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Several static models are investigated and the possible behavior of the Green’s function and of the
vertex parts in the region where perturbation theory is not valid is ascertained with their exact solu-

tions as an example. This analysis shows that the possible solution variants proposed in

251 (weak

coupling, strong coupling, etc.) are actually realized, and it is possible to trace in explicit form how
they can be matched with perturbation theory at high frequencies (energies).

1. INTRODUCTION

MANY physical problems (analysis of the scattering
amplitude at high energy, investigation of systems con-
sisting of a large number of particles near the phase-
transition points, etc.) reduce to a determination of the
Green’s function of a nonrelativistic quasiparticle (8),
capable of decaying into an arbitrary number of differ-
ent (or like) quasiparticles (a). The spectrum of the
quasiparticles « has no gap, i.e., €,(k) — 0 as k? — 0.
For example, when considering the behavior of the scat-
tering amplitude at high energy, the role of the quasi-
particles o is played by the vacuum reggeons, and the
absence of the gap means that the spin of the Pomeran-
chuk pole at k* = 0 is equal to unity.™

When no account is taken of the decays we have
€op(k®) = B’k® and the free Green’s function takes the
form G(e, k) = —1/(e — 8’k?). The absence of a gap in
the spectrum of the quasiparticles o leads to decay
thresholds 8 — na + S(epg =a’B’k?/(a’ +np’)), which
are close at small k? to the position of the pole corre-
sponding to the quasiparticle . Owing to these singu-
larities that are close to the pole, the self-energy part
Z, which determines the exact Green’s function
(G¥e, K?) = — € + B'K® — Z(¢, kP)), if calculated by per-
turbation theory (see, for example, ') is large at small
eand k% i.e., Z>> —¢ +B’k% as ¢, k¥ — 0. This means
that the interaction should essentially renormalize either
the vertex parts of I', which determine the interaction
force, or the spectrum of the quasiparticles GB(kz) and
ea(kz). Obviously, perturbation theory cannot be used
in this problem, even if the constants that determine
the decay amplitudes are small, and therefore it is
necessary to use other methods when attempts are
made to solve it.

The properties of the possible solutions of these
problems were discussed in ’*! with the self-action
of the Pomeranchuk pole (8 = @) as an example. The
main physical requirement imposed on the solution in
this case was the presence of a pole in the Green’s
function at least at positive t (t = —k?). (In the region
t > 0 this pole corresponds at sufficiently large t to a
really existing particle lying on the Regge trajectory
j = B(t)). Depending on the character of the interaction,
an investigation of problems of this type has revealed
the presence of the following possible solution variants:

1. Nonsingular weak coupling. In this solution, T is
of the order of unity when k2 > r2 (r2 is the coupling
constant of 8 — a + B) and T tends to zero in a non-
singular manner (I' ~ k%) as k> — 0. (An example is T’
=(1+r%k®)™ I'=1atk®> r?and T = k*/r® at K®< r?.)
This solution is realized, in all probability, for the
vacuum Regge pole.™ The spectrum does not change
in this solution.

2. Singular weak coupling. T tends to zero in a sin-
gular manner (for example, I = [1 — r® In (k?/L)]™ is
equal to —1/r? In (k?/L) as k®* — 0). This solution cor-
responds to the so-called ‘‘zero charge’’ and is dis-
cussed in detail, for example in "), for the case of non-
vacuum Regge poles. The spectrum likewise remains
unchanged in the limit of small k?, but the corrections
to the spectrum in this case are more significant than
for solution 1.

3. Strong coupling. Interaction at small k? leads to
a strong change of the particle spectrum (eg ~ &Y,
and to a renormalization of G and I'. The form of the
self-consistent solution for this case was proposed in
Bl (G = e~ Mf(K®/eY), T = €-VF(k?/€¥)) and was then ap-
plied to problems dealing with second-order phase
transitions®® and in nonvacuum Regge poles.m

4. Unphysical solution. It may turn out that in some
cases at definite values of the interaction constants, the
solutions satisfying our physical requirement that a pole
be present at least at t > 0 do not exist at all. This
means that either the pole of the Green’s function goes
off to infinity, or else the infrared situation arises (for
details see “5).

An essential shortcoming of the approach used in the
cited paper,®® however, is that it does not make it pos-
sible to obtain the solution in the entire region of the
momenta, and it becomes necessary to make self-con-
sistent hypotheses concerning the behavior of the Green’s
functions in the vertex parts at small momenta. It re-
mains unclear whether this solution is unique, whether it
can be matched to the results of perturbation theory at
large momenta, and in general whether it can be real-
ized, i.e., whether the solutions satisfy the self-consis-
tent conditions of %,

To clarify this problem, we have investigated a num-
ber of statistical models. It is possible to obtain for
these problems, on the one hand, an exact expression
for the Green’s functions, and on the other hand, it is
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possible to realize in them all the solution types indi-
cated above.

We shall consider, more concretely, a solvable non-
relativistic model with a Hamiltonian®’

H = ay*eaas + b0[r(at + a) 4+ 2han, as, + Milantant - anas,) ] (1)

Here ay and b are field operators; b is a static field
corresponding to a nonrelativistic particle 8 with in-
finitely large mass; ay is the field of the particle @ with
spectrum €, (k®) = A +k? r is the amplitude of the tran-
sitions 8 — B8 + a and 8 + @ — B; A is the amplitude of
the scattering oo + 8 — a + 8; A, is the amplitude of the
transitions 8 — 2o + 8, B +2a — 8. In (1) we imply in-
tegration with respect to k, k,, and k, (we recall that for
reggeons the integration with respect to the momenta is
carried out in two-dimensional space and that r is pure
imaginary. The parameters of the expansion of the per-
turbation theory for this Hamiltonian are of the order of
r?/A, X In A, A, In A in the two-dimensional case and
r?/A%% 2, /YA, A/YA in the one-dimensional case; at
sufficiently small A (and small k?), perturbation theory
is not valid no matter how small the bare constants are.

In Sec. 2 of the article we consider the problem with
X, =0and X # 0, r? # 0. This problem has a solution of
type 4 in accordance with the classification given above.
In this section we discuss the properties of this solution
and the limit to which it tends as A — 0.

In the remaining sections we consider the exact solu-
tion at r? = 0, A, #0, A # 0 and investigate its proper-
ties for two-dimensional and one-dimensional systems.
In Sec. 3 (which has a somewhat formal character) we
give general formulas, equations, and their solutions,
which do not depend on the concrete form of the system.
In the following Sec. 4 we discuss in detail the one-
dimensional system for which we obtain at A, # A a sin-
gular weak coupling (T, ~ vw,w, as w,, w, — 0), and at
A, = A we obtain a solution of type 3 (i.e., strong cou-
pling). The last case is of greatest interest and makes
it possible to trace the matching of the results with
those of perturbation theory at large momenta. For the
two-dimensional system we obtain a singular weak cou-
pling (see Sec. 5), and our solution makes it possible to
verify the parquet equations,™ with the aid of which the
‘‘zero charge’’ is usually proved.

Of course, the real physical problems that must be
solved are quite far from this simplified model, but in
our opinion its investigation makes it possible to regard
the general analysis in ¥ with greater confidence; in
addition, the problem with A # 0 and A, # 0 has appar-
ently never been solved before, and this may be of inde-
pendent interest for certain problems of statistical
physics.

2. THE CASE ), = 0

When A, = 0, the problem is solved in the simplest
manner. We assume first for simplicity that A is also
equal to zero. We solve the problem in the £ represen-
tation (£ has the meaning of the imaginary time), in

D Needless to say, problems with the Hamiltonian (1) can, in prin-
ciple, be solved by the standard methods [°] ; we claim merely a more
complete investigation of them.
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which the bare Green’s function Gy(£) of the nonrelativ-
istic particle B8 is equal to #(£) (#(§ > 0) =1, #(£ < 0)

= 0). It is easy to note that the total assembly of per-
turbation-theory diagrams for any static problem is ob-
tained by fixing in each order of perturbation theory the
coordinates of the absorption of particles « and by inte-
grating in independent fashion with respect to the coor-
dinates of emission of the particles o. For example, in
order r* we have the following diagrams:

W S5 e
7 fz 51 El 7R3 7 & Ez Ez E/ 13 7 Ez' EZEII ro=
(2a)

which correspond to different integration regions:

‘§>§1>Ez >,w§l,>§z/>0, §>‘§1>§2> §2’>‘§1,>0,
E>L>U >E>E >0

in the integral
¥ ty 13 3
ro(e) [de fan fae fae/ DE—t)D@E—8), (2

where

1 efico dk
DE) = [ doetDlo), D(m)=fm(¥)"

We see thus that to construct the perturbation-theory
diagrams it suffices to specify the order of the points of
absorption of the particle o and integrate over the emis-
sion coordinates in independent fashion. We note that in
obtaining the last equation of (2) we have made use of
the fact that D(§) = 0 when £ < 0. This is obvious from
(2), for when £ < 0 the contour of the integration with
respect to w can be closed on the right, and there are
no singularities in the right-hand half-plane of D(w).

Thus, the sum of diagrams of n-th order in r? is

fas t

()"0 (E) jdgij"dgz... jdg,, Sdﬁ.’idiz'... (3)

0
e

vee GED(E—E)...D(E— ).

Changing over to the unordered region of integration
with respect to the variables §,, ..., , we obtain for
(3)

()" t o b A\

S () (gdg‘{dgx DE—8)) (@)
Consequently the Green’s function of the heavy particle
is equal to

6@=06 YO ([ o farve—en) (5)

= ﬁ(E)eXP{rz fas faz D — g)}

when A # 0, the solution (5) must be modified only
slightly.

Let us consider diagrams of order r® but of arbitrary
order of A:

,-M,-+ r_.r""’!-ﬁi""%,r +Lﬁm_"_
0 Lz 0 F EE 0§ & &
a
b = — g . TSR (G)

§ I &, & %
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We can readily see how to sum them over the powers of
M. For the sum of these diagrams we can readily set up
the equation

B8~ &) =rD(E—&)—2[DE—EMSE — &) (6')
o
Changing to the w representation, we obtain

2 (0) = r*D(0)/[1+ AD()]. (7

Summing over r? in exactly the same manner as at A = 0,
we obtain G(&) in the form

1 38 .
e =o@e] | [2E -t} (8)

or, substituting (7) in (8) and integrating explicitly with
respect to &,, we obtain

D(w)
1+aD(w) J°

13

T d
GO =0@exp{r [

) 2mie®

9)
The contour of integration with respect to w in (9) passes
to the right of all the singularities of the integrand (con-
tour C of Fig. 1).

Let us consider now the properties of the solution ob-
tained for the two-dimensional and one-dimensional sys-
tems. In the two-dimensional system

&k _,f ek _
o + £ () ot+ALR

We shall henceforth omit the coefficient preceding the
logarithm, assuming it to be included in r® and ; L is
the cutoff radius, which is determined, for example, by
the succeeding terms of the expansion in powers of k?
in the spectrum e, (k%) = A +k® + k*/L.

Expression (9) is analytic in the right half-plane of
w (if A > 0) and has a branch point at w = — A. The pic-
ture of the singularities in the w plane is shown in Fig. 1.
When A < 0 there is, in addition to these singularities,
also a pole at some positive value w = w,, due to the
vanishing of the denominator of the integrand 1 + AD(w,)
= 0. Separating the contribution of this pole to (9), we
get

(10)

L
D(w)= | n—.

G(E) o0 B(E) exp {ae"*} = &(§) exp {aS"},

E—» 00, (11)
Thus, when A < 0 we have a solution that increases
more rapidly than any power of S (¢ = In S) with in-
creasing S. Such a solution does not satisfy our physi-
cal requirements (we recall, for example, that if the
particles o and B are taken to be reggeons, then G(§)

is the scattering amplitude and S is the energy), and
consequently the problem with A < 0 has no solution.
This was to be expected, since A < 0 corresponds to
attraction.

©

\
NP

FIG. 1
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Let us consider now the asymptotic form of G(£) as
¢ — « and at a finite gap A in the spectrum of the par-
ticles a. We close the contour C around the singulari-
ties of the integrand in (9) (see Fig. 1, the integration
is along C, and C,) and obtain

o et Pl
G(B)zﬁ(g)“p{_f (4 ) }exl’{ 15

3

At fixed A and as £ — «, the integral in (12) is of the
order of e'A“i, and consequently can be discarded in the
asymptotic expression. Then

(12)
+ r?«_f 5%"1[(1 +71n ?L‘—C) + nw]
L= (L/A).

—1

—

r 1 rl .
6@ 0@ =t ()
Expression (13) corresponds to a pole of G(w) at
r’l
=By = ———— 14
0] Bo Y] B ( )

Expanding (12) in powers of the integral
-A
j ()~ e,

we obtain the contributions made to G(£) by the branch
points in the w plane:

Dn = ﬁo‘—nA.

(15)

What happens when A — 0? Obviously, all the thresh-
olds come closer together and give rise at A=0to a
complicated singularity at the point w = rZ/A, leading to
the following asymptotic form as § — «:

bren{ et

r’tln LE

14 AInLg (16)

G () exp

In a one-dimensional system
k1
o+A+E  Jo+A

The analytic properties are the same as in the two-
dimensional system, but the concrete formulas are
modified in trivial fashion. In particular, 3,

=r?/(VA +1) —r?/x as A — 0, and when £ — < we have

D(w)=j

r? =

G(§)=exp{T§+const~V§}. am

Thus we see that we obtain for our problem a solu-
tion having no pole if A = 0. The Green’s function has
a finite limit here as A — 0, but the residue Zg at the
pole tends to zero (at r? > 0). In exactly the same man-
ner, the admixture of states with a finite number of par-
ticles a is small, and the main contribution to the
Green’s function is made by states with n ~ A™, i.e.,
a situation analogous to the infrared catastrophe in
electrodynamics sets in. This is most clearly manifest
in the wave function of the 3 particles. It can be ob-
tained in standard fashion‘® with the aid of a canonical
transformation that annihilates the terms linear ina’a
in the Hamiltonian (1),

By = exp{j'f(k) (aﬁ—ah)dk} b+]0, (18)
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where

o= )

The admixture of the n-particle state is described by
the Poisson formula

(19)

fx-f

[<B|as* as*...a,*b*| 03] ~ exp{ jf(k)dk} (20)

Inasmuch as at small momenta we have
r 1
I~xtrm
the average number of particles with zero momentum
is of the order of r/Axl.

Thus, the static problem with A, = 0 has no solution
satisfying the physical requirement that the Green’s
function have a pole. We note that at A = 0 the pole is
located at w = B, = —r’l and goes off to —« as A — 0.
Then, G(£) is equal to exp {r’t In £}, i.e., it increases
more rapidly than any power of S. This solution, as be-
fore, does not satisfy the physical requirement, although
we do not encounter the infrared situation here (the pole
simply goes off to — «). It can be shown with the aid of
the variational principle that for the two-dimensional
and one-dimensional problems with a Hermitian Hamil-
tonian with A, = A = 0, the fact that the pole goes off to
infinity remains in force also when recoil is taken into
account, i.e., also when g’ # 0.

3. SOLUTION OF PROBLEM AT r = 0 (GENERAL
ANALYSIS)

In this section we consider the interaction of reg-
geons at r = 0 (see (1)). Since allowance for the cross
scattering of the reggeons entails no difficulty (we have
seen that in the preceding section), we assume for the
time being, for simplicity, that A = 0 (see (1)). The
Dyson equation for the Green’s function of this problem
is

3]
(21)
£(%) 8,(%) ¢ Ar & A &
or
GE)=Go®)+ M G(E)To(E 5 88 GE — &)D(E — &) _

X D(E — &) Go (5 — ¥')dE dE. dEs’ dE’ dE”.

Instead of the vertex I', it turns out to be more conve-
nient to consider the function F, defined by the equation

IG(E")I‘:(E”, B, B, B) G (E— E)dE" d8 = Fa(8,, £, E) G (B). (22)

The function F,(§,, £&,, £) is convenient because out of
the entire assembly of diagrams for GI'G, owing to the
independent integration with respect to the coordinates
of the o-Reggeon emission (see Sec. 2), it receives con-
tributions only from diagrams that can be represented
with the aid of a single directed a«-Reggeon line, for
example

A N
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On the other hand, all the closed lines, for example

S

S e e o il

(22b)

W “‘W
are separated in the form of a factor G(£) in (22). Sub-
stituting (22) in (21’), we get

t
6(8)= 0 (E)exp{ st | . de AP (50 £ B)D(E — 0D — 1) }. (23)

For F,(&,, &,, £) we can write the simple equation

(24")

t
[ P26 8, 0D (8 — &) D (8 — &) di dE

t
= [pE—&)DE—t)ag + 0 [ DE—E)DE—1)
XD(8—&')D (& — &) F2 (8, &', &) dE, dE,' dE, dF’.

If we consider values of &, and £, smaller than &, then
the upper limit of integration with respect to £}, £, and
£’ in (24) must be set equal to infinity, since D(§; — &f)
= 0 when £{ > £;. We then obtain an equation containing
F, only in the region &,, £, < £. It is convenient to
change over in this equation to a mixed representation,
in which

Pt ®) = s G 7 Fron 0 o do,
with Fp(&,, &,, £) defined for &,, £, > £ in accordance
with (24') with an infinite upper limit in the integration

with respect to £}, £, and £’ (the contour C is to the

right of all the singularities of the integrand).
Then

1
Fz(ﬁ)i,(\)zag)= o +®2+ (25)
2 J‘d(m dw,” D(o, D((Dz GXP{ (o0 + @) E}Fz((l)l 5 W2, §)
(2n8)® (01 + @) (0 + 02')

It is easy to verify that

Fz(mh 02, &) = o+ o [Yi (01, E) yi (w2, E) — 7‘112’Y2(&)h E)Yz(ﬁ)z, g)]v (26)
where
1 €Xp {(1)1 E,} ’
ya (0, &) = Y j'm‘ o)y (0, &) doy, 27

and y,(w, £) satisfies the equation
dw,’ do,’ D(w/)D (o) exp {(of + 0.’) E}yi (0, E)
(2mi)? (01 + 02') (0 + @) (28)

We now put A # 0. Since we have considered in (24)
and (23) £,, £, < &, it follows that the scattering of the
vacuum Reggeons (@) by the 8 Reggeon occurs as if the
a Reggeon were to move in an external field. This makes

vi(o, E) =147
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it necessary to replace the vacuum-Reggeon Green’s
function

dk
D°(‘°):jm+k2+A (29)
everywhere by
_ Dy(0)
PO =150,y (30)

just as in the preceding section.

In finding Ty(w,, w,, w) (I'; is the vertex of the decay
of the 8 Reggeon into two o and B Reggeons) it is neces-
sary to know the correct value of F(§,, &,, &) for £, &,
> &; this can be readily obtained in the mixed represen-
tation:

F2* (0, 02 &) = Dy (1) Do () j"ZT:l‘”——

D(0/)D(0)exp {(0/+o)E} Fa(o), 02 &)

(31)
Do(0:) Do(0r) (0 — 01) (0 —@2)

where D and D, are defined in accordance with (29) and
(30), and F,(w,, ws, £) satisfies Eq. (25), in which D(wy)
is taken to mean expression (30). According to (31) we
have (we have used (26) in this case)
doy do,’
(2mi)®
D(w/)D(w)
Dy (01") Do(w2")

= je“‘" G (E) f2( 01, @2, E) dE.

G((l) ~+ oy + (1)2) Fz((l)iy Wz, (1)) G((D) =
(32)

xXexp{—(0 +w; + 0 — o — 0,) G ()

yi(o1, B) i@, €) — Ava(0), &) v (w2 &)

X ((l)l’ - (’Ji) ((Dzl - lDz) ((01/ + (Dz’)

The notation in (32) is clear from the following diagram:

@y
w

The function G(£) can also be expressed in terms of the
solution of (28), namely

(32)

ﬂfld,*(dz

dode: D(w:)D(w:)
(2:!'[1')z W+ o2

1)
Gy =o@exp { far |

X exp{(01+0:)¢ v (o0 ) } (33)

= o@exp { [ g n(o,5)—11}

We note that as § — «, expression (33) contains the
factor exp (6EB§), which describes the shift of the energy
of the single-particle state

88 = [ [yi(a,00)— 1], (34)
The energy shift is immaterial for our purposes, and we
shall henceforth omit this factor, with the understanding
that the frequencies w are reckoned from the exact en-
ergy of the single-particle state.

Thus, the problem will be completely solved if Eq.
(28) is solved.

Let us stop to discuss one interesting feature of the
static problems. In these problems, the amplitudes of
the transition of the Reggeon into n particles o are ex-
pressed in simple fashion in terms of the amplitude 8

GRIBOV, LEVIN,

and MIGDAL

— 2a + . Indeed, if we introduce the functions

Fn(éy, &2y .- . y8pn, £) (n is the number of vacuum Reg-
geons) in the same manner as Fy(&,, &,, §) (see (22)),
then we obtain simple equations for these functions.

For concreteness, we write them for F (&,, &,, &;, &, §):
and directly in the mixed representation:

_ﬁff 2 wj 3
fi'lf ﬁé/_ .
(d
"’# 2 (.)J
14
+
%

or 1
Fi(01, 0z 03, 004, §) = o Lo Fi(ws, 04 )
1 1 .
+ (Dt+(l) FZ((DZY G §)+ Q)‘—f—w,. FZ((IM, w 5) (35)
, ., D(@)D (@) esp{(e/ + 0)E) . .
4+ — (2m jdcm de,’ (@ F 07) (0 F 07 Fi(o), 0 03 @4 §).

It is easy to see that the solution of (35) is

FA((I)i, W2, W3, Wy, E)= Fz(mu [OFN g)Fz(ﬁ)a, (O ’t:,)

+Fo(0y, 03, §)F2 (0, 0y, §)+ Fa(o1, 0y E)F2(w,, v ). (36)

Analogously
= ZI HFz(wi, O, E)
ik

The summation is over all possible combinations of
particles by pairs. Such a form of Fj leads to a simple

expression for I'y, namely
(m+ Zml)[‘ (04 ..., 0n, 0)G(0) = ZJ‘ et G (%) ]:[fz (@i, s, &) dE.
(38)

A particularly simple form is possessed by the GI'
in the limiting case as w — 0:

(37)

er.= Y IJ e, (39)
with
[G(o+ o1+ @) Te(ws, 02 ©)]ozo = v:"(@1) v:*(02) / (@01 4 @2) -
X D (1) D(w2) [ Dy (0:) Do (w2), (40)

where

.

vi'(0) = vi(0y, E)

We note that as w — 0 the quantities GI', enter in the
unitarity condition for G(w) and their determination
solves the problem in a certain sense:

Z J.I(GI‘ Mm__k=6(m+2k2)ﬂdk (41)

Thus, we gain much knowledge of the Green’s function
of the 8 Reggeon if we obtain the solution of (28) as
£ — ., It is easy to show that the solution of the com-
plete static problem with Hamiltonian (1) can be ob-
tained in terms of the solution of (28) (see Appendix I)
whenr #0,x;, 20,2 #0.

Let us now find 7,(w, ©) = ¥3(w). As § — « it suf-
fices for us to confine ourselves in the integration with

Im G (o
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respect to w; in (28) to the contribution of the pole at
w3 = — w] (the remainder constitutes at most a power-
law small quantity in terms of 1/£), and therefore y3(w)
satisfies the equation

v(0) =1+1, (42)
where
A;z D(o\D(— &’ 1n ’
LN PRLICILIL 0TI (42)
Tt W —®

and the integration contour C is shown in Fig. 2.

The singularities of 7} arise from the fact that the
pole w’ = w and the cut D(w’) pinch the integration con-
tour. We see therefore that y2(w) is analytic on the
plane with a cut along the real axis from w=—A to
w=—, The value of the function yl(w) on the upper
edge of this cut, ¥} (), is (see Fig. 2)

vt () = 14 I, = Myt (@) DH (0) D (—o) + 1+ I, (43)
and on the lower edge
vy’ () =14+ I¢, = My~ (0) D~ (0)D(—o0) + 1+ 1. (44)
Comparing (43) and (44) we get
vi'H(0) _ 1— 4D (0)D(—w)
v (0)  1—4D*(0)D(—a)’ “3)

The solution of the boundary-value problem (45) is

o 17 do’ 1— D~ (') D (— &)
v = cop{ _jAm'—m I e @b ey} (49)

Since perturbation theory is valid as w — «, we get

c = °(°0) = 1. We note that for the two- dlmensxonal and
one- d1mens1ona1 cases the value of 1 — )\ D" (w)D(— w)
asw—>Olsl—A />\ andasw—*oo 1tsva1ue 1sl and
consequently when 22> 2% the logarithm In [1 — A2 D(w)

x D(— w)] acquires a phase 27 as w varies along the con-~
tour L (see Fig. 2). Since in this case y3(w) = 1 at large
w (on a circle of large radius), the function yj(w) has in
the case of )\2 > a pole on the real axis to the right of
the origin. Just as in the preceding section (see (11)),
this leads to a solution that does not agree with the phys-
ical requirements after yl(w) is substltuted in (33). Thus,
a solution exists only when A =x%and A > 0.

4. ONE-DIMENSIONAL MODEL. SCALE INVARIANCE

Let us now determine the properties of the Green’s
function and of the vertex parts in the one-dimensional
model. We recall that in the one-dimensional model the
Green’s function of the o Reggeon is
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Dy(0) = (0 +A)"%,  D(w) = Do/ (1+4Ds) =1/[A+ (0 + A)%].

The constants A, and A satisfy the stability condition
A=Al

Let us consider first the case when the amplitude of
the decays |, | is smaller than the maximum value of
A. In this case it turns out that the solution corresponds
to the singular weak coupling in accordance with the
classification proposed in the Introduction. It is seen
first of all from (45) and (46) that when w < A%, A% the
function y, (w, £ = «) tends to a finite limit

vo(0) > A (M), o< (47)
It then follows from (39) and (40) that the quantities
GI'y | y=o that enter in the unitarity condition (41) for
the Green’s function are homogeneous functions, of de-
gree zero, of the frequencies wj and of the gap A. For

example

MA* (ALY Yoo + A Yo + A

G(ﬁ)i“‘mz)FZ(wh m210)= Az W + @

(48)

Substituting these expressions in the unitarity condi-
tion (41), we see that the individual terms in (41) are
homogeneous functions of w and A:

G (o) [, = | (GPn)zﬁ(m‘+nA+Zk}) dk, ... dk,

=S (F)E)

In the region w ~ A <« A? of interest to us, these terms
are small compared with the pole term

Z(M/A)
—

(49)

G(w)— (50)
Thus, when A, w < A% A% the Green’s function coin-
cides with the free one, apart from the renormalized
factor Z (A, /A) and the shift of the pole position (we
recall that the frequencies w of the particle 8 are
reckoned in all the formulas from the position of the
renormalized pole). The vertex parts I'y (wy, .. .,w,, ®)
of the decays 8 — B8 + na are homogeneous functions of
A, wl, and w of order w. For example, T, (w,w,, w = 0)
- AV, + AV, + A/N?Z. The amphtudes of the
scattermg no + 3 — ma + B have a larger order of mag-
nitude; for example, the scattering amplitude A is de-
termined by the two-particle states and its value at

w, AL Ais

’
w, @, @
m = -
@ o’
(O]

The corrections to this expression, due to the many-
particle states, contain the small parameter w/)xf, in
analogy with (49).

The relatively large order of magnitude of the scat-
tering amplitude A explains why the decay amplitude I,
is different from the nonrenormalized value T', = A
namely, this is due to the ‘‘interaction in the final
state,’’ i.e., to diagrams of the form

_,/w’+m44

(51)
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These diagrams are sign-alternating (A < 0) and cancel
out the nonrenormalized coupling constant A,.

The solution considered here is an example of the
singular weak coupling in accordance with the classifi-
cation proposed in the introduction, and has scale in-
variance, i.e., it maintains its structure when the fre-
quencies (time) and A are subjected to a scale transfor-
mation. )We note that the solution in Sec. 2 of the prob-
lem with r # 0, A # 0, A, = 0 had no scale invariance.)

Let us now consider the limiting case when the decay
amplitude A, reaches its maximum possible value

This limiting case is of interest because the solution
under condition (52) corresponds to strong coupling. In-
deed, when |X,| = A, the coefficient A(x, /A) in (48) be-
comes infinite, A ~A/VAZ—2%Z. When [, |=2> w, A
the function y)(w) equals, in accordance with (46),

—_—

[arctg —Zz—_—{—_i__i } (53)

const- A 1 dz
(w—i—A)‘/*eXp{ P !z+m/A
Al ©
- (o)—i—A)‘/‘f(_X)'
I we now find the value of GI',(w,, w,, 0) in accordance
with the formula (40), then it turns out that GT', is inde-
pendent of the coupling constant:
N A 2 A)]% 1 2

60+ 00T (01,05, 0) g > L QRO LR 00y (02)

o+ 0,

v (@)

A A
(54)
In order to find the Green’s function G(w) when w
< A%, it is no longer convenient, as before, to use the
unitarity condition (or the Lehmann expansion) (41) since
this gives rise to the series

o0~ 4 T (3) ()"

which contains powers of the large parameter 1n (\%/w).
Instead of summing this series, we make use of formula
(33), which expresses G(£) in terms of y,(w, £). Since
7,(w, &) has no singularities in w at finite values of &,
the integral in (33) reduces to the residue at w = «. It
is shown in Appendix II that the asymptotic form of
y(w, &) when £>> 22 and wt — = is

vi(o, £) =1—1/160¢.

(85)

(56)
Then (33) yields
G(E)= (&/E)"s, (57)

Here £, ~ 1 is the lower limit of the logarithmic inte-
gral

G(o)=(08)""/ o.

1
faere.
8

Using the solution obtained in Appendix II for y,(w, &)
at w € A%, £
¢k o dp
8= — | —p" 1)~ gpot, 58
V(0. 8= "= oo+ nie (58)
We can find also the vertex parts I in accordance with
formulas (32), (37), (38), and (40).

Thus, the solution has a power-law asymptotic form
at A =0, i.e., it corresponds to strong coupling (see the
Introduction). At finite A < A%, the Green’s function and
the vertex parts are homogeneous functions of the type
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so=t(@lz)
G (@) Ta(0, 05 k) = 0™ g (2 %%) : (60)

The ratio of the powers of G and I', confirms the
similarity hypothesis of [3], whereby all diagrams of
any quantity (G, I',...) containing in their interior
Green’s functions and vertex parts, have the same
order of magnitude. In our case the similarity law
means that (GIp)?A"/2 ~ 1,

5. TWO-DIMENSIONAL MODEL. THE ZERO-CHARGE
PROBLEM

Let us now consider the properties of the solution in
the two-dimensional model. K we confine ourselves only
to quadratic terms in the spectrum €, (k) = A + kz, then
theory gives rise to logarithmic divergences at large
momenta. The asymptotic form of the solution when the
momenta and A are much smaller than the cutoff radius
L can be investigated by the usual methods, by summing
the principal diagrams; this leads, as in the relativistic
theory,™ to zero charge (see ™).

I.— [1 (- Ki)ln—i— ]_[ 140+ }u,)ln—wli]_i—»O. (61)

This formula was obtained in ™ for the general case
when the particles 8 (non-vacuum Reggeons) have 8’ # 0
(moving Regge pole). Just as in the relativistic theory,
the “parquet’’ solution (61) can be verified only when
A, Ay < 1, and when A, A ~ 1 it is possible to have for-
mally a solution corresponding to strong coupling, i.e.,
to a finite charge.

Let us now find the asymptotic form of T, in the static
model. It turns out that formula (61} is valid for all A,
and A satisfying the stability condition (|x, | =2), if
In(L/w,) = In(L/w,) > 1. Let us rewrite formula (40)
for GT', | w=, in @ more convenient form:

. G (0, + o)
Fz—mx(mi)x(mz), (62)
where

x(0)= exp{if de arctg nA(s)}

e + o ! (63)
14 (A — A1,
A(e)= 2
O = A ) — (64)
ly=In iy

(We have substituted D, = /, in the general expression
(46) for ¥3(w) = (D, /D) x(w). We see now that for all x
and A, satisfying the condition |A, | <A, the value of
A(€) tends to zero as In(L/e) — «, and we can put

tan™ 7A = 7A. Then we have, with logarithmic accuracy,

2 L 1%
x(w)= [(1+“n Ai—m) TS |-
Thus, GI', ~ 1/w In®(L/w) when A, # A and GT,
~ [w In (L/w)]™* when [, | = x. According to the unitar-
ity condition (41) and the recurrence formula (39) for
GI'p, the quantity wGT, is the effective renormalized
charge, i.e., the perturbation theory expansion param-
eter. The effective charge is logarithmically small, so
that the Green’s function is determined by the pole term

(65)
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G — Z/w, and the vertex T', equals, in accordance with
(62) and (65),

rz—»% [(4+ M)? — 2] =R (4 4 M) * — AL,
(66)

ly, = In ————.
=T A

If the frequencies w, and w, are of the same order, i.e.,
l, = 15, then this formula goes over into the ‘‘parquet’’
solution (61). We note that the quantity A(e¢) in (64) is
the amplitude of the @ + 8 — o + B scattering with en-
ergy €, as can be readily verified from the ¢‘parquet’’
equations.™

Thus, in the two-dimensional static model, the re-
normalized charges A,¢ and A vanish with increasing
cutoff radius for all nonrenormalized constants A, and
A. If we vary the nonrenormalized constants A,(L) and
A(L) together with the radius L, leaving the renormal-
ized A,c and A fixed, then we encounter the same para-
dox as in quantum electrodynamics,” namely, the re-
normalized amplitudes, for example

1+ (Ot — 1)L,

(T Ady)? — Al 2 (67)

Ac(e) = Ac

have logarithmic poles at € ~ A exp{~1/(A¢c + A c)}.

From the point of view of applications to the Reggeon
problem,m where L is fixed and w, A — 0, the solution
(61) contains no paradoxes and simply denotes the
screening of the interaction at low frequencies and
momenta.

In conclusion we wish to thank A. I. Larkin, who
called our attention to the one-dimensional model.

APPENDIX I

We consider here the solution of the complete prob-
lem, when all the constants r, A, and XA, are not equal to
zero. We shall not analyze this solution in detail, since
its properties are similar to those of the case r # 0,

A # 0,2, #0 (see Sec. 2), i.e., this problem has no solu-
tion in the sense indicated in the introduction. The Dy-
son equation of this problem is of the form

r rl
= + e
¢ & 4 £ ¢
o .
+
6 A4 & AL ¢

If we introduce in lieu of I'; and I', the functions F,
and F, in analogy with the procedure used in Sec. 3,
then we can easily write for them equations in graphic
form:

SO N G S
S “i;a
Dt '

(1.2)
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We assume that A = 0; A is accounted for by the method
already described above (see (29) and (30)).
In the mixed representation, the equation for F, is

Fl<m§)—~+ > (D(0,8)—D(0,8)) (L.3)

D)) D(wz exp{(os + o) E}Fi (02, 8)
(0 + o)) (o + o)

A ‘g
+mj’ do do.

It is easy to verify that a solution of this equation is
Fi(o, §) = 07" [vi(, §) —My:(0, E)], (1.4)

where y, and y, are defined by (27) and (28).
The following obvious statement can be made with
respect to F,(w,, wz, £):

Fy{oy, 0, 8) = —ri(wx, OF (02 8)+Fi " (0,008);  (L5)

Fz(r °)(w1, w,, &) is the solution of the problem at r = 0,
e., it satisfies Eq. (25).
Since the Green’s function is equal to

:
FORMULAS  G(2)=o(®)exp { [p(&)a}, (L6)

B(2) =7 [D(0)Fi(0,b)e do
+ A J"Fz(m‘, @2, £) D (01) D (w2) e©**9 do, do,
=r[[P@F 09 do+ 1 ([D(o)e Fi(0,t)d0) |
+ Al IFZG:")((’)" @2, §) eertedt D ((Di)D ('(1)2) do, dw,

(L7)

(dw = dw/27i), we obtain by using the equation for y,(w, &)

6(8) = 0u(&) 6= (&) exp { j Beyas}, (L8)
where
B = [1:(0, ) — 1w (0, &) + 4]
+ M [VZ(Oy E) — 7‘4_1?1(0, E) + 7\4-1]2. (I.g)

The new position of the pole Eg is determined from
(1.9):

Ey=E,(r" =0) +[( — &) (0) + A ] [2+ (MW~ — 1)y (0)].
It is seen, in particular, that at A = A, the pole shifts by
2r?/A, and when A = —1, it goes off to infinity (y}
~1/¥X% —%). The Green’s function, for example, for
the most interesting case of the one- dxmensmnal prob-
lem, is of the order of exp (&1/2) when A2 # A% and of the
order of exp (£3 %) when A% = M, i.e., the interaction due
to the presence of A, and A in the Hamlltoman mdeed
does not alter the mam conclusion that when r? # 0 we
encounter the infrared situation in this problem.

APPENDIX II

We obtain here the solution of (28) for 7\ =A% in the
region w < A%, £>> 1/A%. I this reglon we can rewrite
(28), using the expanswn of D for w < A% in the form

exp{ (@ + @) &} v ((01,: £)

YL((D, =1 + (Zm)z j. (m ¥ wz,) ((1)1’ ¥ (Dzl) dq)l’ dw,’ (II'].)
(Vﬁh +‘sz/)exp{(co, + @) &} vi (0!, g) o dod .
(Zm) A j (@ + 07) (0 + o7)  doy + Co(8);

Co(&) is a certain function of £, resulting from the inte-
gration with respect to wjwj 2 A% in the right-hand side
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ImF=0

FIG. 3

of (28). Recognizing that y,(w, £) has no singularities in
w, we can easily rewrite (II.1) in the form
1 | (Ve + Ya) e yu (24, B)

(21‘[1:)2 (a: + ﬁz) (11 + Iz)

where x = w§, G(£) = VE(1 + Cy(£)). Alternately, integrat-
ing with respect to x;, we have

— 1 — ——1 —x+x : (2,
Vzva(x,§)=G(g)+_2?iJ‘( Vaie :_sz)v (21, )

0=G)— dz,dz,, (IL.2)

dz,. (IL.3)

It is convenient to introduce the function y(x, &)
= eXVx y(x, £). For this function, Eq. (I.3) takes the
form

GE)e —

a(e) = 1 j (1—1&""‘*51gnz1)x(z,)

dz.  (IL4)

Changing over to the Laplace transform
i

1
=— | ey (2)dx,
%(P) 2m_Le“ % (%)
we obtain for y(p) the equation

%(p) = G()5(p + 1) + () x(2)— B(p + 1) —"jemlx (z:)sign , dz,
x(p)dp’ (11.5)

= GE8(p+ 1D+ 0(P)1(p)— =Y

O(p+1)— f

It is easy to see that the homogeneous equation (at G(&)
= 0) reduces to the need for reconstructing the analytic
function

J-x(p )dp’ '

where Re F and Im F satisfy the condition
ImF = ¢(p)ImF + &(p+ 1)Re F, (11.6)

as is shown in Fig. 3.
Such a function can be found readily; it is equal to

F(p) = [(=p—1)(=p)]7 (11.7)
The solution of the inhomogeneous equation is
F(py= G(&)/(—p — 1)*(—p)* (11.8)
Returning to the function y,(w, &), we have for it
G(§) e~
vi(0,8)= = dp 1.9
Yz o (—p— 1) (—p)* (IL.9)

(The contour C is shown in Fig. 3), which is better re-
written in the form

1

yi(0,8) =G (§) !dq 3“’—(W~

(I1.10)

We reconstruct the function G(£) by examining the be-
havior of y,(w, £) as x — +
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(I.11)

6 e
v @ o=fdy

On the other hand, we know a solution for £ — «~ and
for w fixed but smaller than A% (see Sec. 3, formula
(46)), namely

blo™, (11.12)

where b is a certain constant. Comparing (II.11) and
(I1.12) we obtain

G(&) = bE"/ . (I1.13)

We now find the next term of the expansion in 1/x as
x — . It is equal to G(£)y/x%*, where
- dq
()™
Thus, comparing (II.14), (II.13), and (II.11) we get
for v, the following behavior as x — «:

y= e, (I1.14)

b
s =(1-L)—, (IL.15)
or, since a = 4y,
1
V(o &) = (1 =5z (o). (IL.16)

We recall that w < A% and £ > 1/)\2. It is easily seen
that formula (II.16) is valid also when w = A%, This is
connected with the fact that the equation for the correc-
tion to y3(y:) has for £ — « the form

y 1 D((D{)D((Dz’) ’ ’
Y1 (zni)zc ((0'*“(1)2/) (m‘l_f_m/)'eXp{(mi +mz)§}(II 17)
1 ¢D(o, —0 )Y (04,
x YlO(ﬁ)‘/’ g) do,’ do, +2_j ((0 ( O] )Y ( g) dw,’.
191 0— o)

In the first integral, the pole w] + w; = 0 lies outside
the integration contour, and therefore the values w§ ~ 1
play an important role in 1t and it is necessary to take
the expression (II.10) for 7. Substituting it in (I1.17),
we find that the first integral behaves like & 54 3s
§& — o, and therefore the terms of order 1/£ should be
determined as £ — « from the solution of the homoge-
neous equation. It is easy to verify that (II.16) is indeed
a solution of this homogeneous equation, if the pole at
w’= 0 lies on the left side of the contour of integration
with respect to w’.

In conclusion we wish to note that the phenomena
occurring in (II.1) are precisely those characteristic
of strong coupling,[®) namely, the contributions from
the region of large w (w 2 A%) cause cancellation of the
nonrenormalized constant (which is equal to unity in
(I1.4)), and therefore the solution is obtained accurate
to a certain function of £(G(£)), which, in turn, is deter-
mined from the matching of the results with those in
the region of high frequencies.
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