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The angular and polarization distributions of resonantly scattered radiation in the case of intersec­
tion of the atomic levels are investigated by the method proposed in[l• 21 • The conditions for coherent 
excitation of these levels are studied as functions of the direction and polarization of the incident 
radiation. It is shown that: 1) linear and circular polarization of the scattered light are produced in 
the intersection region, 2) the scattering distribution pattern becomes anisotropic and is rotated with 
changing magnetic field intensity. 

1. INTRODUCTION 

IN 1959, Colegrove, Franken, Lewis, and Sands pro­
posed a spectroscopic method using interference ef­
fects in the intersection of resonant levels of atoms in 
a magnetic field[1J. The main idea of the method is that 
at definite values of magnetic field intensity, corre­
sponding to intersection of the coherently excited 
levels, there is observed a strong change of the angu­
lar and polarization distributions of the scattered light, 
owing to interference. This method makes it possible 
to use the observed dependence of the scattered-light 
intensity on the magnetic field intensity to determine 
certain ci:J.aracteristics of the atoms, namely the fine 
and hyperfine splitting, the Lamb shift, the radiative 
widths, and the magnetic-dipole and electric-quadrupole 
moments of the nucleus. 

Subsequent papers[ 2-s1 gave a thorough calculation 
of the dependence of scattered-light intensity on the 
field intensity in the given observation direction, with 
allowance for the hyperfine splitting level repulsion, 
and optical pumping, and a comparison of this depend­
ence with the corresponding experiments. 

However, the influence of the intersection of the 
levels on the polarization of the scattered light was 
not investigated in these papers; furthermore, the 
conditions for coherent excitation of the levels were 
not sufficiently well analyzed. 

We present here a calculation of the angular and 
polarization distributions of resonantly-scattered 
radiation upon intersection of the magnetic sublevels 
of the fine structure of the states nP1;2 and nP3;2, and 
ascertain the most favorable conditions for coherent 
excitation of the resonant levels and for organization 
of the appropriate experiments. The results are ap­
plicable to all atomic systems whose spectra are due 
to transitions of oneS-valent electron (nS- n'P- n"S). 

2. DISTRIBUTION OF THE PROBABILITY OF 
RESONANTLY -SCATTERED RADIATION 

In the electric-dipole approximation, the amplitude 
of resonant scattering of light is [9 J 

<k lslk ) _ ~ (a,jde,jam)(amjde.ja,) {1} 
2e2a2 1e1a1 - ~ 

a (w-wm,)+irm/2' 
m 

where k 1 and e 1 are the wave vector and the polariza­
tion vector of the absorbed photon; k2 and e2 are the 
same vectors of the emitted photon; a1, am, and a2 
are the sets of quantum numbers characterizing the 
initial, intermediate, and final states of the atoms; 
firm is the radiative width of the resonant levels; 
liwm 1 = ti ( wm - w 1) is the resonant energy, liw the 
absorbed-photon energy, and d the operator of the 
dipole moment of the atom. 

Let us consider the stationary scattering of a radia­
tion beam. The state of the photon is described in this 
case by the polarization density matrix. We assume 
that the radiation spectrum is constant within the 
limits of the group of resonant levels (the magnetic 
sublevels of the state nPl/2 and nP3; 2, see below). 
This condition is realized as a result of the Doppler 
and collision broadenings of the lines in the resonant­
radiation source. The state of the atom in the mag­
netic field at intensities H :S 104 G and at the usual 
temperatures ( T;;:; 103°K) is described in terms of the 
populations of the magnetic sublevels of the ground 
state nS1; 2, and these populations can be regarded as 
equal with a high degree of accuracy, since JJ.oH/kT 
<< 1 and we are considering conditions under which 
optical pumping[sJ is immaterial. 

From the amplitude (1) we can obtain an expression 
for the polarization density matrix of the radiation 
scattered in a given direction. To this end, we set up 
a bilinear quantity from (1), average in it over the 
initial states of the atom and over the polarization 
states of the initial radiation, and integrate over its 
spectrum. The basis of the polarization states is the 
representation of the circular polarization. The ex­
pression obtained in this manner contains cyclic com­
ponents of the dipole-moment operator; these com­
ponents are defined in a coordinate system connected 
with the wave vector and with the unit vectors of the 
polarization of the absorbed and emitted photons. The 
expressions also contains the polarization density 
matrix of the absorbed photon. 

The symmetry axis of the atom is the magnetic . 
field direction, so that it is advantageous to re-resolve 
the cyclic components of the dipole-moment operator 
in terms of their components in the coordinate system 
connected with the magnetic field. This transformation 
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is realized with the aid of the Wigner D-functions[loJ, 
The variable n contained in the function D( U) are the 
Euler angles (a, {3, y) defining the direction of the 
wave vector (a, {3) and the orientation of the unit 
vectors of the linear polarization ( y) of the absorbed 
and emitted photons relative to the coordinate system 
connected with the magnetic field. 

After performing the indicated transformations, we 
obtain the following expression for the polarization 
density matrix of resonantly scattered radiation, in the 
circular-polarization respresentation: 

(crJ5'l(Q,) Ja> =A ~ (-)~'-~-P:[D: .... <na)I"D:~"(Q,) 
a1amana1W~ 

- (2) 
(aol d~l am) (a,.J d.Ja1) (vJp(Q1) I v) (a2 1 d;;:-Ja.n)' (an I d-J a1)' X r • • 

(rom ron) i(r,.+rn)/2 ' 

The summation is from CJ, a= ± 1-the indices of the 
circular polarization; 0 1,2 are the Euler angles for 
the absorbed and emitted radiation; dv and dj.J. are the 
cyclic components of the dipole-moment operator; 

(vJp(Ol}(v)= ~ D!A(Ql)<"-lpJA)[Dh_.(Ql)l' 
1,1: 

is the density matrix determined by the angular and 
polarization properties of the incident radiation; 

(3) 

(.\I p 11:) is the polarization density matrix of the inci­
dent radiation in the circular-polarization representa­
tion (.\,'X = ± 1 ). The constant factor A in (2) is deter­
mined by the normalization, and is of no importance in 
the study of the relative intensities. 

Formula (2) makes it possible to calculate the angu­
lar and polarization distributions of the scattered light. 
The terms of the sun (2) over the intermediate states 
am and an have different structures. The terms 
with am = an do not depend on the frequency differ­
ences wm - wn and are proportional to r~, whereas 
the terms with am ;.o an are proportional to the 
resonance factor [ Y4(rm + rn)2 + wm- wnYr112. The 
sum of such terms will be called the interference sum, 
since it contains different states that interfere in the 
case of coherent excitation. 

3. COHERENCE CONDITIONS 

The coherence of the states in the stationary case 
is determined, on the one hand, by the extent to which 
the corresponding energy levels are overlapped by the 
radiative widths, and on the other hand by the angular 
and polarization properties of the exciting radiation 
contained in the density matrix ( vlp(Ull v) (3). The 
figure shows the dependence of the energy of nP 
states of the fine structure on the magnetic-field in­
tensity. As is seen from the figure, interference of 
the magnetic sublevels is possible in a "zero field," 
and also upon intersection of the magnetic sublevels 
mj = ± Y2 with mj = -% (the points H1 and H2 ). 

On the other hand, analyzing the expression (2), we 
can easily find that the interference sum at the point 
Hl is proportional to the matrix element ( ll I p I v) 
= (- 11 pI+ 1), and at the point H2 to the matrix 
element (vI pI v) = ( -11 PI o). 

Let us calculate, in accordance with (3), the values 
of the density matrices (vi p( n1) 1 v) for a number of 
concrete cases of light scattering, with different states 
of the incident radiation. 

a) Unpolarized light incident parallel to H. We have 
( ± 1 I p I ± 1 ) = %, and the remaining elements are 
equal to zero, We shall henceforth present only the 
nonzero matrix elements. 

b) Unpolarized light incident perpendicular to H. 
We obtain ( ± 11 pI± 1) = ( ± 11 p I 'f 1) = %, 
( o I PI o) = %. 

c) Light linearly polarized in a direction parallel 
to H. We get ( 0 I p I 0 ) = 1. 

d) Light linearly polarized in a direction perpendicu­
lar to H. We obtain ( ± 1 I p I ± 1 ) = ( ± 1 I p I 'f 1 ) = Y2. 

e) Right-circularly polarized light incident parallel 
to H. We have ( + 11 pI + 1) = 1. 

f) Right-circularly polarized light incident perpen­
dicular to H. We obtain ( ± 11 pI ± 1) = ( ± 11 pI 'f 1) 
= %, < o I P I o > = %, < ± 1 I P I o > = ..f2! 4. 

We note that the foregoing limiting cases lead to 
conclusions concerning the intermediate cases of 
partly polarized radiation incident at angles other than 
zero and n/2 to the direction of H, since the angular 
dependence of (vi p( n1) 1 v) is smooth, and the partly 
polarized states are incoherent mixtures of the pure 
states considered above. 

Thus, for coherent excitation of levels intersecting 
at the point H1, we can take radiation incident perpen­
dicular to the direction of H (the cases b, d, and f). 
Particularly convenient in this respect is the case d, 
since it gives the relatively largest interference term. 

For coherent excitation of the levels intersecting 
at the point H2, it is necessary to have radiation inci­
dent at an angle to H. The maximum effect is produced 
by case f. In addition, a detailed investigation shows 
that unpolarized radiation incident at an angle other 
than zero or n/2 to H, and linearly polarized radia­
tion with a polarization vector direction within the 
same limits, give the required matrix element. The 
angle at which the maximum is reached is n/ 4. 

Let us make some remarks concerning the descrip­
tion of the states of the atom in a magnetic field. Since 
we are considering the region of magnetic-field inten­
sities at which the Zeeman splitting is of the order of 
the fine splitting, the spin I of the nucleus is no longer 
connected with the angular momentum (orbital plus 
spin) of the electron j = 1 + s in the total angular 
momentum of the atom F = I + j, and the "good" 
quantum numbers are mj, m1, and I. 

The quantum number j is "poor," since the mag­
netic splitting operator V = J.J.oH(gtl + gss)[toJ mixes 
the states with identical n, l, and mj and with values 
of j differing by unity. The levels corresponding to 
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these states are repelled. In this case (see the figure) 
these are the magnetic sublevels with mj = ± 7'2 and 
j = 7'2, %. 

The "mixed" wave functions are determined by the 
expressions 

I'/,, m;) = al '/,, m;) + b 1'/,, m,), 
(4) 

I 1/2, m;) = -b 1'/,, m;) + a l1h, m;), 

where I (% ), mj ) denotes a wave function that goes 
over at iJ.oH « ~E (the energy of the fine splitting at 
zero field) into the wave function with j = %, mj = ±%. 
We note that the states with m = ±%do not mix. 

The coefficients a and b are given inC 111• Their 
values are 

a=l'1/2(1 +e), b =l'1i2(1- e), 

e = ( 1 + 6 2~:; 1) /V 1 + 6 2~~ 1 + 6', 6 = ~: · 
Calculation of the parameter ~ at the intersection 
points H1 and H2 yields ~ 1 =%and ~ 2 = %. 

The dipole-moment operator matrix elements con­
tained in {2) have the following form in the I nZsjmjlmi) 
scheme[1oJ: 

(n'l'sj'm;'l'mr' J d~ I nlsjm;Imr) = 6n·6mrmr' (-ti'+l'+'f,-m;' 

X((2j+f)(2i'+f)(2l+1))'1'( j', 1 j ){~' 1
1., 

1
1
1'}<n'l'lldllnl).(5 ) 

-m; t.t m; J 

We note that to calculate the angular and polarization 
distributions, it is not necessary to know (n'Z'II d 11 nZ ), 
since all the spin-angle characteristics of the atom 
are separated in the 3j and 6j symbols and the factor 
preceding them in {5). 

We shall henceforth assume that the instrument 
registering the scattered radiation does not resolve in 
the frequency the individual lines from the Zeeman 
components of the resonant levels. Then in formula 
{2) the summation is over all the magnetic sublevels 
of the initial ( nS1;2), intermediate (nP) and final levels 
(n"Sr/2). 

4. ANGULAR AND POLARIZATION DISTRIBUTIONS 
IN THE ABSENCE OF HYPERFINE SPLITTING 

The interference of the magnetic sublevels nP1; 2 
and nP3; 2 in a "zero field" and in the region of the 
points of intersection H1 and H2 (see the figure) leads 
to the appearance in the angular distribution of terms 
that depend on the azimuthal angle a, since in formula 
(2) the symbols iJ. and 'iJ. of the D functions are differ-

( j -i!J.a _i -iay 
ent DIJ.a(a,{3,y)=e J.J"IJ.a(0,[3,0)e .Thus, 
when the levels intersect, the axial symmetry is lost 
and the angular distribution becomes anisotropic in a 
plane perpendicular to the magnetic field. 

In the case of interference of two magnetic sub­
levels with different mj (points H1 and H2 in the 
figure), the coherent part of the angular distribution 
is given by 

s. = B(l),, 1\z) (r mn cos <p12- Wmn sin <p") (r mn2 + Wmn')-'; 

rmn= (rm + rn) /2, Wmn=Wm- Wn, <jl12= (v- \')(a,- a,) 

= (!1- fl) (a,- a,). 

This expression coincides with formula (10) of[ 3 l. It is 
convenient to rewrite it in the form 

S,(a,, 1),, a,, 1),) =B(I\,, I),)R(H) cos ['!'"-!-6(H)], (6) 

where R(H) = [ 1 + wmn(H)/rmnn-r/2 is the resonant 
denominator and 6( H)= tan-1 [wmn(H)/rmn] is the 
phase angle determining the direction of the symmetry 
axis of the angular distribution pattern in the plane 
perpendicular to H. Indeed, if we put in formula {6) 
{31 = {3~, {32 = {3g, a 1 = a~, then the angular distribution 
will take the form Sk(a2) ~ R(H)cos[~v(a 2 - an 
+ 6 (H)]. Thus, in the region of interference of the 
magnetic sublevels we have I Wmn (H) I ~ rmn; when 
the intensities change, the distribution pattern changes 
the degree of anisotropy and rotates at the same time. 
In the case of exact intersection wmn(H) = 0, the 
degree of anisotropy is maximal and the distribution 
pattern is symmetrical with respect to the direction 
a2 = a~. The type of the pattern at the points H1 and 
H2 (see the figure) is different in accordance with the 
fact that for the point H2 we have I ~~~I = 2 and for 
the point H1 we have I ~vi = 1. 

We present numerical values of the angular distri­
butions, calculated for the scattering cases b, d, and 
f and for the intensity regions in the vicinities of the 
points H1 and H2. The angle a = a2 is reckoned in 
the cases b and f from the direction of k 1, and in the 
case d from the direction perpendicular to e1; the 
angle {3 = {32 is reckoned as before from the direction 
of H. For cases b and f in the region of H1 we obtain 
S{ a, {3) = 1 + 0.17 sin2 {3 +0.10R{H)sin2 {3 ·cos [2a + 6(H)]. 
For the case d in the region of H1 we get S{ a, {3) = 1 
+ 0.37 cos2 {3 + 0.20R (H) sin~ {3 cos [ 2a + 6(H)]. In the 
case fin the region of H2 we have S(a, {3) = 1 
+ 0.25 sin2{3- 0.03R(H) sin 2{3cos [a+ 6(H)]. Thus, 
the interference "signal" in the region of H2 is 
smaller by approximately one order of magnitude than 
in the region of H1. The optimal observation direction i 
in the region of H1 is {3 ='IT( 2k + 1)/2, and in the region 
of H2 - {3 = 'IT( 2k + 1 )/ 4. The "pure Lorentz" shape of 
the signal Sk( H)~ r mnl ( r:nn + [wmn( HW) occurs in 
the region of H1 at a = 7Tk/2 and in the region of H2 
at a = 7Tk. 

All these conclusions agree with the results ob­
tained in[ 3•7 l. In calculating the angular distributions 
it was assumed that the coefficients a and b (see {4)), 
which give a smooth dependence on the intensity, are 
constant in the intersection region and are equal to 
their values at the point of intersection. The relative 
accuracy of the results in this case is of the order of 
10-2 in the region I wmn( H) I ~ r mn· The value of the 
ratio of the coherent IJart of the "signal" to the inco­
herent one is given in [Jl in the case of light scattering 
corresponding to our case b--unpolarized light incident 
perpendicular to H and scattered backwards {the region 
of H1 is considered). This ratio is equal to 0.0895 at 
the maximum and agrees with our data within the 
limits of the calculation accuracy ( ~ 10-3 ). 

The polarization of the scattered light changes in a 
resonant manner in the region of the level intersection. 
We present numerical values of the degrees of linear 
and circular polarization, calculated for the cases b, 
d, and f, in the regions of the intensities H1 and H2 
at specified directions of the scattering angle {3 = {3 2 
and of the position angle y. It is reckoned in the same 
manner as the angle a when {3 = 0 and 'IT, but is 
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reckoned from the direction of H when {3 = 11/2. We 
designate by 1J the degree of linear polarization and 
by .9±the degree of right- and left-circular polariza­
tion (the upper and lower superscripts pertain to the 
scattering angles {3 = 0 and {3 = 11, respectively). 

In cases b and f, in the region of H1 , at {3 = 0 and 
11 and y = 1r/2- 0'2) tan-1 0(H) we have .9± = 0.07, 
1J = 0.21R(H), and at {3 = 1r/2, y = 0 we have !1'± = 0, 
1J = 0.14[1- 0.71R(H) cos[2a + O(H)]. 

In the case d, in the region of H1 at {3 = 0 and 
1t andy= 1r/2- (}'2 ) tan-1 0(H), we obtain 9± = -0.14, 
1J = 0.27 R(H), and when {3 = 1r/2, y = 1r/2 we have 
!1' = 0, 1J = 0,38[1 + 0.32R(H)cos[2a + O(H)]. 

In the case f in the region of H2, at {3 = 0 and 11, 
and at y = 1r/2- (%)tan-1 0(H) we have !1'± =0.67, 
1J = 0, and when {3 = 1r/2, y = 0, we have !1'± = 0.03R(H) 
X cos [a + O(H)], 1J = 0.19. 

Thus, linear and circular polarizations, which do 
not exist far from the intersection point I Wmn(H) I 
:» rmn ), appear in certain scattering directions. 

5. INFLUENCE OF HYPERFINE SPLITTING 

The analysis presented in the preceding section 
pertains directly to systems with nuclear spin I = 0, 
for example ~e II, 2~g n, 2~g II, 4°Ca II, 2BsiiV. In 
addition, the results of the section are applicable to 
systems having a hyperfine splitting, in the case when 
its magnitude is small compared with the energy width 
of the resonant level, for example in the case of HI, 
DI, and multiply-ionized atoms ( Za '2 3). If the hyper­
fine splitting is large, then the dependence of the angu­
lar and polarization distributions on the field intensity 
will be more complicated (allowance for the hyperfine 
splitting is important for atoms of alkali metals and 
for their corresponding singly-ionized analogs). 

To illustrate the influence of the hyperfine splitting 
on the angular and polarization characteristics of the 
scattered radiation at level intersections, it is con­
venient to consider the resonance curves-the plots of 
the intensities of the light scattered at given angles a 2 

and {32 against the magnetic field intensity. In the ab­
sence of hyperfine splitting, such a plot has a maximum 
and a minimum if cos cp12 = 0 (see (6)), or one maxi­
mum (minimum) if sin cp12 = 0, In the presence of hy­
perfine splitting, superposition of the resonance curves 
from different hyperfine components takes place upon 
intersection. Since the points of intersection are shifted 
relative to one another in intensity, the degree of this 
superposition depends on the ratio of the hyperfine 
splitting to the radiative width. It is important to note 

that in the case of resonant transitions the values of I 
and mi remain unchanged, so that in our case only the 
hyperfine components mj = ± }'2 and mj = -% with 
identical values of mi interfere. Thus, there can be 
2I + 1 maxima or minima on the resonance curve. 

In analyzing the hyperfine splitting in the region of 
intersection of the magnetic sublevels mj = - o/2 and 
mj = -}'2 (the point H2), it is necessary to take into 
account the repulsion of the components that obey the 
selection rules mj = mj ± 1, mi = m1 'f 1, since the 
Ij interaction mixes these states. This repulsion is 
accounted for in[4- 7 J for HI, sr.u, and 7Lil. There is 
no repulsion for the intersection of mj = + Y2 and mj 
= -% (the point H1), since Amj = 2, 

In conclusion we note that the results obtained in 
this paper make it possible to modernize the method 
proposed in [l-2J. Namely, information concerning the 
structure of the levels of the atoms can be obtained 
from observations of the dependence of the polariza­
tion of scattered light on the magnetic field intensity. 
New experimental possibilities are also uncovered by 
the obtained effect of rotation of the scattering distri­
bution pattern .. 
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