aid of an equation obtained by Silin!®! for the
electron distribution function fe(v, t):

A(vt) 9 ofa(v.t)
ot —EDup(V,t) w, (1.8)
et dk
Dan(5,0) = - [ 5 Kb

. N kv)— o P
x {101 [ 0008 = kn) =y (s ) — ]

R a9
+ 1000k, 0)1* [ 28 (@p1(1) — k) = y(k, ) 52— ——
dwplwp — kv
wpl=0,(1 + °/.k*rs.?).

Formula (1.9) for the tensor Dy was obtained with
account taken of relations (1.6) and (1.7). In expression
(1.9) the integration is carried out over the region of
positive values of the increment (k) (1.5). The ampli-
tudes of the potentials ¢ g and ¢ p of the growing ion-
acoustic and plasma oscillations depend in the usual
manner on the time!%J;

-9

|q),(k, t) lz _ 'Vz k'roet o = eE,
[q)p(k, l) Iz (002 (kl‘E)z ! E me(l)02 ’
t (1.9a)
[@u(k 1) |* = [q)a(k,O)|2exp[2jdt’y(k,t’)].
The contribution made to the tensor D, g (1.9) by

the plasma oscillations is appreciable only at electron
velocities exceeding the electron thermal velocity vTe
= (Te/me)Y?, whereas the contribution of the ion-
acoustic oscillations is appreciable only for a longitudi-
nal velocity component |vz| < vre (the z axis is
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directed along the electric field E,). Therefore the
change of the distribution function fg(v, t) occurs in
these velocity regions independently, and since we are
interested in the velocity region |vz| < vpe, We retain
in (1.9) only the terms connected with the interaction
of the electrons with the ion-acoustic oscillations. In
addition, the only term significant in (1.9) is

nd (‘(D. (k) - kv) )

which corresponds to resonant interaction between the
electrons and the ion sound.

We shall henceforth assume the initial distribution
of the electron velocities to be isotropic and Maxwel-
lian, and the quantity | ¢s (k, 0) |? to be independent of
the direction of the wave vector k. In this case the
cylindrical symmetry (with the z axis along the vector
E,) of the velocity distribution function fe remains
unchanged, i.e., fe(v, t) = fe(v,, v, t), since the in-
crement (k) (1.5) does not depend on the angle of that
component of the wave vector k which is perpendicular
to E,. Integrating (1.8) with respect to the angle of the
velocity component v; perpendicular to E,, we obtain

af.(ll,, UJ-it) 4 afe 2 0!:
— =D, —— 4 —D,, —
ot v, v,  dv, v,
i of. @ ofe
D.——+—D,,—.
+3 S -l—avL G (1.10)

The components of the tensor Daﬁ are here of the
form
e’ dk

) 06 ) g [0, — (0, — k)],

g =

(1.11)
e dk ) 0, — k., .
DzJ."—*‘DU=m—eZ—." .(2,-[)3 I(P-(k,t)l k;"‘——vL——g[k_L v ——-((,)__kzvl)z]’
dk (1.12)
_ e , (0, —kw;)? o2 .
DLJ__ m,zj' (2]‘()3 |(P.(k,t)] UJ_Z g[kL v, ((o.—-klvl) ],
(1.13)
and the function g is given by
0, z<<O0
= g% _[%
glz]l==z"tn(z), 7(z) {i, o

The kinetic equations (1.8) and (1.10) are applicable
at sufficiently large values of the quantity

t
zj dt'y(kt') > 1;
0

since no account is taken in them of the contributions
of the paired collisions of the particles. Since the
increment y (1.5) is proportional to cos® ¢ = k3 /k?, it
is obvious that the largest asymptotic contribution to
the components of the tensor D, 5 (1.11)--(1.13) comes
from the vicinity of the values |cos 6 | = 1; it is easy
to see here that the components D) and Dz are
small compared with Dgzz (1.,11), Thus, we can retain
only the first term in the right-hand side of (1.10), and
the problem of diffusion in velocity space reduces to a
one-dimensional problem, where the transverse com-
ponent of the electron velocity v plays the role of a
parameter.

We note, however, that unlike the usual one-dimen-
sional diffusion problem, the condition for Cerenkov
interaction of electrons with ion-acoustic oscillations
ws(k) =k v can be satisfied not only when | vy |
~ vg and |k, -v| | < wg, but also when |kzvy|
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~ |k, vy|. The possibility of resonance wg = k+v with
| v| > vg makes it necessary that a plateau be formed
on the distribution function fg(vz) in the velocity
region | vz | < v, -max|k)/ky| in order to decrease
significantly the electron contribution yg ,e to the
decrement yg(1.4).

To find the width of the diffusion region in vz space,
let us calculate the diffusion coefficient Dy;. We note
here that the increment (1.5) reaches a maximum at
[cos @ ® 1 and k =~ k, (see (1.6)), and the characteris-
tic width 6k of the wave-number region in which ¢
~ ymax 18 equal to

8k (1) = v. () (vs + Svrcaroe) ™ < Fo. (1.14)

Recognizing also that the width of the diffusion region
exceeds the phase velocity of the ion-acoustic oscilla-
tions vg, let us calculate asymptotically the integral
with respect to k in (1.11), as a result of which we
obtain for the diffusion coefficient Dzz

D..(v,v.,t)=

e kot 4 ’ —1;
&k 0  Yoas (1)
— 71950, 0) | [2w(t)njdt o)

1 2
><Zexp[1p(t)—Z—}lp(t)]l (1.15)

B(0) =2 [ dt'y,u(t) > 1.

From this expression we see that the characteristic
region of the diffusion a, where Dyz(vy) is not small,
is given by

a= v () |l (1.16)

Since the dependence of the coefficient Dy (1.15)
on vy is connected with asymptotic integration with
respect to the angle 6 in expression (1.11), it is easy
in accord with (1.16), to estimate the quantity
max |k, /kz| = $~¥2. The diffusion process considered
below actually consists of two stages. In the first stage
there occurs an exponential growth of the coefficient
Dzz(t), and the decrement yg ¢(t), and, consequently,
the increment ypyax change insignificantly. During the
second stage there occurs diffusion of particles in
velocity space, an appreciable decrease of the decre-
ment y s,e(t), and an increase of ymax(t). The in-
crease of Y(t) during the second stage turns out to be
smaller than the corresponding contribution from the
first stage, making it possible to regard the quantities
#(t) and a(t) (1.16) as slowly varying functions of the
time when the diffusion process is considered.

Expression (1.15) for the diffusion coefficient can
be simplified by putting approximately

D.o(vs, v, 8) = (1 — 0.2/ a*) D (v, t), vl <a,
D..(v,, vy, t) =0, |v.| > a, (1 17)

(i ) [250 (1) 17
T o 0) e [2¢(t>jdt el I

1
D(vL,z)-;—; p

When | vy | < a, expression (1.17) represents the first
terms of the expansionof Dyz(vz) (1.15) in terms of
the parameter v3/a’ when |vz| > a, the diffusion co-
efficient decreases exponentially. Thus, the approxi-
mation (1.17) describes well the dependence of the dif-
fusion coefficient Dy, (1.15) on the longitudinal veloc-
ity component vg.

The solution of the one-dimensional (Dz; = D,
= 0) diffusion problem (1.10) with a = const and with
the diffusion coefficient (1.17) is

o tin+ 1) 2n)!
20 (nl)®

fo(va v, t)-—j @0/1.(0410,0) Y (—

n=0
v,—v,’ ) [
ex
2 P

Here fg(vg, vy, 0) is the distribution function of the
electrons at the initial instant of time, and Pp(x) is a
Legendre polynomial. The term with n = 0 in formula
(1.18) is the average particle density, which occurs
when

xPz,.( ——(mj‘dt’D vl,t)] (1.18)

t
@ << g dt'D(vy, t')

as a result of formation of a plateau on the distribu-
tion function fe(vy) when |vy| < a. The term with
n = 1 describes in this case the dependence of the
distribution function on the velocity vg.

The expression for the electronic contribution yg ¢
to the damping decrement of the ion-acoustic oscillat
tions (1.4), when account is taken of the inequalities
a > vg and |k, /kz| = 4™/ < 1, can be readily writ-
ten in the following form:

Yee(k, t) = — nn, "0, (k) vr.?

x j dv. J' dv,v, (k. — k20,2~ (k0. * — k0.2
—— 0

x [‘Bzf,(v,, Vi t)

v, v,

b *fe(vs, v, 8) ]
v, v, ’

(1.19)

Substituting in this expression the distribution function
(1.18), neglecting the exponentially small terms with
n > 1 inthe sum (1.18), and assuming the initial dis-
tribution function fe(vgz, v, 0) to be Maxwellian, we
obtain

1, G

oel6.) = vus (b, 00 () 22 [ 22 [~ L=

_ v _ T (O3]
(6 0= 2, (1.20)

G (1) = 6vr. (1) [ d¢'D(vse,t') > 1.

Here D(v,,t) is determined by formula (1.17). In de-
riving (1.20) we have neglected the dependence of
ys.e{k, t) on the angle 6 between the vectors k and
Eo; a dependence connected with the longitudinal com-
ponent of the wave vector kz, since |k;/kz| < 1 and
|kz | = k. In addition, it was assumed that a < vpe.
Asymptotic integration with respect to the trans-
verse velocity component v, in formula (1.20) with
G > 1 leads to the following expression:

Yoo (K, 1) = v..(k,0) 3%1/5’2E G~ ()P () exp [— 2—3%(;%(:) ] .(1.21)

Differentiating expression (1.7) for the maximum
increment ymax(t) with respect to the time and taking
into account the exponential character of the depend-
ence of the decrement yg e(t) on G(t), we obtain for
ymax(t) the equation

Oy max(t)
at

9G(t) (1.22)
a

= Vmex(t) (3G (£)) 7%
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Taking into account the slow dependence of ¥ on the
time and using expressions (1.20) and (1.17) for G(t),
and also assuming an equilibrium density for the initial
noise

'(P‘(kv 0) Iz =
we can easily obtain from (1.22) the following equation
for the increment:

Iymas(t) 3% kovre
ot T om Relos’

4nT. [ K,

Ymes(t') 7%
roebk (¢)

.

LG (1)) [ 2 j @

To solve this equation it is convenient to use the

dimensionless variables
T = 2iyme:(0),
Ymax(£) y
— =\ dvT{(v
— $(¥) j VT (v)

Taking into account expression (1.14) for 6k(t), we ob-
tain from (1.23) with the aid of the substitution (1.24),
the following equation for I'(7):

—T(), (1.24)

dF(T) 1 Y‘-'(O) ¢ T8 (! - 1 ’ s
e —_.——-2—§ — I'(v) [J du'T () ] exp[! av'T(v') ] ,(1.25)
s korpe
B0 =5 r GHEWHT).  (1.26)

2nn.rp.’ 3korp. + (O)Li/(l)u)
We solve Eq. (1.25) assuming that the pre-exponen-
tial factor
< -4
I'(x) [j dr’l"’(t’)] ~1 (1.27)
Under such an assumption, and also when account is
taken of the relatively slow dependence of £(7) (1.26)
on 7, the solution of (1.25) takes the form
14+ a4 (1—a)e*
14+a—(1—a)ex"*

o=[1-r )’ .29

In the derivation of this equation it was assumed that
the quantity defined in (1.26) is ¢ < ymax(0)/ys,e(0),
and accordingly we obtain from (1.28)

Voee(t) _ A+ (59..0(0) [oynes(0) ) 0xp (2¥mex(0)) (1 99
Vo) 1= (£V2r (0)/%ymax(0)) 0Xp (2o (0)2)

Since the instability is dissipative so long as ymax(t)
< yg(t), it is clear that expression (1.29) is valid when
t = tp, where the destabilization time tp is defined by

'(v=ua

r(t)=

'Y?uax (tD) - Ys, e (0) (1 _30)
Ymax (0)  Ymax (0)
and with logarithmic accuracy we have
=1 4¥nex(0) (1.31)
2Vmﬂx(0) g(tb)'Y- a(O)

By that time the maximum increment reaches, as seen
from (1.30), the value

Vo (12) = (410 (0) Ve (0)) % = (00, (ko) = ) f o (1.32)

64nn,

which does not depend on the dissipative effects, and

the quasilinear influence on the instability, which was

considered above, stops. With the aid of (1.25) and

(1.30) we can easily verify that when t = tp we have
1

eWD):‘(t_D) (1.33)

A, Yu.
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and the parameter G(t) which enters in the expression

(1.26) for ¢ reaches (with logarithmic accuracy), as

can be seen from (1.21) and (1.30), the value
3,5 5, . ¥s.e(0)

G(to) = 345~ /[ln( I (ta) L )]
Formula (1.33), with account taken of (1.9a), makes it
possible to calculate the noise level of the ion-acoustic
oscillations at the instant t = tp.

The assumptions (1.27) and ¢ < 'ymax(O)/'yS’e(O)
used above lead to the joint inequality
1 Ye.e(0) 1

1 < .
P Yee(0) E(E0)

When considering the diffusion problem it was assumed
that the diffusion region a (1.16) is smaller than the
thermal velocity of the electrons. Since the maximum
contribution to the integral (1. 19) comes from the
vicinity of values v; = vTe(3G)Y?, the characteristic
transverse velocity turns out, in a.ccord with (1.33), to
be of the order of

(1.34)

(1.35)

Yee(0) V1%

Ymaz(0) )] ’
Therefore the condition a < vpe is satisfied as a re-
sult of the inequality (1.35).

2. Let us calculate the expression for the high-
frequency conductivity which determines the work of
the external field and the corresponding growth of the
energy of the plasma oscillations. As shown mm the
energy balance equation of the electrons and of the ex-

cited oscillations is

d 3 dk

TGt el 0e ) [ +lan (011 = E 30>,

dt 2 (2n)° (2 1)
The averaging in the right-hand side of the equation is
carried out here over the period of the external field.
For the quantity determining the work of the high-fre-
quency field it is necessary to use the expression

(r Xw)

v, vr,[—-ln( 2n 3p*(tp)

. . dk k? kE ,
KE@) jit)) = —i S e I ( ZEmea;)o ) [8e; (@, k) 1*| s (K, £) [2-
=Z_w 1 + - J o (krg) [1*——_*_ R T sy (krg) + m]n_l (krE)] s

(2.2)
which differs from that obtained by Silin (see formula
(4.14) of'®) in that it takes consistent account of the
imaginary part of the quantities Rp:

R, = 8¢,/ (0 + nwo, k) + iy(k, t)%&e.'_(co + nwg, k)

-+ iﬁe:"(m + nw,, k) -+ ]oz(kl‘s)[ 8¢/ (0 + nao, k)
a
+1y(k, == 88/ (0 + now K) + ide” (0 + nank) ] :
n=0, Ry= de.(0 +. iy, k).
Here 6€3(w, k) = 6¢5(w, k) + 16€3(w, k) is the contri-

bution of the particles of species a to the usual linear
longitudinal dielectric constant

e(0,k) = 1+ Y Bea (0, k),

and Jp is a Bessel function of order n,

In the case of the dissipative instability considered
above, the amplitude of the oscillations of the electrons
in the high-frequency field rg = eEy,/mew’ is much
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smaller than the wavelengths of the excited oscillations,
and we therefore expand the Bessel function in terms

of the quantity k-rg and, retaining only the larger
terms in the sum over the harmonics (2.2), we confine
ourselves to n = 0, £1. The largest contribution to the
right-hand side of (2.2) is made by the imaginary parts
of the resonant denominators 1 + Ry,, and (2.2) takes
the form :

dk K
E@i@) ~ jwmmk, 1) 'y (k, 2). (2.3)

Here y(k, t) (y 3> %) is determined by formula (1.5),
in which it is necessary to neglect the contribution of
the electron-ion collisions, From (2.3), (1.9a), and
(1.33) we can see that by the time of termination of the
quasilinear destabilization tp (1.31) the high-frequency
conductivity, defined by the formula

0 =2E,"(E(1)i(£),

reaches a value

——— I Ry L TP MORY
T e e lnwn)] [‘“(2 3 (t)vm(O) )] 2.9

We note that the wave number k, in accordance with
the limitation (1.2) and expression (1.6) can be rela-
tively large. Thus, for example, at a detuning

Wo — Oy ~ 3 [ln @y -1
~ — —_—
Vet

®p 4

the wave number is ko~ rpe[2 In (wp/vVei)] ™2 and we

obtain from (2.4) for the high-frequency conductivity

5% oy Vee(0) Y, , T
7 ) )1t (o) ] :

(2.5)
It is easily seen from (2.1) and (2.3) that the work of
the high-frequency field goes mainly to the increase of
the energy of the high-frequency plasma oscillations,
as is characteristic of the considered case of decay

parametric instability.

J— VE 3 -1
o= m;.m[ln(n.rm )] [1n(

CONCLUSIONS

Quasilinear action on the parametric dissipative in-
stability that develops in a weak high frequency field at
wo ™ wp leads to formation of a plateau on the electron
distribution function in the region of velocities lower
than thermal, and to a corresponding growth of the
increment up to a value that does not depend on the
dissipative processes. During the destabilization time,

the high-frequency conductivity (2.4) increases ap-
preciably in comparison with the value o = vgi/4m,
which is connected with the electron-ion collisions.
Here, however, the characteristic growth time of the
temperature remains much larger than tp, making it
possible to regard the electron temperature as con-
stant during the quasilinear stage.

We note that a quasilinear destabilization analogous
to that considered above will be realized also in the
case when the decrement yg (1.4) is smaller than the
damping decrement of the plasma oscillations and the
intensity of the high-frequency field E, differs little
from the threshold value. The increase of the incre-
ment corresponds here to a decrease in the value of
E,,thr, which is proportional to yg (see formula (4.25)
of[’s]). Finally, at sufficiently large detunings, when the
linear damping decrement 7y (1.5) of the high-frequency
oscillations is connected with the Cerenkov effect on
electrons, the increase of the increment can be due to
the formation of a plateau on the electron distribution
function in the velocity region v = o,/f)/ko; such a situ-
ation corresponds to allowance for the second term in
the curly brackets of formula (1.9) for the diffusion
coefficient.

In conclusion, I am grateful to V. P. Silin for valua-
ble advice and to N. E. Andreev for a discussion of the
results.
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