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The magnitude of a current of ions interacting with phonons is calculated for the case of strong fields
when the existence of a threshold for decay of an ion excitation into two is important, and at low tem-
peratures, when scattering of ions by acoustic phonons is predominant. It is shown that, owing to the
presence of a decay threshold, the dependence of the ion current on the field strength possesses a
vertical tangent when the field strength is equal to the maximum friction force acting on the ion.

PARTICLES of small concentration (henceforth called
ions) interacting with the phonon field at a temperature
of absolute zero were considered previously by one of
the authors.™?! The purpose of the present work is the
extension of this model to finite temperatures, with ac-
count taken of the singularities in the spectrum of the
ions produced by the presence of a terminal point, be-
cause of the decay of the ionic excitations into two such
excitations.™ We shall assume that the temperature
is sufficiently small that the damping of the ionic exci-
tations is small in comparison with their energies. So
far as the electric field accelerating the ions is con-
cerned, we shall assume that it is small in comparison
with the atomic fields, but sufficiently large that, in
spite of the presence of collisions with thermal phonons,
it can accelerate the ions to values of the momentum

P ~ pPe, where p; is the threshold momentum for decay
into two excitations. The temperature is assumed to be
so small that only acoustic phonons are excited, the
scattering by which determines the retarding force
acting on the ion. As in 1) we shall assume for sim-
plicity the phonons to be harmonic, and disregard their
interaction with one another.

1. DERIVATION OF THE FOKKER-PLANCK
EQUATION FOR IONS AT FINITE TEMPERATURES

It was shown in ™ that for p not too close to pq, one
should have a kinetic equation for the quasiparticle dis-
tribution function f(p), which is defined as the coefficient
of 276 (w — €,(p) — Z(p, w)) in the expression for the
Fourier transform of the ionic correlation function
G'(x, x') = (" (x)¥(x')) @'(x) and P(x) are the creation
and annihilation operators of the ions at the point x
= (r, t)). We have introduced here ¢,(p) —the energy of
the free ions, and Z(p, w) —the mass operator of the
single-particle ion Green’s function G. This equation
has the form
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Here y denotes the complete vertex of the interaction of
two ions.

The right side is different from zero because of the
presence of real phonons, which lead to the appearance
of Im Z for p < p¢ and to a non-zero value of the inte-
gral with y on the trajectory of the pole w = €(p) of the
single-particle ion Green’s function. Here, because of
the smallness of the temperature, we can take into ac-
count the absorption of only a single acoustic phonon.
This circumstance, however, makes it necessary to
consider also the emission of a single acoustic phonon,
since the integration over the phase volume of each pho-
non is limited to a region ~T? (the energy of the emitted
phonon is of the order of the energy of the absorbed pho-
non ~T). For this reason, we must restrict ourselves
in the calculation of Im Z to the diagram shown in Fig. 1,
where the shaded square denotes the complete vertex of
interaction of the ion with the phonon, the crossed dashed
line corresponds to the absorption of a real phonon and
the uncrossed to emission. In vy, one is similarly re-
structed to the diagram of Fig. 2.

Since the vertex for emission or absorption of the
acoustic phonon should vanish for a momentum of the
phonon approaching zero, then, in contrast with ™!, we
shall assume that

D(q,t) = {ga(t)@-a(0)> = [n(q e + (1 + n(q)) e ],
n(q) = [e‘”“”"— 1], 1.2)

as this is usually written, for example, for the Fréhlich
model™ (the factor w(q) actually appears from the bare
ion-phonon vertex). In such a determination of D, we

can assume the bare vertex g to be constant, just as .
in ™, Further simplification is associated with the fact
that, in the calculation of the vertices, the momentum

of the external phonons is small in comparison with the
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characteristic momentum of the internal lines, which
allows us to use the Ward identities.

We express the complete vertex of the interaction of
the ion with a phonon in terms of the complete compact
vertices (see Fig. 3):

L % %) = Talm, n—%x)G(n — ) Ta(n — 7, n—x+x)
+ Ta(m, w4+ )G (a4 x Y+ o, v — 5+ %) + e, 3, X
n=(p0), x=(q o).
Equation (1.3) must be known in zeroth order in y and
X’. Using the Ward identity, we immediately obtain

32(9.@)'

" (1. 3)

Tu(m 1, x) = g* (1.4)

nv=¢(z7)

Since the Green’s functions in (1.3) are considered close
to the pole (x and ' small, w = €(p)), it is necessary to
know T’y with accuracy up to x and x’, inclusively. Using
the symmetry Ty(n, 7 — ) = Ty(7 — ¥, 7), we can write

1 9s(m, )

Cs(m, v —yx) =~ Ts(m, n)+ p
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where we used again the Ward identity. Near the pole,
G(p, w) has the form

(1.5)

(1—=0%/60)7 1, 93\~ 6
etz (e, e,
If we now take it into account that Im X~ appears only
when the internal line in the diagram of Fig. 1 is re-
placed by

G(p,0)=

az\
mG=—a(1—=") s +ale)—o@)—e@+d —a)),
@/ p, e(p)
then we get, for the values of p, q, and q’ causing the
argument of the 6 function to vanish, by substituting
(1.4)-(1.6) in (1.3),
=g (1— 22 =22 N\ (o —25q)"
I'(p,q,q)=¢g (1 %)Mm (co(q) apq) (m(q) 5 q)
aZ
apf ﬁpk Qﬂk (1‘7)
In this expression, terms of higher order in q and q’
are discarded.
By using Eq. (1.7), it is not difficult to show that the
kinetic equation (1.1) has the following form:
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- n(a) (1+ n(q’))f(p+ 0 — q)]12n8(e(p)+ 0 (¢')
—o(g)—e(p+d —q),

where the total phonon-ion, A(p, q, Q’), scattering am-
plitude is equal to

(1.8)
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(1.9)

¢ is the sound velocity. The result (1.9) for the scatter-
ing amplitude corresponds to consideration of only dia-
grams with bare vertices with simultaneous replace-
ment of the G lines by the purely polar part G

=1/(w — €(p)), with a residue equal to unity. Thus, the
long-wave phonons are scattered by dressed particles
in exactly the same way as is given by the formulas of
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FIG. 3

second order perturbation theory. A similar result is
well known in quantum electrodynamics for the scatter-
ing of long-wave photons by an electron (see, for ex-
ample, ¥), The same result was obtained for foreign
particles in He II at low particle momenta.*

For the momenta p ~ p, of interest to us, the condi-
tion p > q ~ T is satisfied. Therefore, the kinetic
equation (1.8) goes over into the Fokker-Planck equa-
tion (see, for example, ™)

T of(p)
=0 .
w(p) op ] » (1.10)

where T/u(p), in accord with (1.8), is given by the ex-
pression

6{—[(E u(pi) op )f()

r d'qd’q’
w(e) 6 (2m)°
X 2n(q—q')*8(e(p) +0(g) —w(g) —e(p+4q —q)).

In the particular case de/9p < ¢, this expression gives
the following formula for u(p):

g7 (2n)°r/ d%e\* 2 [de\?
Frwllm) )]
It must be noted that the kinetic equation (1.1) for the
conditions p > q, q’ always goes over into the Fokker-
Planck equation, although the scattering can also take
place from optical phonons (if the temperatures are suf-
ficiently high) or from impurities. Here, however, u(p)

will obviously not be so simply connected with the ion
spectrum as in formula (1.12).

——=-4(p, 4, 4)n(g) (1 + n(2))
(1.11)

wi(p) = (1.12)

2. SOLUTION OF THE FOKKER-PLANCK EQUATIONS
AND CALCULATION OF THE CURRENT

Equation (1.10) is valid for the distribution function
of ionic quasiparticles far from the points where the de-
cay process is important, i.e., the process of spontane-
ous radiation of an optical phonon, in accord with the
conservation law

e(p) =e(p—q) + o(9). (2.1)

Near p¢, the ion, absorbing the existing acoustic phonon,
can fall into the region

e(p) + e’ = e(p+ ), (2.2)

where € (p) is the minimum of the right side of (2.1).
According to '), near p., we have €(p) — €(p) ~ a(pe —
whence it follows that the radiation of optical phonons
becomes important for pc — p ~ T2, In exactly the
same way, near the point p = py,, to which the ions fall
as a result of the radiation of an opt1ca1 phonon, there
is a region with the dimensions |p — pm | ~ T /2 where
the arrival from the vicinity of p = pc 1s important. In
these special regions, the Fokker-Planck equation is
inapplicable. However, we can take into account the
presence of these regions with the help of the boundary

p),



1188

condition for the Fokker-Planck equation. At low tem-
peratures, the dimensions of these regions are small.
Therefore, they can be replaced by an absorbing wall
for p = pc and by a source of particles for p = py,. The
number of particles absorbed by the wall per unit time
and created by the source at p, can be assumed to be
proportional to the distribution function at p = p,. Thus,
for the particle flux in momentum space

1 ode T
J(p)= {(E—
= ( TR TN %) 1) 2.3)
the following conditions hold:
J=0 for p<pm, P> pe,
Pl oy ) Loy (24)
T P |p=p.—o0 (p) P jo=p,, +o( Pe ) of ®:)

Furthermore, in the range of fields of interest to us

1_ 0
w(p) op

p~p,

the problem can be reduced to a one-dimensional one.
For this, we note that the form of the distribution func-
tion for p, 1 E is determined by the processes in the
special regions and by diffusion, in accord with the
Fokker-Planck equation. It is easy to see that the scat-
ter with respect to p ), due to the processes in the spe-
cial regions, is of the order of TV 2 since this is the
value of the scatter of the momentum of the radiated
optical phonons. Diffusion in the perpendicular direction
does not change the value of this scatter. Thus p; < px
I E, and we can integrate Eq. (1.10) over d3 P, assuming
that all the quantities depend only on px. Using the con-
dition (2.4), we get

1 oe T
(E—mb_pj—TQb_pT) F(p) = af (p:)© (P — Pm)s (2.5)
where © is the step function, and
T = [ 1m0 o )2, Fpe> p)=0.

The solution of Eq. (2.5) has the following form:

7= 7)o (1— 2= [eon(m)0(—p)dp ). (2.6)

3

where

b4
o(p) = S(L)T‘ﬂi - ET-J n(p’)dp'.
Equation (2.6) allows us to consider the change in the
distribution function with increase in the field, and to
compute the current. The function ¢ has an extremum
at the points where
de

Flo= u(p) o £
For sufficiently small E, there is only a single point
p(E) corresponding to minimum ¢. With increasing E,
the value of p(E) increases. However, it can be estab-
lished that F(p) has a maximum as a function of p.
Actually we have from (1.12)

oF a 1 e e dc Oe
i ) e (155
op w(p) op 9p° op* op

(o)
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According to *, 9¢/op lpc = 9¢/0p Ipm; conse-

quently, d¢/8p has a maximum at some point p* between
Pm and pe. But then at the point p = p* we have |3F/dpl p*
< 0, while for small p we have 9F/dp > 0. Thus, the
friction force F(p) acting on the ion reaches a maximum
for p,< p* < pe. It then follows that ¢ (p) has a single
minimum for E < E, (E, = F(p,)), which changes to a
point of inflection for E = E;. Since the distribution
function is concentrated near the minimum of ¢, then,
for E < E,, the current per particle is equal to

J(E) = de/0p| ymse. (2.8)

Near the critical field E;, we can expand the current
into p, — p(E) and obtain the following result:

1B =5o| +or o= wE—p =i
o F )

Tp‘l,,( 2 6p

For E = E,, there is a discontinuity in the solution. The
function ¢ (p) becomes monotonic and the principal con-
tribution to the integral (2.6) is made in the vicinity of

the point pc. Discarding the exponentially small terms,
we get the following expression for f in the range E

> E;:

—(E,—E)" (2.9)

F(p) = const- (E — F(p))-*. (2.10)

For E close to E,, the function ?(p) is concentrated
near p,; as before. For the calculation of the depen-
dence of the current on the field in this case, we write
the current in the following form:

iB=| +([7wa) [(e—a2] )rwap

It is easy to see that the numerator of the second term
is determined by the region to the left of p,, where
f (p) can be considered independent of E — E,, while the
denominator is determined by the region |p — p, |

~ (E — E,)"?, where T (p) is large (T(p) ~ 1/(E — E,).
Therefore the current is equal to

J(E) = j(E.)+ const- (E — E) ', (2.11)

The sign of the coefficient in front of the square root
cannot be determined from general considerations,
since it depends on the specific form of the spectrum

€ (p). Therefore, the form of j(E) near the critical field
E, can be that of either Fig. 4a or Fig. 4b. With further
increase of the field, the solution f approaches a con-
stant, and for E >»> F(p,) the current approaches

&) —e(@n)

2.12
P (2.12)

However, generally speaking, it is not possible to say
whether this approach will be monotonic or not.
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Finally, we must ascertain the field values for which
the quantum effects associated with the decay threshold
become important. These effects lead to a nonanalytic
contribution 8j ~ E** to the current j,.”’ For this, we
consider in more detail those processes which take
place in the spec1a1 Tegion pe — p ~ T2, In accord
with the results of * , the kinetic equation can be used
in the reg1on Pec — P >> E'/®, Assuming the condition
E > T3/2 to be satisfied, we write down the kinetic
equation (1.1) in the following form:

[/} 1 4 T
a_p[(E_Wa:) u(p)ap]__

1 2ImZ,. I
FTOC(P) 1 —03/00 | 5, up)

f(p)
Toe(p)

(2.13)

where

results from the process of absorption of an acoustic
and the emission of an optical phonon. The principal
contribution to Im Z,, is made by the diagram of Fig. 5
(the optical phonon is indicated by the wavy line), since,
besides the singularity in the vertex I';

~g(l-—- aZ/aw)p,e(p), it contains the square of the

Green’s function G(p + q’) near the pole (q' small). K
we use the fact that

[ 1 [
= ~ ~1 Gra)~ T (1=
dol »  p—pe 0w/
6-(p—q)

= e(p)—e(p— ) — o(g) ~ e(p)—&(p)

—'ﬁ(q—Pc‘l'Pm)z,
then it is not difficult to show that this diagram gives

(1—0%/60),

(2.14)

— )2
~ T’exp{—LPc L }

Toe (D) T

We now estimate the rate of decay of the distribution
function in the special region due to this process. For
this, we consider the range of fields E > T®. For these
fields, we can retain in the left side of (2.13), in the
special region, only the term E 9f/dp. Then the char-
acteristic momentum at which £ (p) essent1ally falls
into the special region, Ap ~ E7ye ~ E/T I Ap is
smaller than the dimension of the special region T 2
i.e., E < T'/?, then the damping of the distribution func-
tion is completely accounted for by the process of ab-
sorption of an acoustic phonon with emission of an op-
tical phonon. The particle flux af(p.) into the absorbing
wall (see (2.5)) is then expressed in terms of the exact
distribution function

af (pc) = fP) =7

J Toe(P) (Zﬂ)2 )

For E > T7/2, this process is no longer able to assure
the damping of f(p). Therefore, the damping takes
place as a result of the spontaneous emission of an
optical phonon in the range pc —p ~ E /3 . Consequently,
the results of ¥! are applicable in the reglon of fields

E > TY2

/”ff\\
, \
£ 2770

FIG. 5

1189

3. DISCUSSION OF RESULTS AND POSSIBLE
GENERALIZATIONS

The present model can be used for an estimate of the
behavior of ions in He II in that temperature range in
which the scattering by phonons is predominant.”’ To
find the vertex of interaction of ions with phonons, one
can use the results and the methods of Saam,™ in which
the validity of the phenomenological description of the
interaction of the ion with phonons within the framework
of the quantum hydrodynamics is proved® ™! for such
momenta of the ion for which its spectrum can be as-
sumed to be quadratic. In our case, the ion spectrum
is essentially nonquadratic, in view of the presence of
the decay threshold. However, by repeating the calcu-
lations of '®! with account of the nonquadratic nature of
the spectrum, we can see that in this case also the phe-
nomenological description is valid if only the condition
d¢e/op < ¢ is satisfied. For the calculation of the inter-
action vertex of the ion with the phonon, it is necessary
to write the initial formula (9) in ! for the transforma-
tion of the energy of the ion in the moving He Il in the
following form

&[v.] = e(p— mv,)+ (p — mv,) v, + mv¥/2 =~ &(p)

2,

[/ o
+ (P-—m——g)v.—ﬁ(vﬁ—-m————la

3.
op 2 ap: Opr ( 1)

Vgt vnk) y

where m is the mass of the bare ion and vg the super-
fluid velocity of He II.

The phonon-ion scattering amplitude obtained with
the help of (3.1) differs from formula (24) in 1 and has
the following form:

A(p,q,9')=

c(gq’)" [ do e qq
ng—— my
2n, dn, op:0px qq’

“(1re) + o (1= 3]

n, the density of Hell,

(3.2)
where m, is the mass of He®,

(ot ) BelBn) |

on, —0
The friction force acting on the ion is then (see (1.11))

e |

]2+3m——— (3.3)

F(p)= const-% {[mu (0. +1 —i)
1 9¢
p dp
It is not difficult to see that the friction force has a

maximum at some point p, < p* (p* corresponds to the
maximum of the ion velocity). Actually,

oF de J%e
0p op op®

% 103]1 (as)z} <0
poplp\apl Sy ™7

since 2°¢/ap°® lp* < 0 at the point of maximum velocity.

+2[a+1—%—|—m‘(a—{—1-— m)

—[2+m;(a+1———m—)2

m.

= const - {

Therefore, the qualitative considerations of Sec. 2 con-
cerning the j(E) dependence remain valid for ions in
He II, provided the critical velocity of the ion is small
in comparison with the sound velocity.

According to the experimental data, ™™

at low tem-

Din He I, this temperature range lies between 0.45 and 0.55°. The
lower limit is connected with the presence of impurities of He?® (see [°]).
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peratures the ion can move together with the vortex ring
in He II, forming a bound state—a charged vortex ring.
Two critical fields are observed® at which the ion
current changes materially. It is assumed!® that the
lower field corresponds to the acceleration of charged
vortex rings already existing in the He II (rings formed,
for example, by the ion source). The higher field is
assumed to correspond to the beginning of vortex ring
formation in the motion of the ion in the field.

There is no known experimental ion spectrum in HeII
in the intermediate momentum region. It could be as-
sumed that there is a continuous curve € (p) which goes
over from the parabolic law })Z/Zm* to the dispersion
law of the vortex ring € ~ p*/2%;"" it must be assumed
that the decay conditions are not satisfied anywhere. In
this case, the velocity de/dp should also have a maxi-
mum at some point p = p*. As we have shown earlier,
the phonon friction force has a maximum in this case
for some p, < p*. Since the friction force for the vor-
tex ring increases with increase in p like In p,u” the
friction force F should have a minimum for some p,
> p*. Because of our assumption of the nonsatisfaction
of the decay conditions, the Fokker-Planck equation
(1.10) will be valid for any p, and therefore the form
of the solution (1.10) in fields larger than E; will corre-
spond to the new equilibrium position for p > p, (see
Fig. 6).

Thus the current j(E) will change by a jump, and the
jump will be negative because of the small velocity of
the vortex rings, as is shown in Fig. 7. The dashed
line in Fig. 7 corresponds to the acceleration of the
already existing bare vortex rings. However, upon in-
crease in the temperature, either the extrema of the
curve F are preserved, and in this case the current
j(E) will, as before, have a vertical tangent dj/dE, or
they dissolve and disappear, in which case the current
j(E) will have no singularities. Both these possibilities
contradict the existing experimental data for j(E) at
proton temperatures (for T ~ 0.7°, the current j(E) has
a horizontal tangent before the jump). Therefore, the
assumption as to the continuous nature of the spectrum
€(p) must be discarded.

On the basis of these considerations, it can be as-
serted that the experimental discovery of critical points
of the type E, (see Fig. 4) on the curve j(E) at low tem-
peratures (when scattering from acoustic phonons pre-
dominates) would indicate the presence of a termination
point of the ion spectrum.
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