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Some properties of plane optical resonators with external mirrors are investigated. It is shown that 
the position of the active medium in the resonator is a fairly significant parameter of lasers and 
should not be neglected in the analysis of stimulated emission generation. 

GENERATORS of stimulated emission frequently have 
resonators with plane external mirrors, i.e., mirrors 
that are not in contact with the boundaries of a dielec­
tric with positive population inversion (active medium). 
The presence of dielectric boundaries inside the reso­
nator significantly affects the generation of stimulated 
emission. This is due to the fact that the electromag­
netic energy distribution within the resonator in regions 
I, n, and III (Fig. 1) depends both on the position of the 
dielectric and the configuration of the electromagnetic 
field. Since the number of stimulated transitions de­
pends on the energy in the active medium II, while the 
mirrors and gaps I and III merely cause losses pro­
portional to the energy in these regions, the most 
likely to generate are those frequencies (other condi­
tions being equal) whose energy density is large within 
the active medium and small without. 

In the study of optical resonators with external 
mirrors the problem of energy density distribution as 
a function of dielectric position is usually put aside. 
This paper deals with the features of resonators and 
stimulated emission generation that are due to the 
presence of dielectric boundaries within the resonator. 

Let the system under consideration (Fig. 1) consist 
of two perpendicular axes z of unbounded plane mirrors 
with a large coefficient of reflection and parallel plane 
dielectric layer II. Let L be the distance between the 
mirrors, a the thickness of the dielectric layer, z0 the 
distance from the left mirror to the nearest dielectric 
boundary, d = L - a the total width of the gaps, and 
b = 7'2L - ( z0 + 7'2 a) the displacement of the resonator 
from the symmetric position in the center of the reso­
nator. The index of refraction of the medium filling the 
gaps is considered equal to unity; the index of refrac­
tion of the dielectric is iJ.. 

The analysis is performed in one-dimensional ap­
proximation, i.e., we consider those oscillations in the 
resonator for which the field depends only on the z 
coordinate. In this case the electromagnetic field in­
side the resonator can be represented as a superposi­
tion of transverse standing waves (axial modes) each 
Qf which is assigned a natural oscillation with a defi­
nite cyclic frequency Wi. The.amplitu.des.of the elec­
tric field intensity of the i-th mode E}, EL and E~, for 
regions I, II, and ill respectively, are perpendicular to 
the z axis and equal 
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E,' = 4l':ifW,' sin k.z, 
4 11n 

E,' = --;-l'W,' sin [11k,(z- z,) + q>,], 

E,' = ±4J'nl'W,' sin k,(L- z), (1) 

Here ki = 21T/Ai = wi/ c is the wave vector of the i.-th 
m9de, Ai ~ the wavelength in regions I and III, WL 
W~, and W~ is the average electromagnetic energy 
density of the i-th mode in regions I, II, III respec­
tively, and cpi is the amplitude phase of the i-th mode 
in the dielectric. The expressions in (1). reflect the 
fact that the standing waves of vector E1 have nodes at 
the mirrors. Analogous expressions hold for the mag­
netic field of the mode. 

Using conditions of continuity of the tangential com­
ponents of the electric and magnetic fields at the die­
lectric boundary we can obt~in e~uat.ions determining 
the possible values of ki, wl, w~. w~, and cpi: 

112 + 1 ( 112 -1 ) -· - - 2- tg 11k,a = cos k,d- - 2 - 1 cos 2k,b sin k,d, 
11 ~t + . 

W,' = 1J•'W,', W,' = 1J,'e, I a, 

tg IJ>• = f1 tg k,z,. 

Here 
2 ( 112 -1 ) -· 11•' = 11, + 1 1- 11, + 1 cos 2k,z, 

' ( 1 + Zo 1 d- Zo ') -• 
11 ' = a 11 ' +-a-11 ' • 

2 [ 11' -1 ] -· 11.'= 11,+ 1 1- 11,+ 1 cos2k,(d-z,) , 

e,=z,W,'+aW.'+ (d-z,)W,', 

where €i is the total energy of the i-th mode. 

1. FREQUENCIES OF AXIAL MODES 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

Equation (2) determines the frequency spectrum of 
axial modes in the resonator. Unfortunately the trans-

FIG. 1. Resonator with exter­
nal mirrors. I and III-gaps, 11-
active medium. 
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cendental equation cannot be solved for ki; some re­
sults concerning the ki spectrum can be obtained how­
ever without solving the equation: 

a. The frequencies of axial modes in the resonator 
vary when the dielectric is moved periodically with the 
period Abi = Ai/2. 

b) The frequency of each axial mode in certain 
positions of the dielectric coincides with the axial mode 
frequency in a homogeneous (without dielectric bound­
aries) resonator having an optical length L0 = JJ.a +d. 
In a homogeneous resonator ki = iok; i = 1, 2, .•. 
where ok = 7T/Lo. 

c. Aki is the range of variation of ki due to die­
lectric movement and, depending on i, it can assume 
various values within the interval 

0.;;; l':.k,< x6k, x =2_ JL'-i (1 +fL-.!:_)/( 1 +~-.!:._) · 
1t fL2 + 1 d fL' + 1 d ' 8) 

for ruby J.L = 1. 76 and K r;::; Y3 • ( 

d. The majority of modes vary their frequencies 
upon the motion of the dielectric; we call them 
"creeping" modes. However there are modes whose 
frequency does not depend on b and we call them 
"fixed" modes. The frequency variation mechanism of 
"creeping" mode photons is based on the Doppler ef­
fect at the dielectric boundaries due to motion of the 
dielectric [ 11. 

e. The frequency variation of axial modes is asso­
ciated with an interesting effect that consists of the 
following: not all positions of the dielectric layer in­
side the resonator are equilibrium positions. To prove 
this we note that the total energy of the electromag­
netic field in the resonator is U{b) = ficL;(Ni + %)ki{b) 

i 
{here Ni is the number of photons of the i-th ~node). 
Since U depends on b the dielectric is subject to the 
force 

F =-au= -lie~( N,+ _!.) ok,. 
ab ~ ~ ab • 

Equilibrium position occurs for F = 0. Force F is 
due to the difference of light pressure on the dielec­
tric from the right- and the left-hand sides. 

2. ENERGY DENSITY DISTRIBUTION IN THE 
RESONATOR 

The mode energy density distribution in gaps I and 
·III and in the diele.ctri~ II is de.fined by (3), (5)-(7). 
Energy density Wl, W~, and W~ as a function of the 
dielect:x:ic position, is determined py the type of fun~­
tions 1]l{kiJ z0 ), 1]~(kiJ z0 ), and 1]~(ki, z0), where 11l 
and 1] i are periodic functions of z0 and the values of 
111 and '91 repeat as the dielectric moves through Ai/2. 
As to 1]~, it is a periodic function of z0 with a period 
of Xi/2 only for "fixed" modes while for "creeping" 
modes its periodicity is of an approximate nature. 

Thus small movements of the dielectric strongly 
change the energy distribution in the resonator; for 
example for J.L = 1.76 the displacement of dielectric 
boundaries by 0.1 A can change the ratio of energy 
densities in the dielectric and in the gap 1. 7 times. 

The cause of the strong effect exerted by the posi­
tion of dielectric boundaries on the energy distribution 
in the resonator is illustrated in Fig. 2 that shows the 
electric field of a "fixed" mode ( i = 8). We see that 

FIG. 2. Distribution of standing 
wave amplitude E and energy den­
sity W as a function of the position 
of the active medium. a-anti-node 
at the boundary of the active medi­
um, b-node of vector Eat the 
boundary of the active medium. 

the distribution of standing wave amplitudes in regions 
I, II, and III depends on the amplitude phase at the die­
lectric boundary: in Fig. 2a an anti-node and in Fig. 2b 
a node of the standing wave appear at the dielectric 
boundaries. Dashed lines indicate the distribution of 
energy density in the resonator. Inside the dielectric 
the greatest energy density occurs at frequencies for 
which standing-wave anti-nodes fall on the boundaries 
and the least energy is associated with frequencies 
with nodes at the dielectric boundary. With varying z0 

the ratio of energy density in the dielectric and in the 
gaps oscillates within the limits from 1 to J.L 2 (a factor 
of 3 for ruby). . . . 

The dependence of Wl, W~, and W~ on ki also has 
periodic natur~ deter~ined by the periodicity of the 
functions 11\, 1]~, and 11~ in wihch ki appears as a 
cosine argument. The dependence of energy density 
distribution in the resonator on the axial mode number 
i was noted in [2-4]. 

The strong variation of the longitudinal energy dis­
tribution in the resonator due to small displacements 
of the dielectric such as ~ O.L\ is caused by the fact 
that the dielectric boundaries coincide with the con­
stant phase surface of the standing wave amplitude. If 
this is not true then a mode field inhomogeneity arises 
in the transverse direction. For example a resonator 
with spherical mirrors and plane dielectric boundaries 
has a fairly significant variation in the energy density 
distribution over the cross section. When the dielec­
tric moves along the resonator axis the nodes and anti­
nodes of the spherical standing wave amplitudes move 
transversely along the dielectric boundary. 

Thus the plane resonator with external mirrors is 
a system that is fairly sensitive to dielectric displace­
ment in terms of longitudinal (along the z axis) energy 
distribution. 

Although this analysis was performed for resona­
tors without limits in the direction normal to the z 
axis, the obtained results are applicable {with some 
limitations) also to axial modes of resonators with 
limited transverse dimensions. 

If the mode field depends not only on z (transverse 
indices are non zero), the longitudinal energy density 
distribution (as for "purely" axial modes) also de­
pends on the position of the dielectric boundaries. 

If the dielectric boundaries are not ideal planes, the 
boundary unevenness (steps) with a height of ~ 0.1 A 
can markedly affect the energy distribution in regions 
I, II, and III. Different energy densities then exist at 
different points of the cross section. Consequently 
surface inhomogeneities in the given resonator give 
rise to volume inhomogeneities {if only because of 
light absorption by the dielectric) and the transverse 
inhomogeneity of the resonator increases when mode 
energy increases. 

If the light falls on the dielectric boundary at the 
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Brewster angle C¥B {Fig. 3), the energy density distri­
bution in the resonator does not depend on the position 
of the dielectric. 

3. GENERATION OF STIMULATED EMISSION 

We now turn to the process of generating stimulated 
emission in a plane resonator with external mirrors. 
Generation is possible if a sufficient population inver­
sion exists in the dielectric. The generation process 
taking spatial inhomogeneity of the mode field into ac­
count is described by kinetic equations[sJ that however 
are subject to the following considerations: 

a. The amount of energy radiated into the i-th mode 
per unit time due to stimulated transitions is propor­
tional to mode energy in the active medium, i.e., it is 
equal to Dgi{k)aW~ Jn<Pi{z)dz, where Dgi{k)cpi{z) is 
the probability of spontaneous transition of the active 
center situated at point z with the emission of a photon 
into the i-th mode, and n is the linear density of in­
verted population, i.e., the difference between excited 
and unexcited centers per unit length. 

b. The losses of the i-th mode {per unit time) for 
non-active absorptio~ and scattering in the active 
medium equal yrraW~. 

c. The losses of the i-th mode {pe,r unit time) in 
gaps and at tb.e mirrors equal ri z0W~ and 
'>'III{d- Zo)W~. 

Taking all this into account and remembering that 
Ei = fiwiNi we obtain kinetic equations 

N,= [-y,(k., z,) +Dag,(k)TJ,'n.)N,, {9) 

{10) 

where 
Y<(k,, Zo} = Tl•'(YIT)t' + Yu + YmT)a'}, 

ay, = z,y.'. avm = (d- z,)ym; {11) 

- 1 J ) n.=-;- n<D,(z}dz. {12 

Here ni is the average linear population inversion 
density for the i-th mode, Yl• yn, and YIII usually are 
independent of the mode number, gi{k) is the probabil­
ity of spontaneous transition depending on k, i.e., the 
shape of the luminescence line, n0 is the population 
inversion density for constant pump intensity and ab­
sence of the resonator, T1 is the time in which station­
ary population inversion is established in the absence 
of the resonator, the factor s equals s = 2 for a 
three-level generation system and s = 1 for a four­
level system, and the quantity cpi{ z) = 1 
- ® cos 2 [J.Lki{ z - z0 ) + cpi) takes the spatial inhomo­
geneity of the mode field into account. The factor ® is 
unity for a standing wave if the working transition is 
dipole electric. If along with the dipole electric transi­
tion there is an appropriately oriented magnetic dipole 
radiation then ® < 1. If the probabilities of electric 
and magnetic dipole emissions are equal then ® = 0, 
i.e., the spatial inhomogeneity of the mode field plays 
no role in generation. 

We first consider the case of e = 0 for which the 
spatial mode field distribution is insignificant. We 
consider only stationary generation for which ~i = 0 
and n = o for generating modes and :Ni < o for modes 
not participating in generation. For the sake of sim-

FIG. 3. Active medium boundary 
at the Brewster angle. The same 
energy density in the gaps and in the 
active medium. 

Jz, _1./2 ____ _ 
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FIG.4 FIG. 5 

FIG. 4. Dependence of f(i, z0 ) on b.i = i-i0 for J.L = 1.73, z0 /L0 = 
1/3(1 + 1/8), cos 27r(z0 /L0 )i0 = 1. Stationary generation occurs in a 
mode with a minimal value of f(i, z0 ). 

FIG. 5. Number of generating mode 6i1 as a function of the posi­
tion of dielectric for z0 /L0 "' 1/3(1 + 1/8). 

plicity we consider that energy losses occur only in 
reflection from the left-hand mirror. As pump intensity 
slowly increases population inversion increases until 
threshold nf1 is reached whereupon the i1-th mode is 
generated f9r which nf1 = f{ ih z0), f{ i, z0 ) 

= yi/Dagi'll~ has the lowest value as compared with all 
other axial modes. As pump intensity increases fur­
ther the population inversion density nt does not 
change, but the number of photons Nh of the irth mode 
increases and generation is limited to this mode alone. 

According to Sec. 1 above the frequency spectrum of 
axial modes of the given resonator is similar to that of 
a homogeneous resonator and therefore we consider 
that ki = illk. Of course, exact values of ki{b) will 
change the quantitative results somewhat. 

For a resonator with external mirrors the number 
i1 of the generating mode significantly depends on the 
position of the active medium and varies strongly when 
the medium moves through small distances of ~x/4. 
Let the luminescence line have a Lorentz shape gi 
= g0 (1 + f3{ai)2 r'. where ai = i- io, io is the mode 
number corresponding to the maximum of the lumines­
cence line and 13 = { L0I')- 2, where r {em -l) is the hail­
width of the luminescence line; then 

f( i z) = 2y,(i + ~ (~i)'] I [t- J.L' -i OS 2:rt~(' + ~ ')] {13) 
' o Dg,a(J.L'+ 1) J.L'+ 1 c £, lo 1 • 

Figure 4 shows the dependence of f{ i, z0 ) on a~ that 
represents a product of the periodic function ri/11~ with 
the period L0 /z0 and the parabola gi1• The circles 
denote values of f{i, z0 ) for various ai and a given z0 • 

Figure 4 illustrates the case of J.1. = 1.73, Zo/Lo = ra, 
{3 < 6 x 10-3 and f{ i0, z0 ) with a maximum in the center 
of the luminescence line when ai1 = 4. 

Figure 5 shows the variation of the number of 
generating modes following a displacement of the active 
medium for the same parameters as in Fig. 4. 

We evaluate the range of variation of i1 for a few 
cases. 

a. Let L0 /z0 = q, where q 2:: 2 is a small integer. 
Then for a small change of z0 { ~ >../2) generation in­
volves modes for which I a i11 s q. Small change of z0 
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also leads to variation of the generation threshold np 
by the approximate amount 

112 - 1 :rt 
--sin'-·100%. 

It' 2q 

For q = 2 and iJ. = 1.76 (from now on in our computa­
tions we assume that the parameters of the active 
medium are close to those of ruby at T = 300°K) 
threshold n~ increases by a factor of 1.5. 

11 1 t• . Optical pumping not only increases popu a ton m-
version but also heats the active medium, The heat­
induced change of the geometric and optical parame­
ters of the resonator also leads to a change in the 
threshold np1. Since the process of increasing popula­
tion inversion by optical pumping is relatively slow, 
the rate of growth of n can be lower than the rate of 
growth of the threshold value n~, and generation in 11 
such a case can occur only for such values of zo for 
which the threshold nf1 is close to the minimum. 
Increased pumping intensity increases both the rate of 
population inversion and the rate of threshold variation 
so that termination and initiation of generation occur 
more often. This mechanism can be associated with one 
of the possible causes of "spiking" in generation. 

b. Let L 0 /z 0 = q, where q » 1; then the frequency 
interval All occupied by the generating modes is All 
~ ~ r for small changes of zo. The threshold 
value n~ here changes JJ. 2 times in comparison to the h 
minimum value. 

c. Generation of modes that are far removed from 
the maximum of the luminescence line (with a small 
change of the threshold n!l by ( n .J iJ. 2 - 1/2 JJ. Lor) 
x 100%) is possible if z 0 /Lo = (1 ± 1/p)/q, where 
p » q. For q = 2 the range of variation of th~ numbers 
of generating modes Aip and the spectral regwn All 
occupied by these modes with changing Zo are 

. ( :rtl'r<'-1) y,- ( nl'11'-1 )'''1/r (14) Jd•,J ~ -yL,r, dv ~ 2 V -L · 
2[< It 0 

When z 0 changes within the interval A/2 stationary 
generation is possible for any mode within the interval 
i0 ± 1 A ip 1 without a significant increase of_populatio~ 
inversion. For L 0 = 60 em and r = 10 em we obtam 
Ai = 25 and All = 0.4 cm-1• Thus a displacement of 
thl dielectric by ~ 0.01 A can terminate generation at 
one frequency and initiate it at another whose threshold 
is nearby. 

Computation of dielectric temperature increment 
AT necessary to shift the left-hand boundary of the 
active medium from a node to an anti-node of the 
standing wave (with the right-hand boundary rigidly 
fixed), taking the change of the opticallengt? of the 
resonator into account (for a ruby the standmg wave 
anti-node moves toward the dielectric boundary), 
yields 

i..Lo [( L, ) d~t ]-' dT=-- --+~t-1 dT+- . 
4az, z, dT 

(15) 

For A = 7 x 10-5 em, L 0 = 60 em, a = 12 em, Zo 
= 20 em JJ. = 1.76, aT= 0.5 x 10-5 deg- 1 (aT is liu")ar 

' I 10-5 d -1 expansion coefficient), and dJJ. dT = 1.5 x eg , 
we obtain AT"" 0,1°C, To change conditions at the 
boundary corresponding. to a displacement of ~ 0.01 A 

the dielectric heating amounts to ~ 4 x 10-3 °C. 
When considering the effect of dielectric position on 

FIG. 6. Relative losses ')' 1 /7)~ 
as a function of the mode number 
for z0 /L0 = 1/3(1 + 1/50). f . . . . z .•. -- •. -·---:-·'- ----· .· .. : .. r·· ...... ........ -r .. ·: 

the stimulated emission spectrum we can identify two 
relationships: first ''rapid'', approximately periodic, 
changes of i 1 {within the limits of Aip) resulting from 
an active medium displacement by ~ A/2, and second, 
a "slow" change of A ip( z0 ) for a displacement of 
AZo » A/2. The larger the ratio of losses at the 
mirrors and gaps to losses in the active medium the 
stronger the effect of dielectric position on the genera­
tion frequency. 

In solid state lasers with plane external mirrors 
generation usually has a "spiking" character where 
the time sequence of "spikes" and their frequency 
content have an accidental random form. We can as­
sume that it is at least partly due to the redistribution 
of energy caused by a change in resonator parameters 
during generation {change in the position of the bound­
aries, in optical length, etc., induced by heating). The 
random frequency distribution in various spikes may 
prove to be unreal and merely corresponding to the 
minima of f[i, z 0{t)] whose position varies with time 
due to the increased temperature of the active medium, 
its displacement, etc. 

If the luminescence line involved in generation re­
mains approximately unchanged in shape and moves 
along the frequency scale (drift), a step-wise change 
in the generating mode frequencies can be observed 
when the remaining parameters of the resonator re­
main constant. To verify this we consider the case 
when 

~=_!_(1±~), 
L, q P 

where p » q. Modes with a low value of Yi11J! that 
happen to have a low threshold nf (with a correspond­
ing position of maximum gi) fall into groups. The dif­
ference in mode numbers corresponding to the centers 
of neighboring groups is equal to p. Within each group 
the difference between the numbers of neighboring 
modes with a low threshold is equal to q .. 

Figure 6 shows the dependence of Yi11J~ on i for the 
case of q = 3, p = 50, and iJ. ~ 1.76. Le_t io decreru:t 
slowly with time. When the drift makes lo equal to 1 

(see Fig, 6) generation commences in a mode that has 
the largest number in the group located near ill; gen­
eration then shifts to modes of this group until io be­
comes equal to iiii whereupon generation commences 
in a group near iiV. This is accompanied by a genera­
tion frequency jump of ~ p1ik/2n cm-1 • For p = 50 and 
L 0 = 50 em the generation frequency jump thus is 
~ 0.5 cm-1. Figure 7 shows the number i1 of the 
generating mode as a function of position of the lumi­
nescence line. 

Therefore a smooth drift of the luminescence line 
can lead to frequency jumps in laser generation. If 
the luminescence line drift is due to heating of the ac-
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FIG. 7. Number of generating mode ii 
as a function of the position of the lumi­
nescence line maximum i0 • 

tive medium other resonator parameters are also af­
fected at the same time; as a result the position of 
mode groups for which generation is possible at the 
given pump level is displaced along the frequency 
scale. This in turn may lead to variations of generating 
mode frequencies between the jumps in a direction 
opposite to that of the luminescence line drift. 

If the dielectric boundaries form a small angle a 
with the mirrors the transverse periodicity of mode 
structure (due to various conditions at the dielectric 
boundary) has a period h 1 = ;\./2o:. This periodicity 
can appear in generation if h 1 is smaller than the 
transverse dimensions h2 of the inhomogeneities of the 
active medium. In particular this periodicity increases 
the diffraction losses of radiation. A diaphragm whose 
aperture is smaller than h1 introduced into the reso­
nator separates a region in which the axial energy 
density distribution varies little in the transverse 
direction. On the other hand, if the diaphragm diameter 
is larger than hh kinematic modulation, for example 
(see below), can no longer terminate generation at the 
given frequency over the entire cross section at once 
and the generation channel then moves across the 
cross section of the active medium. Diaphragm diame­
ters capable of separating homogeneous regions (for 
the same a) are proportional to ;\. so that the dia­
phragm diameter is 1.5 times smaller for ruby th"l.n 
for Nd3+. 

We now turn to the consideration of generation tak­
ing the spatial inhomogeneity of the mode field e ;o< 0 
into account. In this case the spectral composition of 
stimulated emission in stationary generation is deter­
mined by the equations 

- y, + Dag,rJ,'ii, < 0, 

n = n, ( 1 + sD-r:, ~g,<D;t) 2'N,) -'. 
(16) 

(17) 

The equality sign in (16) applies to modes participating 
in generation, while the "less than" sign denotes non­
generating modes. 

Before the start of generation ni increases with 
increasing pump intensity. All expressions in (16) are 
less than zero. Finally for the i 1 mode the losses per 
single photon are compara.ble with emission stimulated 
by a single photon: Dagi 11J~Ui 1 this is the mode that is 
first to generate. We see thus that the number of the 
first-to-generate mode is determined by the minimum 
of the expression f( i, z0 ) that coincides with the condi­
tion for nf. Consequently the frequency at which gen­
eration corhmences depends on the position of the 
active medium also in this case. In contrast to the 
spatially homogeneous case stationary generation can 
also involve other modes as pumping increases further. 
Mter the first-mode generation commences ni 1 no 

longer increases, however as pumping increases other 
ni continue to grow until generation involves mode i2 

FIG. 8. Stationary generation 
spectra as a function of the active 
medium position. a-z0 /L0 = 1/3 It 

"It I 

di 

(I+ 1/50~ b-z0 /L0 = 1/3(1-1/12), bill II II 
c-zo/Lo - 1/3. "-'· .CJ.... u.. ·-I='· . .lJIILLI u.ll.uil..yt I':"-----,.-~~· 

Dl.f f5 lJ 

for which ni2 = f( i2, z 0 ). As pumping increases further 
the values of nh and ili2 remain constant, while the 

remaining ni continue to grow until the third mode i3 
generates, etc. Neglecting the dependence of frequency 
on z 0 we can readily find the values of the function 
f( i, z 0) for any value of the argument i and fixed 
position of the dielectric (see Fig. 4). The computation 
of Iii is more difficult since the integral in (12) can be 
obtained only approximately in analytic form. Further­
more in our case it is necessary to know rpi ( rpi ~ kizo) 
to compute this integral. 

An earlier paper[2J presented a detailed analysis of 
the case of a dielectric contiguous with one of the 
mirrors; it was shown there that the numbers of axial 
modes {i} that are successively involved in genera­
tion as pump power level increases can differ strongly 
from one another. 

To evaluate { ~ i} of the numbers of modes that are 
successively involved in stationary generation we con­
sider that the value of ni is the same for all modes 
not involved in generation. The stationary generation 
then successively extends to modes whose numbers 
correspond to a monotonically increasing sequence of 
values of f(i, z 0 )l2• 61 • We compute these sequences of 
{~i} for a few cases. 

a. Let a= 12 em, d = 38 em, f.L = 1.76, r = 10 em-\ 
and z 0 = 10.1 em. We assume that YIII « YII = n; in 
this case 

/(i,z,)= Vn[i+~(~i)'] [1+2( '+1)-=•(t-11'-1. 
&~ 11 ~+1 

xcos2n ~: (io+~i)) -']. 

Let i0 , the number of the mode corresponding to the 
maximum of the luminescence line, be such that 

(18) 

cos ( 27rz0i0 /L 0 ) = 1. Omitting the complicated inter­
mediate steps we obtain the sequence ±{~i} = 25, 22, 
28, 19, 31, 16, 34, 13, 37, 72, 75, 69, 10, 78, 66 ... The 
sign ± shows that modes enter generation in pairs ar­
ranged symmetrically about i0 • The posit ion of generat­
ing modes in the spectrum is shown in Fig. 8 a. In the 
figure the vertical scale was selected so as to show 
the earlier generating frequencies by longer line seg­
ments. As we see modes commence generation in 
groups whose centers are separated from one another 
by approximately 50 modes; furthermore the numbers 
of generating modes are also not spaced in a row but 
separated by three-mode intervals. If cos ( 27Tzoi0 /Lo) 
;o< 1 neither the structure nor relative position of the 
gr;ups change much. However the position of the groups 
relative to the maximum of the luminescence line is 
then different; for example for cos ( 27rZoio/Lo) = - 1 
the centers of generating mode groups are situated at 
~i= 0,±50, ... 

b. Let all the parameters of the resonator be the 
same as in (a) except for z0 = 18 em. The sequence 
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of modes commencing generation with increasing pump­
inglevel(cos(27Tzoio/L0) = -1) is ±{~i} = 0, 13, 23, 
36, 10, 49, 3, 46, 59, 33, 72, 39, 62, 6, 20, 82 ..• This 
spectrum is illustrated in Fig. 8 b. We see that the 
spectrum consists of less clearly expressed line 
groups (as compared to (a)). The frequency distances 
between the group components equal triple intermode 
spacing. This triple period is due to the fact that the 
ratio of the optical length of the resonator to the gap 
length is close to three. In the case of (b) a "11./4 dis­
placement of the active medium results in a situation 
in which the first to commence generation are modes 
with ~i1 = ± 18. 

c. If all resonator parameters are the same as in 
(a) except for z0 = 19.7 em, then (for cos ( 21Tz0i0 /L0 ) 

= -1) the sequence of modes commencing generation 
with increasing pump level is ±{~i} = 0, 3, 6, 9 ••• 
(see Fig. 8 c). This means that generation involves 
consecutively every third mode beginning with the 
mode situated at the center of the luminescence line. 
A"11./ 4 change in z0 merely changes the spectral genera­
tion pattern by one-two modes although this also in­
creases the generation pump threshold. 

In stationary generation the generating modes de­
pending on z0 can either form clearly expressed 
groups (Fig. 8 a) or can more or less uniformly fill a 
broad spectral interval provided pump power levels 
are high enough (Fig. 8 band c). In any case the 
modes do not commence generation in a row. Clearly 
expressed groups of generating modes in the spatially 
inhomogeneous case occur for z 0 satisfying the condi­
tion zo/Lo = (1 ± 1/p)/q; p » q. 

Variation of the generation spectrum can be due not 
only to dielectric displacement but also to temperature 
drift of the refraction index or the position of lumines­
cence line. The step-like nature of dielectric bounda­
ries results in different spectral composition of stimu­
lated emission of different points of resonator cross 
section. 

In the usual practice of laser experiments if the 
position of active medium is measured at all it is done 
with a millimeter rule. Since the laser generation 
spectrum changes significantly when the active medium 
is displaced by less than "11./ 4, an exact theoretical 
computation of the generation spectrum in a resonator 
with plane external mirrors for the purpose of compar­
ing it with experimental data makes no sense as long 
as the system parameters are not fixed with very high 
accuracy and their constancy in generation is not 
guaranteed. 

The dependence of the numbers of generating modes 
on the position of the active medium is twofold. First 
a displacement over relatively large distances 
(~z0 » "11./2) changes the shape (presence or absence 
of groups, their spacing, etc.) and total width of the 
spectrum ~~ip. 

For a= 10 em, L = 50 em, and 1-L ~ 1.5 the nature 
of the spectrum changes significantly when the active 
medium shifts by several millimeters. Second, a small 
displacement of ~>../ 4 of the active medium does not 
change the shape of the spectrum and its width ~ ip, 
although this does change the numbers of low-threshold 
modes that can participate in generation (for YIII « YII 
= YI the threshold value of ni for each mode varies by 

a factor of 21-L 2 I ( 1-L 2 + 1) and for ruby by a factor of 
1.5). This means that generation terminates in some 
modes and commences in others. This leads to the 
strong effect these small "shifts" (thermal or mechan­
ical) have on the time behavior of generation. 

In the study of generation in a resonator with plane 
external mirrors it is sensible to evaluate only the 
general aspects of the spectrum such as its width for 
a given pump level, the presence of clear groups, etc. 

The above features of plane optical resonators are 
emphasized the lower the losses in the dielectric and 
the greater the losses at the mirrors and in the gaps. 
For this reason increasing the length of a resonator 
of finite cross section (for a fixed length of the active 
medium) increases the effect of dielectric boundaries 
on generation; a similar effect is obtained by decreas­
ing the diaphragm diameter in the resonator. 

If a spherical rather than plane standing wave is 
excited in the resonator, the angular distribution of 
stimulated emission intensity in single mode genera­
tion represents an alternation of bright and dark areas. 
The angular dimensions of bright areas in the case 
when the active medium with plane boundaries is in the 
center of the resonator are related by 

• 2 2 !1 '~'• -'I'm = R(n-m). (19) 

Here 1/in is a small angle measured from the resonator 
axis, R and ~ are the radius of curvature and the dis­
tance between the anti-nodes of the standing wave near 
the dielectric boundary, and n and m are number of 
bright rings reckoned from the center of the pattern. 

The character of nonstationary generation also de­
pends on the position of dielectric boundaries where 
the resonator with external mirrors is more "inertial" 
than a resonator with the same active medium but 
whose mirrors are mounted on the faces of the medium 
(the gaps act as a kind of damper). 

4. REDISTRIBUTION OF ENERGY IN GENERATION 

Generation of stimulated emission in an optical 
resonator with external mirrors is very sensitive to 
the position of the active medium. Furthermore, due 
to the variation of the optical parameters of the die­
lectric upon heating, the redistribution of energy can 
also occur with a fixed resonator geometry as in the 
case of a laser with liquid active medium. 

Since in real lasers it is usually not possible to 
eliminate the uncontrollable effect of thermal variation 
on generation we can affect the latter by an artificially 
induced redistribution of energy in the resonator at a 
rate that is much higher than that due to heating of the 
active medium. Of course this can throw the generation 
far off the course obtained with a fixed active medium 
but, in return, thermal effects are no longer important. 

Energy can be redistributed in the resonator in 
various ways: first, by mechanical means, moving 
either the active medium or the mirrors along the 
resonator axis, and second, by electro-optical means, 
altering the optical length of the gaps. Both methods 
were tried experimentally by various authors [7- 91, It 
was expected that this will result in single-mode gen­
eration involving the mode with the best Q. Experi­
ments with shifting population inversion density rela-
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tively to the nodes and anti-nodes of the standing wave 
yielded many interesting resultsr 8- 10l although they 
failed to produce single-mode generation. According 
to the above discussion single-mode generation cannot 
be expected since the number of the best-Q mode 
changes when the dielectric moves. 

We consider in greater detail the results of die­
lectric motion during generation. We assume that we 
have a quasi-stationary approximation where the mode 
field configuration at a given time is determined by the 
position of the dielectric at that time, The validity 
condition of the quasi-stationary approximation is 
v « Vcr = .\c/L0 ru, 121 • If the velocity of the dielectric 
is comparable to or larger than Vcr the field configura­
tion in the resonator depends on the previous history 
of the system. 

During the motion of the active medium the right­
hand sides of (9) an\1 (1.0) are e~plicit functions of time 
as z 0 = vt. Since 11L 1JL and 1)~ are periodic functions 
of time with the period Ti = .\/2v we should expect that 
the solution of kinetic equations is modulated by the 
same period Ti. Consequently the emission of a laser 
with a moving medium is modulated with a period Ti. 
This phenomenon called "kinematic modulation" was 
recently discovered and investigated[ 11 , 121, 

The solution of kinetic equations for the case of a 
moving medium is more difficult than for a fixed die­
lectric; furthermore if during the motion each mode 
undergoes termination and initiation of generation in 
time Ti we must take into account spontaneous emis­
sion neglected in kinematic equations (9) and (1 0), 

The results obtained for a fixed active medium can 
be applied also to a moving medium if the generation 
process is quasi-stationary, i.e., if the relaxation time 
of the generation process is much less than Ti and at 
each point of time generation is determined by the 
position of active medium in the resonator at that time. 

Let the generation emission be uniformly distributed 
throughout the volume of the active medium, i.e., 
e = 0, As the active medium moves in time Ti the 
function f[ i, z 0 ( t)] takes on minimal values for vari­
ous i and the generation successively commences and 
terminates in modes included in the interval ~ ~ ip( z0 ), 

Spatial distribution of the mode field where e "' 0 
results in multimode generation. In the quasi-station­
ary case the motion of the dielectric causes a time­
dependent variation of generating mode distribution in 
the spectrum. The most intense is the mode repre­
sented by generation in the spatially homogeneous 
case. Depending on pumping level other generating 
modes are arrayed about the most intense mode. As 
the dielectric moves the spectral pattern of generating 
mode distribution shifts in frequency. If z 0 is such 
that generation produces distinct mode groups, these 
groups shift in frequency retaining their formation. 
Each group, at first in the form of a single generating 
mode, appears far from the maximum of the lumines­
cence line; as the active medium moves the pump 
shifts toward the center of the luminescence line in­
creasing both the intensity of the group and the number 
of generating modes in the group. Then, leaving the 
center of the luminescence line the group reduces its 
intensity (and the number of generating modes) and 
finally falls out of the generation process altogether. 

Consequently the motion of the dielectric causes some 
broadening of the (time) integral spectrum of genera­
tion and a uniform mode distribution in the spectrum, 

Longitudinal oscillations of the active medium 
change the conditions at the dielectric boundary and 
thus strongly affect the time behavior of generation. 

If only one mirror moves the i-th mode generation 
can be terminated by the change in Q( ~f[i, z 0(tJr1 ) of 
the mode due to the redistribution of energy in the 
:resonator and only because of the shift in mode fre­
quency relative to the center of the luminescence line. 
The motion of a single mirror produces a phenomenon 
analogous to kinematic modulation as well as a more 
dense distribution of generating modes in the (time) 
integral generation spectrum. 

The effect of dielectric boundaries in the resonator 
is not so significant in generation at a spectrally in­
homogeneously broadened luminescence line (Nd 3• in 
glass for example). In particular the effect of dielec­
tric boundaries determines both the kinematic modula­
tion during motion of the active medium with inhomo­
geneously broadened luminescence line[uJ and the fact 
that in a fixed active medium modes can commence 
generation in groups; these may be large in number if 
the luminescence line is broad. In the moving active 
medium the integral generation spectrum is much more 
densely (contiguously) filled with generating modes due 
to the shifting groups of generating modes. 

Thus the dependence of energy distribution on the 
position of dielectric boundaries and the configuration 
of the electromagnetic field of natural oscillations, for 
a given spatial distribution of losses, leads to an addi­
tional thinning out (selection) of the frequency spectrum 
of high-Q modes in an open optical resonator. The 
frequency spectrum of high-Q modes of the resonator 
turns out to be very sensitive to external perturbations 
(thermal, mechanical, and optical) so that small (and 
therefore uncontrollable) perturbations of the system 
cause a sharp variation of the Q of each mode and a 
significant variation of the frequency spectrum of 
modes with the highest Q. 

We note that the presence of internal dielectric 
boundaries in the active medium can be the result of 
longitudinal inhomogeneities of the optical pumping 
system, 

In the generation of stimulated emission the position 
of the active medium in the resonator proves to be a 
very significant parameter of the laser; both the spec­
tral and the time behavior of generation are quite criti­
cal relative to this hard-to-control parameter. 

Many features of laser operation of various designs 
cannot be understood without an analysis of electro­
magnetic energy density distribution in the resonator. 
Therefore in the study of lasers we must take into ac­
count the effect of the position of the active medium on 
generation; there is no justification for neglecting this 
effect. 

The author considers it his pleasant duty to thank 
Academician I. V. Obreimov and V. N. Tsikunov for 
useful discussion of results. 
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