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We consider a generalization of the zero-radius-potential approximation to include a multichannel
case. A phenomenological account of the splitting of the singlet and triplet terms of the molecule
makes it possible to calculate in this approximation the cross section for the excitation of the triplet
state of the molecule by electron impact. The calculations are made for the case of the e + H, system.
The energies and widths of the terms of the molecular ion H, are calculated. The trajectories of the
S-matrix poles on the complex-energy plane are investigated as functions of the internuclear distance.

1. INTRODUCTION

THE zero-radius-potential approximation has recently
been used in a number of problems in the theory of
atomic collisions.?™81 In particular, this approxima-
tion was used to consider scattering of electrons by a
hydrogen molecule.®! However, if we confine our-
selves to the simplest variant of the approximation,
wherein we seek the solution of the equation for the
free particle, and each atom in the molecule is re-
placed by one zero-radius potential (i.e., by the bound-
ary condition), then we can consider only elastic scat-
tering, thereby greatly limiting the capabilities of the
approximation. We consider here a natural generaliza-
tion of this approximation, whereby a multicomponent
wave function of the electron is introduced. This makes
it possible, in principle, to take a more detailed account
(phenomenologically) of the structure of each center—its
spin, the possible excited states, etc. For nuclear prob-
lems, such an approach (but only for the case of one
force center, i.e., for the case of spherical symmetry)
has been considered in Dalitz’s book.!”1 For the sim-
plest problem of two centers, the system e +H,, such
an approach was used in implicit form in 253, Inthese
papers, however, the splitting of the singlet and triplet
terms of the hydrogen molecule was neglected, a proce-
dure which is valid only at large internuclear distances
and which leads in the analysis of scattering to misun-
derstandings connected with the presence of exchange
scattering.

The zero-radius-potential is attractive because it
makes it possible to describe the interaction of a bound
state with a continuous spectrum of the system. We can
therefore trace the transformation of the bound states
into quasistationary states, the transition of the S-
matrix poles from one energy sheet to another, the
meanings of different types of resonances, etc. In the
present paper all this is done with the simplest system
e +H, as an example. We were able to calculate the
elastic scattering with excitation of the *Z] state of H,
and subsequent dissociation, the influence of the inelas-
tic channel on the elastic one, threshold singularities,
etc.
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2. ZERO-RADIUS POTENTIALS FOR A MULTI-
COMPONENT WAVE FUNCTION

Assume that in a multicomponent wave function

W= (Yo Yo ..., V) (1)
each component g satisfies the equation
[VZ—2V,(x) + k2], (r) =0. (2)
At the point r, we specify the boundary condition
xp.(r>||,_w~ﬁ+3,+0(1r—ra|), (3)

Bs = ZanAz, (4)
and assume that the potentials Vg(r) have no singulari-
ties at r =r,. The solution of Eq. (2) with singularity
(3) is the Green’s function for the potential Vg; if it is
known, then the scattering problem becomes algebraic,
In particular, if Vg(r)= 0 and there is an incident wave
in the j-th channel, then

e exp{ik.|r —ro|}
P, =¢ 6“+A,-——————-——lr_r0| . (5)
From the boundary conditions follows a system for the
determination of the coefficients Ag:

N
ik, A+ 8= ZJ (LY (6)

The multichannel problem can be reduced to such a
model by using the method of equivalent boundary con-
ditions,[”? provided only s-waves are present in all the
channels. The model wave function (5) then coincides
with the asymptotic form of the exact wave function at
large r, and the matrix o depends on the momentum
and is expressed in terms of the matrix a = K™ of the
reactions of the initial multichannel problem K. Both
matrices are self-adjoint and real, this being the conse-
quence of the self-adjoint nature of the problem and the
invariance against time reversal. The method of equiva-
lent boundary conditions is convenient when there are
several potential centers whose dimensions are small
compared with the distance between them and with the
electron wavelength.
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In the problem of electron-atom scattering, we ar-
rive at the described model if we replace the potentials
in the equations of the strong-coupling method by equiv-
alent boundary conditions. Let us consider by this meth-
od the exchange scattering of an electron by a hydrogen
atom. The results can also be used for other atoms
(with nonzero spin) by regarding them as valence elec-
trons situated in the field of the atomic core. In the
static-field approximation, with allowance for exchange,
the coordinate wave function, which has no definite sym-
metry with respect to permutation of the electron co-
ordinates, is

P (P, r2) = s (1) Qa(rz) + V2 (r2) Qa(rs).
Here ¢3 is the wave function of the atom, and the func-
tions ¢, and ¥, satisfy the equations
(V2 4 B = 2V + 2V, (V2 A B2 pa = 2Varths + 2V,

where

Qa(rs)?

Ir—r]
1 k?

— =5 )e(r)b(r) dr.

r—r.[ 2

Vn(l') = sz(l') = _L+j

dr,,
(7] () =70l =00 [ (7

By replacing the potentials Vg by the boundary condi-
tions, we obtain for the functions yg the equations

(V4 &) . =0, (7
and from the equality V,,(r) = V,,(r) there follows an
additional condition «,, = a@,, for the elements of the
matrix a. By solving (6) we obtain the connection of
o, and a,, with the singlet and triplet scattering
lengths a, and a_:

___a++a._ __ay—a-
O = 2a.a_ * Gz = 2a.a_ (8)

‘Let us now consider the scattering of an electron in
the field of two atoms a and b. We denote by @, and
¢p the wave functions of the valence electrons. The
wave function of the system is sought approximately in
the form

(T4, T2y Ts) == 1Ps (F1) @a(F2) P (Fs) + P2 (r2) Pa(rs) @o(rs)
+ s (rs) Pa(r1) o (r2) + bu(rs) @a(rs) s (r2) 9)
+ s (r2) Pa(rs) o (1) + e (rs)Pa(r2) @u(rs).

Assuming that the functions ¢, and ¢ do not overlap
and disregarding their distortions when the atoms come
close together, we replace the potentials by boundary
conditions and obtain Egs. (7) for the functions g. At
the points ry and ry we specify boundary conditions of
the form (3) and (4) with respective matrices @ and
ab having a dimensionality 6 x 6. The nonzero elements
of these matrices are expressed in the following manner

in terms of the quantities o »D and oz , which char-
acterize the individual atoms
Gu® = Q1s%  Ban—t2n = Oan 201 = 01"
] b
G0 = 01, Wznznst = Tznir2n = Qi2®,  Bue’ = Jou® = a0’

The unitary transformation of the vector ¥(1)
Y =U¥

transforms the matrices of the boundary conditions as
follows:

o =U-'a°U, o¥'=U-'a’U.

Yu. N. DEMKOV and V. N. OSTROVSKI{

Using the symmetry of the problem against permuta-
tion of the electrons, we can find the unitary transfor-
mation U that transforms the matrices @% and ab si-
multaneously into the cellular-diagonal form:

1/2 _112 0 l/‘z _1/1 0
—-l/z 1/2 ‘/z 0 0 —1/2
Y, Yo = 0 0 —s
U= vy, 1, 0 -, -, 0 ,
Vs —VE Y8 —yys 1¥ys —1Vs
yve 4ys 4ys  4yes 1Y% 1Y%

= {M;, Mg, Uyy® — Q2% [ + (lna}y
= {Mb, M,, g’ — a, s’ + aizb};

1 a
o’ — 5 oy® 5 %12
Ma = - 1 ’
3 (T on® + 5 012”
3
oy — 5 o1 — "—V 0122
My,=

- 0’ an’+ % o1”
The curly brackets glve here the cells of the trans-
formed matrices a3 and @ in the diagonals; all the
other matrix elements are equal to zero.

We can now satisfy the boundary conditions if only
¥/ and P4 in ¥’ are different from zero. The wave
function of the system is then

B 1) = 0 (00 [0a(5) 0(02) + 0. (0) 011
— 0 (1) [0 () @ (e2) wu(rz)cpb<ra)]+—wz (00 [0u (k) 0o ()
— Qa(rs) @o(r2) ]+ 75’172/(1‘2) [@a(xs) @5 (xs) — @a(rs) Qo (rs) ]

W O )R e )0 ()]}

and corresponds to a spin S =%,.t81 It is a superposi-
tion of two configurations: a weakly-bound electron de-
scribed by a function i in the field of the singlet state
of the quasimolecule, and a weakly-bound electron de-
scribed by the function ¥} in the field of the triplet state
of the quasimolecule. The case when only ; and ¥}
differ from zero also leads to S =%,. If only ¥/ differs
from zero, then S =3%,; finally, if only ¢/ is not equal
to zero, then the coordinate wave function of the system
(9) turns out to be symmetrical in the coordinates of all
the electrons, which is forbidden by the Pauli principle.

3. SINGLET-TRIPLET SPLITTING AND ELASTIC-
AND INELASTIC-SCATTERING CROSS SECTIONS

The equations (7) for ] and ¥; do not take into ac-
count the quasimolecule-energy difference €(R) between
the triplet and singlet states (R =rg — rp) is the inter-
nuclear distance). This splitting can be taken into ac-
count phenomenologically within the framework of the
employed model, if it is assumed that the functions ]
and ¢j satisfy the equations

(VP kD)9 =0, (V4 kv =0; k’—

with the same boundary conditions as before. €(R) is an
external quantity with respect to the model and should
be obtained from an exact calculation of the terms of
the molecule or from experiment.

k? = 2¢(R)
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Let us consider the scattering of an electron with
momentum K, by a molecule in the ground state, as-
sumed to be singlet. The total spin of the system is
S =Y, and the functions ¥ and ¥} are given by

exp{iki|r —ro|} exp{ik,|r —r,|}

1‘pll = ¢’ + A +AA10
] r—n]
ik,|r — o iks|r —
o — Rl exp Wl — ]}
[r—rd [r — |

The elastic-scattering amplitude (at a fixed position of
the nuclei) is

fe(0) = A" exp{i'/2k:R cos 0} + A.° exp{—i'/.k.R cos 0},
where 0 is the angle between the momentum vector of
the scattered electron and R. When k, > v 2¢, there is

also inelastic scattering accompanied by a transition of
the molecule into the triplet state, with an amplitude

fi(8)= Ay exp{i'/2k.R cos 0} + A" exp{—i'/2k.R cos 0}.

Aas" b is determined from an inhomogeneous system of

four linear equations; this system follows from the
boundary conditions

1 1 3

ik AL+ A, eXP{ - i_kiR}= (aub _‘—‘aizb)Asb + :}/_3 a.°4.°%,
2 2 2
1 3

ik, A," + 24" = ( ay’ + ) 02" ) A2 — 12 [ S

(10)

1 1 /3
ik,A° + 'Yleb + exp {l'TZ‘ kR } = (au‘l - ‘—2 anu) A — 12— a2°4.°,

iszzb + ’YzAzaz ((lnb + % (hzb) Azb +1/2§‘ zebAtb,
where yg = exp (iksR)/R.

In the case when the atoms a and b are identical,
we can use the classification with respect to parity to
break up the system (10) into two systems of two equa-
tions. We put

A.izAiaiA4b, A[‘t=Azu:FAzb;

and then, solving these systems, we obtain
A= ®[exp(i'2k:R) + exp(—i'/sk:R)],

where
ik, +y.— (oas -+ ‘/2012) ngz
- AL - "E‘A?.,.
As = [iky = yi — (@1 — Y2a12) ] [ik2 TF ¥2 — (@i + Yoas2) ] — 3a0sa®

OF =

. O =

The total elastic- and inelastic-scattering cross sec-
tions averaged over the molecule orientations are, re-
spectively,

u,=4n{|q>.+|z(1+Si“k‘R)z+[cn.-|2(1—‘°‘i“k‘3)2}, (11)

kR kR
e
—I—ItI)z‘I‘(1—Si2§?’R)(1+Si2;R)}, (12)

A discussion of the region of validity of the approxi-
mation of the zero-radius wells in the theory of scatter-
ing of electrons by molecules can be found in Subraman-
yan’s paper.t5J On the low-energy side it is determined
by the fact that no account is taken of the polarization
effect; on the high-energy side it is determined by the
fact that no account is taken of the possibility of elec-
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FIG. 1. Cross section for the elastic scattering of electrons by a hy-
drogen molecule.

FIG. 2. Cross section for the excitation of a hydrogen molecule by
electron impact in the state > Z ;*: I—results of present work, II—calcula-
tion by the Ochkur-Rudge method [ '¢] ; +—variational calculation [!°].

tron excitations. When the multicomponent-function
model is used, the latter limitation is partly lifted.

Subramanyant®? disregarded the splitting €(R) of the
singlet and triplet terms of the molecule. The elastic-
scattering cross section obtained by him (formula (22)
of his paper) is actually equal to the total cross section
Oe +0ji; his result for this quantity coincides with that
obtained from our formulas (12) at € =0. Figure 1 al-
lows us to evaluate the relation between ge and ¢j at
€ =0 (curves I and II) with the scattering of an electron
by a hydrogen molecule as an example. The values of
a,;, and @,, were determined from the calculated scat-
tering lengths'®? a, =5.7a, and a_ = 1.768a,; the in-
ternuclear distance is R = 1.4a,. Introducing € (1.4)
= 0.3903 at.un.,™®? we obtain the curve III for ge. At
the inelastic-scattering threshold it has a vertical tan-
gent.[!!) This section is shown separately in an en-
larged scale. The maxima on curves I and III are due
to the antisymmetrical part of the scattering, i.e., to
the second term in (12). To illustrate this, the dotted
curve shows the contribution of the first term of (12) to
the curve III. A discussion of these maxima will be pre-
sented below in the analysis of the quasistationary
states. Curves IV and V{!% 131 represent the results of
theoretical calculations of the cross section, and the
dashed line represents the experimental data.t'*?

Curve I on Fig. 2 shows the cross section for the ex-
citation of the lower triplet state *Z{ of the H, mole-
cule, calculated from formula (13). There is a varia-
tional calculation of this process,!!*! which is accom-
panied by the dissociation of the molecule in accord with
the repulsive *Zy, term. There are no details of the cal-
culation in [!%)) so that it is impossible to assess its re-
liability. All the other calculations of ¢j are based on
various modifications of perturbation theory. Curve II
gives the results of the most reliable of these calcula-
tions, in which the Ochkur -Rudge method is used. 611

It can be concluded from Figs. 1 and 2 that the model
of zero-radius potentials yields somewhat undervalued

DSince the motion of the nuclei is taken into account in the cited
paper, the threshold is shifted towards lower energies.
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FIG. 3. Terms of the molecule H, and of the molecular ion H, .

results for both oe¢ and oj. This is natural, since real
potentials with finite radii of action lead to a wave func-
tion with a larger effective radius and this in turn in-
creases the cross section. It is well known that pertur-
bation-theory calculations overestimate the scattering
cross sections; our model underestimates them, so both
methods supplement each other to some degree.

4, TERMS OF THE SYSTEM e +H,

The energies of the bound and quasistationary states
of the molecule, corresponding to a total spin S =%,
are the roots of the determinant of the system (10). The
transcendental equation from which they are determined
breaks up in the case of a molecule made up of identical
atoms into two independent equations for the states u
and g, respectively; when €(R) = 0, this equation coin-
cides with that obtained by Smirnov and Firsov(2]

(Eq. (16) of their paper; Eq. (13), contains, in addition,
a factor that describes states with S =3%,).

Using €(R) from 01 we calculated numerically the
terms of H, shown in Fig. 3, and their energies were
reckoned from the terms of H,,[1°) which are also
shown. The term '} of the molecule H, is the bound-
ary of the continuous spectrum for H;; above this term,
the energies of the terms of H, become complex, and
Fig. 3 shows their real parts. At the point where the
spectrum becomes continuous, the term 2%} is tangent
to the boundary of the continuous spectrum (the vicinity
of this point is shown in Fig. 3 separately in an en-
larged scale), and the term 2%j, crosses it, as re-
quired by the theory.[ %3] We note that if we put e(R)
= 0, then both terms are tangent to the boundary of the
continuous spectrum, for in this case the expansion of
the wave function of the outgoing electron in partial
waves will always contain an s-component, which be-
comes predominant at the instant of tangency.

Since we determined ®;, and a,, from the scattering
lengths, and since a,, a_> 0 for hydrogen, two bound
states of H™, singlet and triplet, are obtained in the
zero-radius potential model. Actually, the state H™(3S)
does not exist, but its appearance in the model can be
understood from the following considerations. It is
known that the equation with the static and exchange po-
tentials for the triplet state has a solution that coincides
with the atomic wave function.t?? The total two-elec-
tron wave function then vanishes identically because of
the antisymmetrization. Our small-radius potential is
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FIG. 4. Trajectories of the S-matrix poles for the zEg* states of H,~
on the two-sheeted surface of the complex momentum in the first chan-
nel k,. The values of R are indicated, The cuts are not shown, since the
positions of the branch points k; = £1/2€(R) depend on the parameter
R.

an approximation of the static potential with exchange,
and also has a corresponding solution (but with a differ -
ent energy and a different wave function). This state
should be regarded as forbidden by the Pauli principle.
It generates in our model two states of the Hz molecule
with symmetries 25} and 23(; these states lie below
the real terms of H, and are not shown in Fig, 3. One
of these states (antisymmetrical) goes into the continu-
ous spectrum at R =1.8a, and produces a sharp maxi-
mum of oe at k, = 0.44a;2.2’ Actually, such reso-
nances do not exist and the curve III of Fig. 1 should be
replaced in the region of the first maximum by the dot-
ted curve. The other maximum of o¢ (at k, = 0.76a;")
is due to the S-matrix pole corresponding to the physi-
cal 23} state, which in our model goes into the contin-
uous spectrum at R = 3.8a,.

Introduction of the splitting €(R) reveals clearly the
two-channel character of the problem; this character
was not considered in detail in earlier investigations.!?
51 The S matrix of the two-channel problem is speci-
fied on a four -sheeted complex-energy plane. We shall
map the results of the calculations on the complex-
momentum sheet in the first channel k,. This is a two-
sheet surface with cuts along the real axis from —« to
—v2e(R) and from v2e(R) to +«; on the first sheet
Im (k,) > 0 and on the second Im (k,) < 0, where k, is
the momentum in the second channel. Figure 4 shows
the trajectories of the S-matrix poles corresponding to
the states of H; with symmetry 2 zg* as functions of R.
At large R, a pole corresponding to the bound state is
located on the upper imaginary semiaxis of the first
sheet. With decreasing R, this pole moves downward
and merges with the pole corresponding to the virtual
state, after which the poles go off the imaginary axis,
become complex-conjugate,l*® 1 and move along the real
axis, which they gradually approach (curve a of Fig. 4).
At R = 2.8a,, they cross the cut and go upward from un-
der it to the second sheet.® In sheet II, a similar mo-
tion is executed by the pair of so-called shadow
poles,t21 which, however, cannot go under the cut (this

D A similar “ghost” resonance connected with a state forbidden by
the Pauli principle was obtained by Herzenberg and Law ['®] in a calcu-
lation of the cross section for elastic scattering of an electron by an He
atom.

3 As a result, there exists at R = 2.8a, a continuous-spectrum func-
tion (for k; = 0.502a,!) having only a converging wave in one channel
and only a diverging one in the other.
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would contradict the unitarity of the S matrix) and re-
main on the second sheet all the time. The real parts of
the complex energies of these two pairs of poles are
given by curves a and b of Fig. 3, respectively.

When the real 23}, term of H; lies under the ®Zj)
term of H, (but above the 'z} term of H,), H; can decay
only to the ground state of H,. The wave function of the
corresponding quasistationary state at large r has an
exponentially growing asymptotic form only in the first
channel and corresponds to the first pair of poles
(curve a). If the 22§ term lies above the *Z;; term of
H,, then two decay channels are open--to the ground
state 'Z& and to the excited state *Zy . The asymptotic
form of the corresponding solution increases with in-
creasing r in both channels. This resonance is de-
scribed by the second pair of poles (curve b) and leads
to a peak in the excitation cross section o (curvel,
Fig. 2). Thus, out of the two pairs of S-matrix poles
connected with the 2% states of the system, each de-
scribes resonances in a different region of the parame-
ter R.[') In the intermediate region there is a sort of
quasiintersection in the complex plane. This circum-
stance may be of interest in the theory of dissociative
capture,f?!]

The H, terms (Fig. 4) and the widths of the quasi-
stationary states given by the model in question differ
from noticeably from those obtained by the variational
method.[??? However, the results of t?2] are not per-
fectly reliable and deviate just as strongly from the
semiempirical relations obtained from the experimen-
tal data on dissociative capture.t?®! It should be noted
that the singularities of the motion of the S-matrix poles
corresponding to the 2 £}, states, which were considered
here, were not taken into account in the variational cal-
culation,t22]

5. CONCLUSION

The model of zero-radius potentials can also be ap-
plied without fundamental complications to more compli-
cated systems, in the analysis of several excited states,
of scattering by a polyatomic molecule, etc. The main
problem here is the development of a method for select-
ing the semiempirical parameters characterizing each
atom. It is obvious that the choice of these parameters
from the data for the free atoms is a rather crude ap-
proximation. With a suitable choice of the parameters,
the results of the calculation of the e + H, scattering
can be improved even within the framework of the pres-
ent approximation. However, the development of semi-
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empirical selection rules calls for a large volume of
systematic calculations for different molecules.
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