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We investigate the evolution of homogeneous metrics of type VIII and IX. For a long era, when two of 
the metric coefficients oscillate and one decreases in time, we obtain an analytic solution of Ein
stein's equations; this solution is valid for arbitrary oscillation amplitudes. 

THE general solution of the gravitation equation near 
a singularity in time was investigated in[1, 2l. A charac
teristic property of the metric is its oscillatory behav
ior, which is quite similar to that revealed by the 
metric in the homogeneous models of type VIII and IX 
after Bianchi[3' 4l. The evolution of the metric in these 
cases consists of long periods (or eras), during the 
course of which two out of the three metric coefficients 
oscillate against the background of a smooth decrease. 
In the interval between the long periods, the metric has 
a Kasner character. The behavior of the metric during 
a long era, for the case of small-amplitude oscillations, 
was investigated in[ 3 l_ 

In the case of large oscillations, the solution was 
obtained by the "joining-together" method[5l, and in 
each section between the minimum and the maximum 
the metric was approximated by a Kasner solution. 

In the present paper we obtain an analytic expres
sion for the metric of type IX or VIII; this solution is 
valid for a long era at arbitrary oscillation amplitudes. 
In limiting cases, the obtained solution gives the 
results ofrs,sJ. 

We write the homogeneous metric in a synchronous 
reference frame in the form 

-dB'= -dt' + (a'lml, + b'mmm, + c'nmnp) dx"dx', (1) 

where a, b, and c depend only on the time t, and the 
vectors 1, m, and n depend only on the spatial coordi
nates xC¥. These vectors are subject to the conditions 

I rot I= 1.., 
Irotm= 0, 
Irotn = 0, 

mroti=O. 
mrotm = f.L, 
mrotn=O, 

nrotl=O, 
nrotm=O, 
nrotn=v, 

I[m x n] = 1, 1.., f.L, v = const. 

The solution of (2) is given in the appendix of[ 3 l_ 

(2) 

The Einstein equations in empty space Rik = 0 re
duce to ordinary differential equations for the functions 
a, b, and c. It is convenient to introduce a variable T 

by means of the relation 

d1:= dt I abc. (3) 

The system of equations for a, b, and c is 

(In a'),= (v.b'- vc')'- 1..'a', 

(In b')., = (vc'- Aa.')'- v."b', (4) 
(Inc'),= (Aa.'- v.b')'- v'c'; 

(In a'),(ln b'), + (In b'),(ln c'), + (In c'),(ln a'),= 
= 1..'a' + v.'b' + v'c'- 21..v.a'b'- 2v.vb'c'- 2vJ..c'a'. (5) 

Equation (5) constitutes in essence one of the first in
tegrals of Eqs. (4). 

Long eras are characterized by the fact that one of 
the functions, say c, become small compared with the 
other two. Neglecting the value of c in the first two 
equations of the system (4), and introducing the nota
tion 

(6) 

we obtain from (4) and (5) 

(x + cp), = o, (7) 
(X- cp)., = 2'-'(e'•- e'"), (8) 

'¢.(cp, + x,) = -cp,x, + t.'(e"+ e•). (9) 

Here we put I A I = I iJ. I = I 11 I without loss of general
ity. The minus sign in (9) pertains to the metric of 
type IX and the plus sign to the metric of type VIII. 

From (7) it is obvious that x + cp is a linear func
tion of T, which we write in the form 

x+IJl=p('t-'to), (10) 

where we assume, for concreteness, that the constant 
p > 0. We introduce the variable ; in the following 
manner: 

41. s = - e1f2p(T.-T.o). (11) 
p 

Then we obtain for the function q = x - cp the equations 

1 
q,, + ~ q, + sh q = 0. 

(12) 

The equation for 1/i is 

,p,=- 2~+ ;S(q,'+2chq+2). (13) 

The metric coefficients a 2 and b 2 of interest to us are 
expressed in terms of the function q as follows: 

a'= p~e'1'· 41. • b' = Ps e-•'' 41. . 
(14) 

Equation (12) was first derived in[ 3l, where it was 
investigated for the case of small q. During a long era, 
; changes from large values to zero. We investigate 
the case of large ; without limitations on the value of 
q. In this case we employ for the solution of (12) a 
method similar to the WKB method. 

We consider first the equation 

qu + sh q = 0. (15) 
Its solution q0 is determined by the relation 

2k' 
chq, = 1 +Fcn'u, 

6 u =y-+a. (16) 
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Here k :s 1 and a are two constants that determine 
the solution, k' 2 = 1 - k 2, en u is the elliptic Jacobi 
function (see, for example, [sJ). We shall seek the solu
tion of (12) by the method of varying the constants 

q = q,(6, k, a), (17) 

With k and a assumed to be functions of ~. At large 
~. these functions will be slow. We stipulate satisfac
tion of the relation 

(18) 

This requirement, together with Eqs. (12), leads to a 
system of equations for k and a: 

da dk 
q,. d6 + q,. d~ = 0• 

da dk 1 q,., d~ + q,., d~ = - T q,,, (19) 

which can be solved with respect to the derivatives 

da _ q,,q,. 
d~ --~· 

(20) 

dk q,,q,~ 

d~=~, (21) 

(22) 

In calculating D., 1> and also for further calculations, 
we shall need the explicit form of the derivatives that 
enter in the formulas 

2k q,, = - 11 enu. q,. = -2ksnu. (23) 

2k q,., = -~~enudnu; 

2k'~ 2 enu 2k a 
q,. =- -,;;J sn u + k" ~ + dn u dk (en u), 

2k'~ 2 2k a q,., = -k"enudnu- k''snu-k'iik(enu). 
(24) 

Substituting formulas (23) and (24) in (20) and (21), we 
obtain 

dk kk" 
-= ---sn2 u 
d~ ~ ' 

(20') 

da = ~ sn' u _ f sn u en u 
d~ k' ~ dn u 

kk" snu a 
---(snu). (21') 

6 dnu ak 

Equation (20') and (21 ') are exact. In the case of 
large ~, they can be solved approximately by using the 
fact that the period of the oscillations of the functions 
en u, sn u, and dn u is much smaller than ~. It is 
therefore natural to separate the non-oscillating part 
from Eqs. (20') and (21'). In integrating (20') and (21'), 
the smooth parts accumulate with increasing ~, so 
that the order of the oscillating increments of a and k, 
compared with the separated smooth function, is 1/ ~. 
We thus neglect the dependence of k and a on u and 
average formulas (20') and (21') over the period. We 
obtain 

da k' D 

ds =k'K"' 
dk kk" D 
d~=--~-K:· 

(25) 

(26) 

1lThe fact that !':. is independent of ~ is no accident, but results from 
the form of Eq. (I 5); q~~ + f(q) = 0. Differentiating this equation with 
respect to the parameters a and k, multiplying the resulting equations by 
Qk and Qa, respectively, and subtracting one from the other, we get 
a!':.; a~= o. 

Here K and D are complete elliptic integrals. Equa
tion (26) can be integrated: 

Dk' I k' = C/ 6 (27) 

( C is the integration constant). 
We note that following the averaging indicated above, 

the second and third terms of (24) give identically zero. 
Since the first term contains the large factor ~. the 
oscillatory corrections to k turn out to be very small. 

The oscillatory corrections to a, however, are ap
preciable, since they change the argument of sn u, en u, 
and dn u by an amount on the order of unity when k, 
k' ~ 1. We shall show, however, that in this order the 
total corrections to the argument u do not contain 
oscillating terms. In fact, by definition, 

du 1 6 dk' da 
d6 =k'-k"df+ ds· 

Using the equations (20') and (21 '), we therefore obtain 
du 1 (21 ") 

Thus, the "frequency" du/ d~ coincides formally with 
the parameter 1/k', just as in the unperturbed solution. 

The phase a can vary quite rapidly as a function of 
~ (faster than ~/k' if C is large). Using formulas (14) 
and (16), we obtain final expressions for the coeffi
cients a 2 and b 2 : 

a' = 4~i, ( dn u + k en u) , 

b' = J1_ (dn u - ken u) 
4Ak' ' 
u = slk' +a, 

(28) 

where k and k' are determined by (27), and a by (25). 
It remains to obtain an expression for the third co

efficient c 2 = ei/J. Equation (13 ), which defines the 
function 1/J, can be solved in quadratures: 

1 C' s Kdk 
llJ = - 2 Ins-2 k"k'D' (type IX). 

1 C' f Kdk 
llJ = - 2 lns- 2 k"k'D' (type Vll). 

(29) 

(30) 

In the derivation of (29) and (30) we used the relations 
(16), (23), (26), and (27). 

Formulas (28)-(30) solve our problem completely 
at large values of ~. Let us investigate the limiting 
cases. We consider first the case C/~ << 1. From 
(27) we obtain in this case 

k = (4C In~)'", k'::::: 1; (31) 

the elliptic functions sn u, en u, and dn u go over re
spectively into sin u, cos u, and 1. From (25) we obtain 
the phase 

a ::::: (2C In) ln ~ + a,. 

Equation (29) and (30) reduce in this case to 

2C (C' 1) ljJ =- ~ + --- In~+ const 
n n' 2 

~· 2C 1 7C') 
ljJ =-+-~- (-+-. lns+eonst 

4 n 2 n' 

(type IX), 

type VIII). 

(32) 

(33) 

(34) 

Thus, for small-amplitude oscillations, the formu
las that give the metric coefficients at large ~ take the 
form 
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2 P6( 1f4C ( 2C )] a = 4i 1 + y ~cos (; +-;-In(; + a, , 

2 P6[ 1f4_C ( 2C )] b = 4i 1- y ~cos 6 +-;-Ins+ a, , 

c' = co'6-<'f>+7C't•') exp {2C6 In+ 11.6') (type VIII). 

(35) 

(36) 

37) 

(38) 

Formulas (35)-(37) coincide in the assumed ap
proximation with the results obtained in[3J, and formula 
(38) was obtained earlier in[ 4l, 

A more interesting case is that of large-amplitude 
oscillations, C » ~. In this case it follows from (27) 
that k is close to unity, and k' is close to zero. The 
approximate solution of (27) and (25) is 

' 6 c 
k =cin~, 

c 
a = a, - C In In --r . 

(39) 

(40) 

The period 4K of the Jacobi elliptic functions behaves 
like 4 ln ( C/ ~ ). Therefore the period in terms of the 
argument ~ is approximately equal to 4~L 2/C, where 
L stands for ln ( C/ ~ ). We emphasize that this period 
is small compared with ~. thus confirming the cor
rectness of the assumed approximation. 

Using the properties of the elliptic functions at 
small k', we can reduce the expressions for a 2, b 2, 
and c2 to the form 

a'= ..!1._[ a(__!:_) dn u + (1- a ( ..!!:__)) ~] 
2'J...k' 2K 2K 4dn u ' 

b' = 2~:, [ ( 1 - a ( 2~)) dn u + a ( ;K ) 4~~ u ] , 

where 

(41) 

(42) 

c' = c0 2£-'h exp {C' / 2ln (CIt,)}, (43) 

8(x) = '/,(1 + (-f)lx+'hl), {44) 
1 c 

K=In-; u=----Cinin(C/s)+ao (45) 
k' In(C/s) · 

The square brackets in (44) denote the integer part 
of the number. We present an approximate parametric 
expression for the function dn u at small k': 

dn u ~ rcos' q> + k", 

We note that formula (43) for c2 is equally valid for 
metrics of type VIII and IX in the approximation of 
large C/~. 

From (46) in the interval 0 < cp 1T/2 it follows that 
dn u = 1/ch u (see alsor7l), and formulas (41) and (42) 
take the form 

a'=--::-:-.::--pC----cc-_ 
2'J...In( C/s) chu' 

b' = Ps'ln(C/s) ch 
8'J...C u, 

(47) 

(48) 

whereby they describe the change of the metric coef
ficients in one half-period (cf.[ 3l, formulas (2.12) and 
(2.13)). 

In the case of extremely large C, when ln C >> ln ~, 
we can expand in (47), (48), and (43) in terms of the 
small quantity ln ~/ln C. We thus obtain the asymp
totic formulas 

a2 ,-.,.; ;;-C/ln C 1 

b2,......,. ;;c,tlnc, 

c2 ........,.. £lf2CC/In cp. 
(49) 

We have obtained a Kasner solution with a set of indices 
p1(s), P2(s), and p 3(s)l31, corresponding to the Kasner 
parameter 

s = C /2lnC. (50) 

We can trace further that on going over to the next 
quarter of the period, the functions a and b change 
places, as it were, and the corresponding Kasner index 
s decreases by unity (see formulas (41) and (42)). 

We have thus succeeded in solving completely the 
problem of the behavior of matrics of type IX and VIII 
during a long era at large values of the variable ~. At 
the end of the long era, when ~ « 1, the term sinh q 
in (12) becomes negligibly small, and the solution is 
described by power-law asymptotic formulas of the 
Kasner type, as was demonstrated in[ 3 l, 
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