SOVIET PHYSICS JETP

TWO-LIQUID EFFECTS IN A NORMAL LIQUID

A. F. ANDREEV

VOLUME 32, NUMBER 5

MAY, 1971

Institute of Physics Problems, USSR Academy of Sciences

Submitted June 17, 1970

Zh. Eksp. Teor. Fiz. 59, 1819-1827 (November, 1970)

Effects connected with the presence of weakly-damped phonons in a normal liquid are discussed. The
thermomechanical effect is calculated. The propagation of shear oscillations is investigated. It is
shown that at large distances the damping of the oscillations has a power-law character.

THERE are a number of liquids (hydrogen, He®, He?)
that solidify at temperatures much lower than the
Debye temperature @, defined in the usual manner in
terms of the density and the speed of sound. For such
liquids there exists a temperature region T < @, in
which the wavelength of the phonons with energy on the
order of the temperature greatly exceeds the inter-
atomic distance, and therefore the phonons constitute
weakly-damped thermal excitations. The liquid thus
consists of two weakly-coupled subsystems—phonons
and the remainder of the liquid.

We emphasize that when it comes to liquid helium
the condition T <  begins to be satisfied, generally
speaking, at temperatures that are high compared with
the temperature of the transition to the superfluid state
(in the case of He®) or with the Fermi-degeneracy
temperature (in the case of He®). For example, in He*
at a pressure 25 atm and at T = 3°K, the Debye tem-
perature is equal to approximately 40°K, and in He®
at 3 atm and T = 2°K the Debye temperature is
@ ~ 20°K. With further increase of pressure, the Debye
temperature becomes even larger, while the tempera-
ture of the quantum degeneracy decreases with in-
creasing pressure.

We shall assume that the only characteristic parame-
ters of length and frequency in the liquid (if we disre-
gard the phonons) are, respectively, the interatomic
distance and the Debye frequency. By the same token,
we exclude, in the case of liquid helium, the tempera-
ture region below the quantum-degeneracy temperature,
where the mean free path of the rotons (in He®) or of
the Fermi excitations (in He®) greatly exceeds the in-
teratomic distance. We exclude, of course, also the
region near the x point and the critical gas-liquid
point, where the correlation radius is large.

Like any thermal excitation, phonons make a
certain contribution to the specific heat of the liquid.
This contribution, however, is small compared with the
total specific heat, In exactly the same way, the con-
tribution of the phonons to the kinetic coefficients
(viscosity, thermal conductivity, etc.), is small. None-
theless, there are many phenomena that are entirely
connected with the presence of weakly-damped phonons.
This is clear from the fact that the usual hydrodynamic
description of the liquid ceases to be, generally speak-
ing, valid if the characteristic dimension of the problem
is of the order of or less than the phonon mean free
path, and not of the interatomic distance. Let us con-

sider, for example, the flow of a liquid through a thin
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capillary. Since the phonons are diffusely scattered
from the walls, their average velocity is smaller than
the average flow velocity of the remainder of the liquid.
The situation here is analogous to the flow of a super-
fluid liquid, the phonons playing the role of the normal
part. In both cases there arises a thermomechanical
effect, described by similar formulas in very thin
capillaries.

In ordinary hydrodynamics, the shear (and the tem-
perature) oscillations attenuate exponentially in the
interior of the liquid. Owing to the presence of the
phonons, these oscillations also propagate to distances
greatly exceeding the penetration depth, and at large
distances the damping has a power-law character.

We make one more important remark. As will be
shown below, the main contribution to the thermody-
namic effect in sufficiently broad capillaries and to the
oscillation amplitude at sufficiently large distances is
made by phonons with arbitrarily low frequencies.
Since phonons with sufficiently low frequencies always
attenuate weakly, the formulas obtained below are
valid at large distances in any liquid at any tempera-
ture.

1. EQUATIONS OF MOTION

The phonon distribution function n(r, p, t) satisfies
the kinetic equation

on on o0H on o0H (1)

where the Hamiltonian is H = € + p-v, v is the velocity
of the liquid, € = cp is the energy of the phonon in the
liquid at rest, and c is the speed of sound. The
‘‘collision integral’’ I is due in our case mainly to
absorption and emission of the phonons by the liquid,
and the processes of collisions between the phonons at
T <€ @ are much less probable. We can therefore
write

I= —(n—n)/x,

where ng = {ee/T - 1}7!is the equilibrium distribu-
tion function and 7 is the relaxation time of the phonons
with the liquid. Using the well-known expression for
the sound absorption coefficient (see!'l), we find
a L ff4 A

r=a—ere{(Su)ee(-)y o @
here p is the density of the liquid, ep and cy are the
specific heats per unit mass, n and { are the first and
second viscosity coefficients, and k is the thermal
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conductivity coefficient.

The equations of motion of the liquid can readily be
obtained in the usual manner (seem) by starting from
the conservation laws. We note that at v = 0 the energy
& and the momentum j per unit volume are equal to

$=E(p,5)+jendr, i= jpndr,

where dr = d®/(271)® and E and S are the energy and
entropy per unit volume of the liquid ‘‘without the pho-
nons.’”’ With the aid of the Galileo transformation
formulas we obtain, in an arbitrary coordinate system,

gzﬂ’é_+vj pndr—i—jendl’-f-E(PaS)q

j= ov+ j.pndr.

In the case considered by us, the total number of pho-
nons is small, and we can therefore neglect the
products of two or more integrals with respect to d7
throughout. Taking this circumstance into account, we
obtain for the energy and for the momentum

$=—2‘32+ [endt + E(p.5), 3)

i= pu,
where we have introduced a new variable

1
u=v+—-j pndr,
P

which obviously plays the role of the ‘‘renormalized’’
velocity of the macroscopic motion of the liquid.

We seek the equations of motion in a form that
ensures satisfaction of the mass and momentum con-
servation laws, and also the law governing the increase
of the entropy

ap ) _
Fra + divpu=0,
0j a
7"‘7— {ouisn +(—E + TS + pp)du + ma} =0,
Tk
07 X R
v tg=7  (R>0). (4)

Here p is the chemical potential, R is the dissipative
function, and & is the total entropy per unit volume
with allowance for the entropy of the phonons

9’=S+J‘sdr, s=(1+n)n(1+n)—nlan,

mik and q are the sought quantities due to the presence
of phonons and to dissipation.

From (4) there should follow automatically an en-
ergy conservation law, i.e., an equation in the form

& +divQ=0. (5)

Differentiating the first equation of (3) with respect to
the time and using (4) and the thermodynamic identity
dE = TdS + udp, we obtain

g+div{(—§-+u)pu—l—STu—I—uhm,+Tq}

=R+ﬂ=k

ou; a .

o -l—qVT-}—E j‘snd‘r—T jsdr.
Expressing the time derivatives of n with the aid of
the kinetic equation (1), those of € with the aid of the
identity de = dpde/3p + dSd€/dS and Eqgs. (4) in terms
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of the spatial derivatives, we transform the last equa-
tion, with the required degree of accuracy, into

. u’ JH
é’—f—div{(——l—u)pu-{—STu—f— Wil + Tq—;—jm—,—dt
2 | ap

oH ds
—Tjs—();dr}=R+J eIdr—TjEIdr ©)
du; de de de
D e — ( pn dr — o, il S—) d}
+ (hh{nk jp ('}pnn T mj(pdp—‘r as) et

—}—VT{q— szf-d'r}.
ap

Comparing (6) and (5) and taking into account the condi-
tion that R be positive, we obtain the unknown quanti-
ties

u? oH oH
Q= (—2+u)pu+STu+u.nhi+Tq-l—jen—a—p-dr——Tjs—a;dr,

de de de
T . o s_) d
Tr jp aphndr—l-ﬁu_f(pap—l— 75 ndv

u; ouy 2 ou, ou,
— (2 ———6,~—-)— B
"(az,t a3 o) T ¥, (7
_ BHdT xVT
q= STP‘ T
ds w(VT)*  n (0w  Oun 2 au,)z
R=1 [T rd—[eldetmp (T4 =
ou, \?
+t(5)

The phonon part of the dissipative function is positive,
since the difference

ds

Td

n

1—31=T”:”" (ln 1tm 1+")

o n
is positive for all positive n and n,.

Formulas (1) and (4) constitute the complete system
of equations of motion of the liquid with allowance for
the phonons. We shall need a corresponding linearized
system. Putting n = ngy + xano/ae and calculating the
integrals with respect to d7 of the equilibrium distri-
bution function, we can write the linear system, after
simple transformations, in the form

';)'+pdivu=0,
. opP ny\ 9 .
pu; = 0—1:‘+T|Aui+(§+3_)a—x:dw“
_p ﬁ_) e'dedo Ony 8y  €'dedo dno Iy
—( ap aj (Znﬁc)a—a_t; 0z; j (2nhc)® oe Tt ox, ' @)

. e*dedo 0n,
oT6 — xAT + I—=E x+c@v)y =0,

(2nhic)
where n = p and do is the solid-angle element in the
direction of n. Equation (8) contains the renormalized
entropy per unit mass of the liquid, o, equal to

S,
T Tp 45 phc*t
and the renormalized pressure
N nt T nt T p g dc

P0.0) =P (0:5) + 55 Gy T 30 ey ¢ (3)
where Po = ~E + TS + up is the pressure without al-
lowance for the contribution of the phonons, so that the
deviation from the equations of ordinary hydrodynamics

lies only in the presence of terms connected with the
non-equilibrium character of the phonon gas.
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2. THERMOMECHANICAL EFFECT

Let us consider the flow of a liquid between two
parallel planes separated by a distance a. If we neglect
the phonons, then the usual Poiseuille flow takes place:

u-—-u:(z)—%ﬁ—zal: [z -—(-izl—) ]. —Z—f-(z)=const. 9)
We have chosen a coordinate system such that the
boundaries of the liquid correspond to z = +a/2. The
rate of flow and the temperature gradient are directed
along the x axis.

The non-equilibrium part of the phonon distribution
function satisfies the equation

Oy % _ e 0, em 0T (10)
0z n.ct 4 Jz T n, oz

and the velocity and temperature in the right-hand side
can be set equal to the quantities (9) since, as already
noted, the contribution of the phonons to all phenomena
is small.

The general solution of (10) is

x= = op 1., (2 — n.cT) + n,cr + F(p)e-2/m, (11)
n oz

where F(p) is an arbitrary function determined by the
law of reflection of the phonons from the walls. We
shall assume the reflection to be diffuse, and then the
following conditions should be satisfied”

X|z=u/=(bnz < 0) =0, x|z=—u/z(nz > 0) =0,

whence we obtain

— — gpgaraner [ T _?_li_(i_ ) Eﬂ}

F(r, <0)= —ere { e o (=) + 2200,
<. 0P < 0T

F(n,>0)=— e-re—“/“z”{_. nan ( + ncv ) +'ii_}
n oz oz

Substituting now the obtained function y in the
second equation of (8) and integrating, we get

1 0P 2* 2n: oT etde an,,
(z)—————a;—-z——}—c‘z-l-cz n 61»[ (2nhc)?® "de

(12)
X ———j dn.n.?(1 —n.?)ch ( — 1:) eme/ner

where we have neglected the small corrections to the
term proportional to 8P/8x; ¢, and c, are integration
constants. They should be determined from the condition
that the velocity v vanish on the boundaries. It is easy
to verify, however, that one can use the conditions
u(+a/2) =0 accurate to terms of order of the ratio of
the phonon wavelength to the width a of the gap (inclu-
sion of such terms would be an exaggeration of the ac-
curacy, since we assume the phonon motion to be
quasiclassical).

Let us write down the expression obtained in this
manner for the total mass flow through the gap

a/2

p 0P & p oT

J = = — e ———— A,
of uds n 0z 12 ' nl oz

(13)

—-af2

DWe have neglected the absorption of the phonons at the walls. The
corresponding relaxation time is of the order of (a/c) \/@_/eand is large
compared with 7, provided the thickness is a > c7 \/?/6 We shall show
below that interest attaches to the values a ~ cr, so that the absorption
at the wall can actually be neglected.
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where

¢ gde 0
A = 2nc® _tde on 2jdn,nz (1—n?) {(n,cr—iz)

J (2mhc)® Oe

a Ta® ca
— (merrg) e = i@ (o)
Here Sph is the phonon entropy per unit volume of the
liquid, equal to (27%/45)(T/hc)?, and

(D(x)___z fdt[(e —1) (1 —e)]- nj'
() ()}

Let us calculate also the non-equilibrium part of the
entropy flux

(1 —n.t)dn,

ds 6na ®VT
v =) Fa ey
Substituting here (11) and neglecting the contribution
of the phonons to the flux, which is proportional to the

temperature gradient, we get

% (?T 2ne P

¢/ (5) = ——— j (

e*de i)no { 2
T 6:1: Tn “oz

2mhic)® “oe 15

) a
) g/ er (__ ¥+ nect ) } i
n.ct 2

The heat flux through the gap is equal to

CcT

+j(1—-n, n,dn,ch(

a/2
oT
Q=T J‘q,'dz=—ax

—-a/2

Thus, the presence of weakly-damped phonons in the
liquid gives rise to a term proportional to the tempera-
ture gradient in the expression for the mass flux (the
thermomechanical effect), and to a term proportional
to the pressure gradient in the expression for the heat
flux (the mechanocaloric effect). Formulas (13) and
(14) are in full agreement with the principle of the
symmetry of the kinetic coefficients.

As seen from (13), in order for mass transport to
be absent, the pressure difference AP and the tem-
perature difference AT at the ends of the gap should
be connected by the relation

AP ca

7= 50 ()
For a < ca/T?, using the limiting value &(=) =1, we
obtain

1 oP

+—=22A

oz n oz (14)

AP [AT = S,

The last formula differs from the known formula for a
superfluid liquid only in that the entropy is replaced by
the phonon entropy. This is perfectly natural, for in
the case of a superfluid liquid, the normal part carry-
ing the total entropy does not flow in practice through
a narrow gap, and in our case the transport of phonons,
and consequently of the phonon entropy, through a gap
that is thin compared with the phonon free path is ex-
ceedingly difficult.

In the opposite limitin F case a > ca/T? noting that
&(x — 0) = (2/7°) (x/m)¥?, we get

(15)
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It is important to note that in the last case of large
thicknesses a, the main contribution to A is made by
phonons with a mean free path on the order of a. The
energy of such phonons is small compared with the
temperature. In order for formula (15) to be valid it is
therefore not necessary to satisfy the inequality
T < @. All that is needed is that relation (2) be ap-
phcable to phonons with energy of the order of
(ca/a)Y? For this reason, formula (15) describes the
thermomechamcal effect in any liquid at any tempera-
ture, provided the thickness a is large compared with
ca/(hw,)?, where w, is the frequency above which an
appreciable dispersion of sound begins. It must be
borne in mind, incidentally, that when a increases the
wavelengths of the phonons that determine the effect
increase, and the reflection of the phonons from the
walls ultimately ceases to be diffuse.

3. PROPAGATION OF SHEAR OSCILLATIONS

Let the liquid be in contact with a flat solid surface
executing tangential oscillations with frequency w. If
we neglect the phonons, then, as is well known, the
shear oscillations that arise in the liquid (the viscous
wave) attenuate exponentially at distances on the order
of the depth of penetration 6 ~ a.(®/hw)Y?, where a,
is the interatomic distance. When phonons are taken
into account, motion occurs in the liquid at distances
that are large compared with 6.

Let the solid surface be the xy plane, let the oscil-
lation direction be the x axis, and let the liquid occupy
the region z > 0. We are interested only in values
z > §. The function x then satisfies the homogeneous
equation

7 1
cn,l—f- (-—-— im)x =0,
0z T

from which it follows immediately that
x = F(p)exp {— nzct +%}

where F(p) is an arbitrary function, From the re-
quired finiteness as z — <, we obtain the equality
F(nz < 0) =0. For phonons with nz > 0 the distribution
function at z = 0 should correspond to motion of the
gas of phonons as a unit, with the velocity of the sur-
face V, i.e., it should equal no(€ - pxV). It follows
therefore that F(ny > 0) = —pxV. Substituting now the
function y in the second equation of (8) and taking into
account the fact that when z > 6 the liquid can be re-
garded as ideal (n = 0), we obtain the velocity of
motion

j- e*dedo ana oy,
= iopd (2mAc)’ ae * oz,

i ‘de @
2t (i) i

X exp {— z/n.ct + iwz/cn.}.

If z < ca/T? then exp(-2z/nzcT) can be replaced by

unity, and after integrating over the energies we obtain
_— 2nti Vi ( Ti

—_—Y— — n2)elorlen,
20 pRcaw “20m T’) j dn.(1—nt)e

A. F. ANDREEV

From this we have for z < ¢c/w

__ Anti TI° 7l oo 7)
T 63 4 pﬁ’c'am( 205 T* ) *
and for z > ¢/w
. Aan T2 \* 7i oo\ e (18)
v= 21 V( hcm) (1 20n? Tz) apz®

In the opposite limiting case z >> ca/T?, the main
contribution is made by phonons with energies that are
small compared with the temperature. We can there-
fore put 8n,/9€ = —T/€? after which we can readily
integrate with respect to the energies. As a result we
get

= _E_B_i i ¢ /3 —n? —_— P foz/eh
v= 64V pe (nh’) (cz) J. (A—n )dn,( 1 3en. )e -
The last formula goes over into
3i . T a\"
—_—— btt) 19

B =516 o ( :nﬁ’) (cz) (19)
when z < ¢/w and into

= —— V E b i ~1/pt0z/0 (20)

BT pmz( nﬁz) (cz) e

when z > ¢/w.

Since 6 is always small compared with ¢/w, there
exist three frequency regions:

1) w > T% a. In this region, u is first independent
of z with increasing z (6 < z € ¢/w, formula (17)),
after which it decreases like z™* (formula (18)) and
then like z™"/2 (formula (20)).

2) 6 € ca/T? X c¢/w. Here the velocity is first
ing/ipendent of z, then varies like z™%2, and later like
z7",

3) 6 > ca/T? The velocity decreases first like
z"%? and then like z™"/2,

One can make the same remarks with respect to
formulas (19) and (20) as were made in the preceding
section with respect to formula (15). Their applicabil-
ity is not limited by the condition T < @, since the
phonons that matter are those for which c7 ~ z.

In conclusion we note that perfectly analogous ef-
fects should also be observed when temperature waves
propagate in a liquid. In general, it can be stated that
whenever ordinary hydrodynamics leads to an exponen-
tial damping of the perturbations, the influence of the
phonons always causes the appearance of power-law
‘‘tails.’”” In particular, such power-law ‘‘tails’’ should
be observed on the trailing edge of a shock wave in a
liquid.
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