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A sequence of the perturbation theory diagrams giving the main contribution to the hydrodynamic
asymptotic behavior of the phonon Green function of an electron-phonon system in a quantizing mag-
netic field is summed. The summation reduces to the solution of a system of equations of the kinetic
type by the Chapman-Enskog method. In the Green function there appear new poles relative to the un-
perturbed Green function; one pole corresponds to heat conduction, and, in the model in which Coulomb
interaction and Umklapp processes are not taken into account, there are also poles corresponding to
second sound. Anisotropy of the sound velocities and of the thermal conductivity and sound damping
tensors is important. The transverse components of these tensors are calculated explicitly in quadra-
tures. The stability condition of the low-frequency energy spectrum is discussed; this condition is
violated at low temperatures if one of the Landau levels approaches the Fermi surface.

1. n 2 number of papers (e.g., %), the method of equi-

librium Green functions is used to describe weakly non-
equilibrium kinetic processes such as second sound in
solids. In the present paper an analogous method, de-
veloped earlier in ™ for the electron-phonon system,
is carried over to the case when this system is placed
in a sufficiently strong (quantizing) magnetic field. The
method reduces to distinguishing a sequence of the dia-
grams which give the main contribution to the phonon
Green function Gyp(E, k) in the hydrodynamic regime
(ET, kI <« 1, where 7 is the relaxation time and ! is the
mean free path). The summation of the selected se-
quence reduces to the solution of a system of equations
of the kinetic type.

For an electron-phonon system in a quantizing mag-
netic field, such an approach enables us to avoid intro-
ducing a temperature gradient; the introduction of a
temperature gradient is necessary when intrinsically
non-equilibrium methods are used and often leads to
ambiguous results when the kinetic coefficients are
calculated. In the Green function formalism the kinetic
equations arise automatically in the process of sum-
ming the diagrams, without the use of any additional

assumptions.

Usually, ™ ® the analog of the electron distribution

function in the kinetic equations depends not only on
physical variables such as the principal quantum num-
ber n and the longitudinal momentum p, (and also on E
and k), but also on arguments such as the oscillator
center y,. Variables of the type y, cease to be constants
of the motion on change in the gauge of the vector poten-
tial, and the energy spectrum does not depend on them.
It is clear that these variables are unphysical, and it is
desirable to obtain kinetic equations which do not con-
tain them; such equations are derived in Sec. 2 of this
paper.

The solution of the resulting system of equations by
the Chapman-Enskog method is treated in Sec. 3. It is
shown that the exact phonon Green function has poles
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relative to the unperturbed function; a pole appears
which corresponds to heat conduction, and in the model
in which the Coulomb interaction and Umklapp processes
are not taken into account there are also poles corre-
sponding to second sound. In the present paper we shall
confine ourselves to treating a model in which only the
electron-phonon interaction is taken into account. How-
ever, the method is also applicable when Coulomb inter-
action and Umklapp processes are taken into account,
with an obvious transformation of a second sound branch
into a plasma branch.

In a quantizing magnetic field the sound velocities and
the tensors defining the sound damping and the heat prop-
agation become essentially anisotropic. We note that it
is found possible to calculate the transverse components
of these tensors in quadratures.

To conclude, we discuss the condition which ensures
the stability of the low-frequency energy spectrum. I is
shown that this condition ceases to be fulfilled if, at a
sufficiently low temperature, one of the Landau levels
approaches the Fermi surface.

2. We write the Hamiltonian of the electron-phonon
system in a constant magnetic field H (H = curl A,

A= 1H x x) in the form"

H =H—\N=
= Ej d*pa.* (p) {%(p—-%ﬁ[HVP] )z— (s;: -H)}a-(p)

+ | dkou (k) b* (k) b (k)

Az,

@2.1)%

& 57,33, [ @ (K) e + / .
* ey Jﬂ‘””“”(”z“) at(p+k)a(p) [oR)+ b7 (—K)],

K<k,

DWe use a system of units with h=k = 1 (h and k are Planck’s and
Boltzmann’s constants).

*[HVp]l =H X V.
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where A is the chemical potential, s = + is the spin in-
dex, and w (k) = c k. In the integrals over the phonon
momenta in (2.1) there is a cut-off at the upper limit k.

Below it is found convenient to use a variant of the
temperature diagram technique'™ in which the expres-
sions for the bare phonon function and vertex are writ-
ten with 6-functions corresponding to the momentum
conservation law. The expressions for the lines and
vertices have the following form:

P*iw,,s q

6wy, 5, p,9), (2.2)

iw, ¥ . 5
L e 6”}"’(140,, K) = 8- wf Wi, 2-wio] ]

1
P, 9 guamr¥iep-q-x).

We take the Green function G&’ of an electron in a
magnetic field in a form convement for calculating
sums over the frequencies wy = (2n + 1) 7T:

6. (10n5;p@) = Y Pu(p, @) [0, — e(py 7, )]

n=0

2.3)

Here, € (py, n, s) denotes the energy of the Landau level
with number n:

2 s () SN

and the function Py (p,

P.(p,q) = —;%5 Pu—QH)eXP( ZiiI:Iqu]))mn(Z(pL;iq_‘_)’)’(2.5)

q) is defined by the formula

where p), is the component of the momentum p along the
magnetic field, p, is the transverse component, and ¢y
is the Laguerre function:

1 ar
@n(z) = e7*?L,(z) = — e/* —(a"e™™).

n! dz™ (2'6)

We note that Py(p, q) is the kernel of the projection op-
erator on states with the n-th Landau level, and, there-
fore, the equality

[ Pa(p, @) Pr (g, 1)a = 8naPu(,), 2.7)
is valid and will be used below.

The exact electron and phonon Green functions Gg
and Gph are depicted by thick continuous and dashed
lines respectively. They can be expressed in terms

of the self-energy parts ~ and P:

G.=(C=3),  Gu=(CH'—Pp). (2.8)

The following exact diagrammatic equalities (in (2.9)
all the lines are thick)

WKy

- HD- Hb-
W -W, K-
v- ._@_- W, K;-K
show that the function P (the polarization operator) is
expressed in terms of the vertex part D, and the exact
electron Green function, while the vertex parts D, and
D, satisfy a system of linear equations. The thick elec-
tron and phonon lines in the diagrams (2.9) correspond
to exact Green functions. Irreducible diagrams, which

cannot be cut along a vertical by cutting two lines, con-
tribute to the blocks K, — K,.

(2.9)

The derivation of the kinetic equations from the dia-
grammatic equalities (2.9) is analogous to that per-
formed in the previous article™ for a system without
a magnetic field. Here we shall dwell chiefly on the
singularities appearing in a quantizing magnetic field.

As also in ), for the functions =, P and Kj we confine
ourselves to the simplest perturbation theory diagrams:?

v TN
L= L, Pxpy= Q

(2.10)

The system 12.9) reduces to a system of equations
for the limiting values of the analytic functions which
arise from the vertex parts D,; and D, on making the
analytic continuation iw, — z; the system for the limit-
ing values D‘“ and D‘l’ on the inner edges of the cuts
(Im z = +0, w 0) is found to be non-trivial. The values
D€’ and Dz‘e’ on the external edges (Im z = — 0, w + 0)
in the first approximation are equal to

D =g(2n)"(p—q—k), DI =0. (2.11)

On integration over the energy variable, character-
istic ‘‘energy denominators’’ arise:

Z,=E—e(py+ ki, n, 5) + e(py, n, 8) + 2iA(py, 1, 8),
Zy=FE — gs(ky + k) + e2(ky) + 2iAx(ky), (2.12)

where €, = € (p, n, s) (cf. (2.4)) and €,(k,) = ck, are the
energy spectra of the electrons and phonons, and A, and
A, are their imaginary parts, defined by the diagrams
(2.10). The function A, can be expressed in terms of the
imaginary part of the polarization operator by the for-
mula

. mo(k.)

205 I Po(E = e (ki) + i0, Ky, ka) = Ao (k) (ke —Ka). (2.13)

The function A, can be obtained from the expression

2 (i, s;p, q) =

—2i(eHH[zpq]) )E%(Z(me—HqL)’ )

XJ' d’kzl @o*(K) [ (i01)* — 0o* (k) ] 7' [io — io, — e (py — Ky, m, 5) ] .

— 2i(H[k, p —q]) ) (2.14)
eH*

In this formula the 1ntegra1 over the momentum K is a
function of (p L -q 1) the product of which with
®m(2(@,; — a;)?/eH) can be expanded in the Laguerre
functions ¢p. As a result, the expression (2.14) for Z,
can be rewritten in the form

2g’T yox (
= —ae
neH(Zn)“ &(pu— qi)exp

xexp(

\ -
3, (io, s; p, 9) =2 P.(p,q)A.(iw,s, p1),

n=0

(2.15)

where
A, (i, s, py)

zu)sz Zj 2d’(m— q.) (2(me;q¢)2 ) (Pm( 2(9;; q.)* )

DFor ET< 1 the value of P differs substantially from P,. However,
in Egs. (2.9) the approximation P = P, is legitimate since the phase vol-
ume of the region in which it is not true is small.
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><I kool (k) [ (io)* — 00 (k) ] [i0n — f0y — & (py — ki m, 5)] =

Xexp(—Zi(H‘ [k,p—4q]) )

= (2.16)

A, is expressed by the imaginary part of the function
A,(iw, s, p) after the replacement iw — €,(p, n, s)
+1i0.

We are interested in the analytic continuation iw — E
<71 tfor k< I}, where T is the relaxation time and [ is
the mean free path. We can put E = 0, k = 0 in the ex-
pressions for the diagrams K, — K, and in the bare ver-
tex in the first of Egs. (2.9), as is usually done in deriv-
ing the kinetic equations without a magnetic field; this
can also be justified when the magnetic field is taken
into account. As a result, the dependence on the vari-
ables E and k remains only in the energy denominators
Zg and Zpp (2.12).

We see the function D, in the form

Di(iwy, i0, 5, p, 4. k) = (75)72 P.(p.q)Fa(ion io,5,pu k). (2.17)

In place of D, and D, we introduce, as the unknowns,
the new functions h and £, defining them by the formulas

h(n,s, py, E, k) = Z,—iF,,((il(:),)» e(pnn, s), io—E,s, p, k), (2_18)
—gu(k ; ,
f(ky, E, k)8 (ks — ko) —(Zn)’ﬁZZq, D, (iwy— &.(ki), io— E, ki, ks, k).
Then the system (2.9) takes the following form:

(E — 2&/ (ki) vkr) b + il i (R, ) =1,

(E — 2¢) (kik))f + il2(h, f) = 0. (2.19)

The first of the Eqgs. (2.19) is obtained if, having repre-

sented the 6-function 6(p —q) in the form
é(p—Q)=ZPn(p,.q). (2.20)

we then equate the coefficients of Py(p, q) on both sides

of the first Eq. (2.9); in doing this we must make use of

property (2.7).

In the system (2.19), for k, > k we have made the
replacements
e ((k)n + ki n, 8) — e (ki) 1y m, ) .~ 08y [ 0 (K1) "2 (K1) oy

= 2¢. (k1) uker,
ez(ky + k) — ex(ki) = 0¢. / 0k2 (kik) = 26, (kik).

I, and I, in (2.19) denote the expressions

I (1 +exp{— Bes(pu,)}) Y, [ d'ksdgy W (k)
" (2.21)

('l%k’)') ny(qu, m, s)n.(k,) [exp{Be.(qu, m, s)}8(es(Py, 2, $) — &4(qus 2, 5)

COR

+ea (ki) 8(py— qu+ (ki) ) (R(p1m, 5) — kg, m,s)+ f(ki))
+ exp{Be.(p1, 7, 5)} 8 (&1 (P11, 5) — &4(q1, ™, 5)
— & (ki) 6(pu— qu— (k1)) (R (P11, ) — B (g1, m,5)— f(ki)) ],

H 2 kl
=52 (1~ exp(—Bes(k)}) Y, [ dprda W) (252L)
X (i, 1, $)Na (g M, 5) exp{Be. (pi, 1, 8) } 6 (e2 (ki) — eu(pry 1, 5)

+ &.(q1, m, 8) ) 8( (k) u — pu+ qu) (f (ki) — (P11, 8) + R (g1, M, 5) ),

where

ny (p"v n, 3) = (exp{ﬁel (pllr n, 3)} + 1) _‘v

(ki) = (exp {Bea(k:)} — 1)~ (2.22)
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The function Wy, (k) in (2.21) is the integral

Waa(k) = ;Sﬁjld’h%( pr) Pm (2:;;2 ) exp{—fli?(H[mk] )}

eH
= [ @2 . (2)9n (@) 102 VaD), (2.23)
where
y=1Fk,*/2eH. (224)

Evaluation of the integral (2.23) (cf. ', formula 7.422.2)
gives

W = (—1)"" e LI (y) L " (¥) (2.25)
m+n ,—y el d m -y e’ dm,__ n e—v) — evyM—n ( ar ﬂe—v)z
=1 € (E dy” yre )(E dy™ 4 T minl dy™ ¥

Formula (2.25) shows that Wy, is non-negative, as for
physical reasons it should be.

Equations (2.19) form a system of linearized inhomo-
geneous Kkinetic equations in which the functions h and f
play the role of corrections to the equilibrium electron
and phonon distribution functions respectively, while
I, and I, play the role of collision integrals. The analog
of the electron distribution function h, as noted already
in Sec. 1, does not contain unphysical variables of the
type y, (the oscillator center).

The polarization operator P(E, k) (the coefficient of
the §-function in the expression P(E, k, k') = 6(k—k’)

x P(E, k)) for ET< 1 is expressed in terms of the func-
tion h by the formula

P(E, k) = g"BEh — 1)y, (2.26)

where (...), is the first of the abbreviations:
__¢H - exp{Be:(ki,n,5)}
{p(kin, )= —(_2—“_)7'; dkuzzfp(km n,s) (oxp{Bes (kn 7, 5) ] + 1)2'

n=0 s=4

ebc,(k)
(P (k). = (2m) J‘dskq,(k) O (2.27)
The derivation of formula (2.26) is analogous to that
given in ®! for a system without a magnetic field.

3. Solving the system (2.19) in the hydrodynamic re-
gime (E7, kIl < 1) by the Chapman-Enskog method en-
ables us to treat the propagation and damping of the
sound vibrations, and also the phenomenon of heat con-
duction in a quantizing magnetic field.

We seek the first (acoustic) approximation for the
functions h and £ in the form of linear combinations of
functions which cause the collision integral to vanish

h((k)w,n,s) =a+b(k)y+ce((k)n,s),

(ki) = b(k:) 1+ cea(ki); (3.1)

For I, and I, the following orthogonality conditions
hold:

(Ii>l=07 <I|(k|)ll>1+<Iz(k1)ll>z=0’ <1.131>1+<I.’.52>2=07 (3,2)

which, for the coefficients a, b and c, give the expres-
sions

a=A A, b=FkA:[/A c=A:/A.

(3.3)

We obtain for the determinants A, A,, A, and Ag the for-
mulas
A= Er<kllz>1z(<1>1<ez>iz —_ <8>1z)
- 4Ekilz(<82>n<e,knz>iz + ) Cee’kd i — 2<8>1<51k\12>1<88’kllz>1z)
= (b ({)(eD — (&) *) E(E* — u’kyP),
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Ay = Ez<kllz>1z(<1>i(8’>u -_ (8)12)
— 4k () e k™ 12* — (&)1 (ee ki) 1{e ki),
A= 2E<8,k||2>4((1>1<31>12 bl <8>iz)1
A = 4kuz<'8'kuz>u(<1>1<38'ku’>u - (8)1<3,kn2>1) »

where, e.g., (€), = (51(k||, n, s)),, <€2>1z = (€i>1 + <€§>2'
Knowing h, we find from (2.26) the first approximation
for P(E, k):

(3.4)

4g°B (k). k¢ ks’

P(E’ k) = (k;f}n Ez — uzku: = Ez — uzkﬂz *

(3.5)

By equating the denominator of the function Gy, to
zero we obtain the equation

(B* — ctk?) (E* — w'hit) — cl6Kh? = O, (3.6)

which gives two anisotropic sound branches in the en-
ergy spectrum. The appearance of second sound is a
consequence of the choice of model, which does not take
Coulomb interaction and Umklapp processes into ac-
count. K the indicated interactions are small, so that
the relaxation time 7, corresponding to them is appre-
ciably greater than that 7, for the electron-phonon inter-
action, second sound can exist in reality in the interval
< E K 15k

To study the heat conduction and sound damping, the
second (viscosity) approximation of the Chapman-Enskog
method is necessary. To calculate this, we find the cor-
rections 6h and 6f to the functions (3.1) of the first ap-
proximation, and calculate the coefficients a, b and ¢
with greater accuracy.

The corrections 6h and 5f have the form

Sh = —i[bky(ni) 1+ aky (k) s + chu(ks) (i) o],
8f = —i[bkn(nz) v+ aka(ki) 12 4 chy(Fi) u(T2)y

+ bk 1 (kinky) Mer + ¢ (kirky) 2] (3.7)

The five pairs of functions ((17 l)II) (le)n), (61; 62)1 (7-17 Tz)y
(0, n21k,1(ky)y) and (0, 721 k,1) oceurring in (3.7) are ob-
tained by inversion of an operator, which is defined by
the collision integrals I, and I, and will be denoted by

M, from the formulas

(M) (i) =2M-1(Fy, Fr),
/k 2 ' ’k 2 .
(Genysde Crpaon) = 200 (ko =SS (i) SEE2)

ke <ki'des
/k 2 12
((ks) vy, (o) ywe) = 2M ( (k)y (5181' - %%)7, (3.8)
, (ee'ki* )i
(k) (wz iy )) '
0, (k1) ikimer) = 2M(0, &' (1) ki),
0, kyim2y) = 2M1(0, e262'kyy),
where
[ORCE THIEEE YR ECA T
F: = l, kl ? 1
e (k)i e I3y — ey
+ (e etk ) — (e (ki) (3.9)

A eD e — > ’
e’y — ()i{ee’ kP
DeHe— eyt

We find the second approximation for a, b and ¢ from
the orthogonality conditions (3.2). The function P(E, k)
in the second approximation is given by formula (2.26)
in terms of the second approximation for the function h
and is found to be equal to
- 8%k (B — ial® + inark)® + inanke,?) (3.10)
(B + inak® + in ke r®) [(B + ingky® 4 inck ) — wk)?] )

F,= 32’(,‘1)112 + e

P(E, k)=

V. N. POPOV

In (3.10), 5% and u® were defined above, and the kinetic
coefficients a, 1, 71, K1), Ka1i, K11 and K, are defined
by the formulas

_ G TN
WKk
LR
= ka2
4 (R 8)p* 4 Cee'kiPty)1aq® — (Cee'k)? ) + (e'kiPti)\) pe
WEPD 2 (K11 — (e)d*)* -
— LG T T2 (ee'k v ).q" (3'11)
2k 12 u2<kuz)az(<1>i<ez>u— <3>sz) !
%oy == 2{1), ['k)?0)(ee’ky*>1s" + (ee'kiPt) e Ry
— (Cee’k?8) 12 + (&'kifti)s) ee’kitd e k4] -
[ B ((1D(ED 1 — e D],
_ MCee’k P11 ),
RO EROR
Hall fﬂ'_ _ (1)1<k1l2>xzuz
Tk e AERDE

+

k(™

Aot

where

P = EDnuleki®d — (edi{ee’ ki D,

g = Di(ee’ ki — (D (e’ (3.12)

Formula (3.10) leads to the appearance of one more

(thermal) pole in the phonon Green function

_ i1 — "B
1—d*u—?

E= [k’ = waski?]. (3.13)

The sound branches in the spectrum acquire imagi-
nary corrections ~k?. The corresponding formulas
have the form

Ei(k)=E" (k)— (B — eo’k?) (nikei? + ok

13
vt ) (3.14)
1 k 2 . k 2
ok [a — (v — ,,,,.)_E*l_z - u,l)-Ej_z]} .

i

E (k)= EO (k) ———
) = £ () = ————

{ (Ezz — Cozkz)’(mkuz + T]th)

+ ~—:12—Co25zkzktl2 [‘1 e O %ur)%;“‘ (%2 — Wu_)%]} )
where E{”(k) and E{” (k) are determined by Eq. (3.6) for
the spectra branch in the acoustic approximation.

The ‘‘longitudinal’’ kinetic coefficients o, ,;, k5 and
1, occurring in the formulas (3.11) and formally ob-
tained by inversion of the operator M in accordance with
(3.8), must in practice be calculated by approximate
methods. It is possible to calculate the ‘‘transverse’’
coefficients kK, |, k) and 7 in explicit form in quadra-
tures, since inversion of the operator M in the corre-
sponding formulas (3.8) reduces to division by the func-
28,(k,):

(k1) ks iney = (k1) ikise’A,

ki Toy = koy €28 A

(3.15)
As a result, explicit formulas
(ee'k P, D= (&’ (Ez’) kAo,
(' kPk 21 ) = (ki (e2)) A e, (3.16)

are obtained for the averages <€€'kiTz 172 and
(€'kfkn, ] ),; the transverse kinetic coefficients
can be expressed in terms of these averages.
Formulas, analogous in structure, for the transverse
kinetic coefficients have been derived by other methods,
e.g., in ¥,
To conclude we consider the question of the stability
of the low-frequency energy spectrum defined by the
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poles of the phonon Green function. One can show that
if the inequality

gpir < 1, (3.17)

holds, the spectrum is stable, since all its branches
have a negative imaginary part. The condition (3.17)
for a system without a magnetic field reduces at low
temperatures, as was shown in ®, to the constraint on
the coupling constant obtained by Migdal. "’

In a quantizing magnetic field, the inequality (3.17)
can be violated even when Migdal’s constraint on the
coupling constant is satisfied. This violation occurs
when, at a sufficiently low temperature, one of the
Landau levels approaches the Fermi surface, When the
Fermi and Landau levels coincide, we have a lower
bound for g®8(1),

2g°BeH T
(2m)* I

gbp¥/2m

g2ﬁ<1>i > P ('Eppz/2m+ 1)2

= ¢*(2mp) heHa, (3.18)

—o

where a = 2(27)” %2 (1-27%/?) ¢(%,) is a numerical con-
stant. It is clear from (3.18) that the stability condition
(3.17) is violated at sufficiently low temperatures.

To study the system when the condition (3.17) is vio-
lated requires a modification of perturbation theory. It
is possible that it is necessary to introduce anomalous
Green functions to take into account the formation of
pairs of the Cooper type. The formation of particle-
hole pairs in a two-band model was studied by Abriko-
sov.2% 1 the case considered here, however, such a
symmetry-breaking mechanism is clearly impossible.
We remark again that, in the model we have treated,
coincidence of the Fermi and Landau levels, and not
only a large value of the magnetic field, is important.
The experimental observation of the instability, and
possibly of the phase transition associated with it, re-
quires low temperatures and strong magnetic fields.

For example, for g’m*pn? ~ Y, ep ~ 1 eV, a possible
phase transition occurs at HT™ */2 ~ 107 Gauss. deg™*/2,
i.e., at temperature T = 1°K, a magnetic field H ~ 107
Gauss is required.

The author is grateful to L. D. Faddeev and A. L.
Efros for discussions.
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