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Quantum size effects at temperatures T ~ !; are investigated theoretically. For semimetals, the 
chemical potential is !; ~ 100°K and depends little on T. It is shown that the amplitudes and phases 
of the size-effect oscillations of the thermodynamic quantities have a unique temperature dependence 
that is due to the non-equidistant distribution of the quantum energy levels. The obtained tempera­
ture dependence of the oscillation amplitudes explains qualitatively why the experimentally ob­
servedr5•61 decrease of the oscillations with increasing temperature is slower than called for by the 
theory(1'2l, 

1. INTRODUCTION 

IT is known [1,2] that spatial quantization of the conduc­
tion-electron energy in a film gives rise to periodic 
oscillations of the thermodynamic and kinetic quantities 
as functions of the film thickness L. Experimental in­
vestigationsrs-sJ of quantum size effects (QSE) in bis­
muth and antimony films show clearly the presence of 
periodic oscillations of the physical quantities not only 
at low temperatures 'ITT/!; << 1, but also at tempera­
tures 'ITT/!; ~ 1. For semimetals, the chemical poten­
tial I; depends little on the temperature and its order 
of magnitude is !; ~ 100°K. 

We shall arbitrarily regard temperatures rrT/!; ~ 1 
as high. In this temperature region, the formulas of 
the theoryr 1• 21 of the QSE, obtained under the assump­
tion that rrT/!; « 1, may, naturally, not hold. It is 
therefore of interest to report the results of a theo­
retical investigation of the QSE at arbitrary tempera­
tures. 

We calculate in this paper the oscillating part of the 
thermodynamic potential nose· Knowing nose, we can 
find the oscillations of the other thermodynamic quan­
tities. 

We show that at high temperatures the periodic os­
cillations of the physical quantities are possible only 
for films that are not too thin. The dependence of the 
amplitude and of the phase of the oscillations on the 
temperature is connected strongly with the non-equi­
distant character of the distribution of the quantum 
energy levels; an investigation of this character may 
yield valuable information on the structure of the 
electronic energy spectrum of the films. 

2. QUANTUM OSCILLATIONS OF THERMODYNAMIC 
QUANTITIES 

According to the general formulas of statistical 
physics, we have for the thermodynamic potential n of 
the electrons in the film 

0=- 2VT ~ JJ d2 ln(t+ex ~-e,.(p)) 
(2n11) 2L ~ p p T ' 

n=l 

where E:n(P) is the quantized energy spectrum of the 
electron, p the quasimomentum component along the 

(1) 

film, V the volume of the film, and the z axis is 
directed normal to the film. 

In the case of quadratic dispersion 

1 (n1ln )2 p2 

fn(P)='2,; L +2m' (2) 

the oscillating part of the thermodynamic potential 
nose can be calculated in explicit form at all temper­
atures. As a result we obtain from (1) and (2) 

o •• = :~~ exp [- k y2 {- (Yi + e.• -1)'1•] { )- (f1 + e.• + t)''• 
.r 2 

X sin [k vi{- (Y1 + e.• + 1)''•] + [ /2 (f1 +e.· -1)''• 

+ v:L ] cos [ k ¥25~ ( y H- e, • Y- t)''•]} , (3) 

where 0 is a smooth function, It = li/-./ 2ml;, and 

e. =n(2s-1)T It. (3') 

At low temperatures, ( 'ITT/!;)2 « 1, summing over 
s in (3), we obtain for nose the well-knownr 1J resule1: 

VT ~ 1 [ . ( L) }:. ( L)] ( nT L) 0 osc = 2n}:.L• k'l,l k" s1n 2k T + t2kL cos _2k T ih-\ k T T . 

(4) 
At high temperatures, rrT/!; ~ 1, it follows from (3) 
that Oosc has a rather complicated form in the case 
of thin films of thickness L ~ .ALs, being the sum of 
oscillations with different periods .A Ls. 

For not too thin films, when all the terms in (3) with 
the exception of nu can be neglected, nose is a 
periodic oscillating function of L, whose period 

(5) 

depends on the temperature. The amplitude of the 
oscillation is proportional to exp(-2'1T2T/.Aeff), where 
the function 

1>1n the temperature region 0 < 1rTL/fA ~ 1, the series (4) con­
verges slowly and does not give an idea of the form of the oscillation 
curve. A different expansion for nose• which converges rapidly at low 
temperatures 1rTL/rll. ~ l,wasobtained in [ 1] and used to analyze the 
temperature dependence of the form of the size-effect oscillations of 
the specific heat. 
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T _ 1 L (1/ (nT)' )'" -------::::- yt+- -1 
Ae eff n'}'2 J\ b 

(6) 

increases with increasing T more slowly at tempera­
tures rrT/l; ~ 1 than at low temperatures ( rrT/?;)2 

« 1 (See Fig. 1). 
The temperature dependence of the amplitude of the 

oscillations is characterized by the value of af:eff 
determined from formula (6). When ( rrT/1;)2 « 1 we 
have .6.f:eff = 2rr:kl;/L, which coincides with the dis­
tance af: between the quantum energy levels near the 
chemical potential l;. With increasing temperature, 
af:eff increases and at ( rrT/ l; )2 >> 1 we have .6.f:eff 
= af:-./ rrT/2?;. The increase of ae:eff with increasing 
temperature is due to the nonequidistant character of 
the energy spectrum (2) and it plays an important role 
in the estimate of the amplitude of the oscillations at 
high temperatures rrT/ l; ~ 1. 

The non-equidistant character of the quantum energy 
levels becomes manifest also in oscillations of the 
thermodynamic quantities with changing temperature. 
The period of the temperature oscillations, as follows 
from (3), is 

2''• J\ 1/ ___ T ' 1/ T ' 'I• 
A(T')=~'-;--yf 1+ (y) ( 1+f t+(-f-)) . (7) 

When ( rrT/1;) 2 « 1 we get a(T2 ) = 8x-l; 2/rrL from (7). 
In determining the period (7) of the temperature oscil­
lations, we have neglected the temperature dependence 
of the chemical potential l;. For semimetals at rrT/l; 
~ 1, the temperature dependence of the phase of the 
oscillations is determined mainly by the non-equidistant 
character of the energy spectrum. In more detailed 
calculations, if the explicit l;{T) dependence is known, 
the formulas (3)-(6) above enable us to take into ac­
count also effects connected with the change of the 
chemical potential l; with changing temperature. 

For bismuth films of thickness L ~ 10-5 em at tem­
peratures T ~ 100°K, the period of the temperature 
oscillations is aT ~ 1 0°K. To observe these osc illa­
tions, it is necessary to have not too thin films with 
L > :k, otherwise the period aT will be too large. The 
film thickness is bounded from above by the usual 
condition for observing the quantum size effect, since 
the amplitude of the oscillations decreases exponen­
tially with increasing L. 

The foregoing analysis of the oscillations of the 
thermodynamic quantities is valid near the edge of a 
nondegenerate band, for example for holes in bismuth, 
when the quadratic dispersion law is valid. For a 
more complicated dispersion law, for example for 
electrons in bismuth (see the next section), one obtains 
accordingly a more complicated temperature depend­
ence of the amplitude and phase of the oscillations. 

In the case of an arbitrary dispersion law, the os­
cillations of the thermodynamic quantities can be cal-

T/A•erf 
• 

T 

FIG. I. Temperature dependence 
of the quantity T/!J.Eeff, which de­
termines the amplitude A of the 
quantum size-effect oscilations (A -
exp(-27r2 T/!J.eeff), in the case of 
quadratic dispersion. 

culated in the quasiclassical approximation using the 
quantized energy spectrum f:n(p) of the conduction 
electron in the film, determined by the condition[sJ for 
the quantization of the chord of the equal-energy sur­
face: 

P,==lp, 1 -p,2 l=2nhn/L, n=1,2,3,... (8) 

In this case we obtain from (1) for Oosc 

2VT ~~ 1 { Rose=-- -Re (±/)-'" nhL' kr' • 
"·•=1 

X expt[k ~P,(b+tn(2s-1)T)± :±: ]}. (9) 

where the quantity 
o'P, a'P, a'P, • 

'· = op.' op.' - ( ap, ap,) 

is evaluated at the energy e: = i; + irr( 2s - l)T. Equal 
signs, which coincide with the sign of a 2 Pz/aPi;, are 
chosen in the phase of the oscillations if J > 0 and 
T = 0, and opposite signs are chosen in the case when 
J < 0; (±Js t 112 =I J l-1/ 2 when T = 0. 

The amplitude and the phase of the oscillations in 
(9) are determined by the dependence of the extremal 
chord Pz (aPz/apx = aPz/apy = 0) on the complex 
argument l; + irr( 2s - 1) T. At not too high tempera­
tures, it may be convenient to use the expansion 

P,(b+tn(2s-1)T)= f,J._ d"P,(in(2s-1)T)' 
~ v! d~· · 
'V=O 

(10) 

At temperatures rrT/ l; « 1, only the first terms of 
the expansion (10) are significant for the oscillations 
(9 ); these terms satisfy the condition 

For not too thin films it is possible to retain in (9) 
only one term with k = s = 1. At temperatures 

h/ LP,~ (nT n)'~ 1 

we obtain for Oosc from (9) 

2VT , [ L ( 1 1 ) ] Rosc=--,IJI-i•exp -nT- -+--
nhL h v,, lv,,l 

(10') 

(10") 

(11) 

Here Vzi and mii are respectively the values of the 
velocity Vz = aEjapz and of the effective mass m~-1 

= a 2 E/ap~ at the points where the Fermi surface 
intersects the extremal chord, These quantities can 
be determined from an investigation of the tempera­
ture dependence of the phase and of the amplitude of 
the oscillations in the given temperature interval (10"). 
With increasing temperature, it is necessary to take 
into account higher terms of the expansion (10). 

At low temperatures, (LPz/ti) ( rrT/?;)2 « 1, we 
can neglect the temperature dependence of the phase 
of the oscillation. In this case the period .6.L of the 
size-effect oscillations does not depend on T and is 
determined by the extremal chord Pz( l; )[ 91, 
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3. SEMIMETALS. TWO-BAND MODEL 

Let us consider in somewhat greater detail the 
oscillations of the thermodynamic quantities of the 
electrons in bismuth, for which the quadratic-disper­
sion approximation does not hold. This is of interest 
in itself because of experimental investigations of the 
QSE on bismuth films. In addition, the analysis pre­
sented here for the size-effect oscillations in the ap­
proximation of two-band model[IoJ shows that the tem­
perature dependence of the amplitude and of the phase 
of the oscillations is sensitive to the dispersion law, 
and its investigation may yield valuable information 
concerning the structure of the electronic energy 
spectrum. 

In the two-band approximation[IoJ (see the review[ 11J) 
we have for the energy spectrum of the electrons in 
bismuth 

where €g is the gap between the conduction and 
valence bands. 

(12) 

Using the quantization condition (8), we obtain from 
(12) for the quantum energy levels in the quasiclassi­
cal approximation 

Bn(P) (1+ Bn(P) )=-1-( nftn )'+£+ Pu'' (13) 
e, 2m, L 2mx 2mu 

where the effective masses mz, mx, and my and the 
directions of the x and y axes are expressed in a 
definite manner in terms of the components of the 
tensor all{' 

We shall need in what follows the mass mz, which, 
following[ 12l, can be expressed in terms of the princi­
pal values ml> m2, and m 3 , of the tensor O'ik: 

_, 1 2 ( 2nv ) + 1 ( . _., m'" =-sin''frcos <p+-- -- smacosv 
m1 3 m, 

( 2nv ) ) 2 1 ( + cos a sin 'fr sin <p + - 3- + --;;;; cos a cos 'fr 

( 2nv ))' - sin a sin 'fr sin <p + -3- , v =0, 1,2, (13') 

where a is the angle of inclination of the principal 
ellipsoid to the basal plane, J and q; are angles deter­
mining the direction of the normal to the film relative 
to the crystallographic axes, and the index 11 numbers 
the electron ellipsoids. 

As a result of analogous calculations we obtain for 
the oscillating part Oosc of the thermodynamic poten­
tial of the electrons in bismuth films 

2 

~ (') 
Q osc = "-.J Qosc; 

where the extremal chord Pz 11 is determined by the 
formula 

P, = 2l'2m,~(1 +~I e,), (15) 

!; is the chemical potential reckoned from the bottom 

of the conduction band, 
1 

y. = -={1'(1 + El.') (1 +e.,')+ 1- 8.e.,}'"· 
l'2 
1 

~. =-=.{"}'(1 + 8.') (1 + 8,,')-1 + 8,El,,}'h; 
l'2 

®s is defined by formula (3') and 

e.,= n(2s -1)T I(~+ e,). 

(16) 

(16') 

Summing (14) over s, we obtain for nts>c at low 
temperatures ( 11T/1Y < 1 the following periodic os­
cillating function 

(17) 

with a period 

(17') 

At not too low temperatures, only one harmonic with 
k = 1 is significant in (17), and we have for n~f~ic in 
this case 

,.<,> _ i2VT y~ p . (!:_p ) 
;:;.G osc- nliL2 m:~2 zv s1n h z.v 

X exp (-!:.....P'" nT 2~+ e,). (18) 
ft 2\; S + Bg 

At high temperatures, 11T >> !;, €g, we obtain from 
(14) 

" (') ;::,,::; osc 

X exp (-!:.._P, nT ) , 
It l'W; + e,) 

which oscillates with a period 

!!.L~'> = 2nlt l'~~ 
P, 1 + e,/2~ · 

The oscillation amplitude is proportional to 
exp ( -2712 T/ ~€eff ), where 

l nii , /-1;;- vr+Ve; 
L V 2m" 1/ 2 -f I;;Je8 

!!.eeff = v--nii e8 
L ·zm,' 

(~. )2 «1 . ~ """ 

(19) 

(19') 

• (20) 

Thus, in the limit of low and high temperatures, the 
phase of the size-effect oscillations of the thermody­
namic quantities does not depend on the temperature. 
The values of the oscillation period ~L11 and the values 
of ~€eff are different in the temperature regions un­
der consideration and are likewise independent of T. 

At low temperatures, ( 11T/!; )2 « 1, only the ener­
gies near the chemical potential !; are of importance, 
so that in the vicinity of !; the energy spectrum can 
be regarded with sufficient accuracy as equidistant, 
with a level spacing ~€V>. In the region of high tem-

peratures, 11T >> !; , €g, the energies €n >> €g are 
significant, and it follows from (13) that in this case 
the energy spectrum is equidistant with level spacing 
~€< 2 > The extremal values of ~€< 1 > and ~€< 2 > are 

II' II II 
determined from (13) with Px = Py = 0 respectively, 
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FIG. 2. Temperature dependence ofT /1'1€eff for electrons in bis­
muth, in the two-band-model approximation. 

but for €n - oo and €n » €g. In accordance with (20 ), 
the values of 6€eff coincide with 6€~1 ) and 6€~2 ) in the 
corresponding temperature intervals. It turns out that 
6€< 2) > 6€V), and this is of importance in the estimate v 
of the oscillation amplitude. 

From the measurement of 6€eff or of the oscilla­
tion periods 6Lv in the limit of high and low tempera­
tures it is possible to find the ratio €g /!;. In this case, 
if the effective mass mzv on the bottom of the conduc­
tion band is known, it is possible to determine the 
values of the energy gap €g and of the chemical po­
tential ~. 

In the temperature region 1rT ~ ~, E:g, a transition 
takes place from one oscillation regime to another. An 
important role is played here by the fact that the 
energy spectrum has a non-equidistant character, as 
revealed by the temperature dependence of 6€eff and 
of the oscillation phase (see Fig. 2). 

4. MAGNETIC SUSCEPTIBILITY 

Investigations of the quantum oscillations of the 
magnetic susceptibility of films in perpendicular mag­
netic fields is importantP3' 14 l in the study of the Fermi 
surface. Additional information concerning the elec­
tronic energy spectrum of the films can be obtained by 
investigating the temperature dependence of the ampli­
tude and of the phase of the quantum oscillations of 
the thermodynamic quantities with changing magnetic 
field at not too low temperatures. 

The thermodynamic potential il of the conduction 
electrons in a film in a perpendicular magnetic field 
is given by 

Q =-T~ ~ \"11n(1 +exp ~-e •.• +Y.), 
2nhcL~~ T 

a=t n,v 

~. = ~ + { -1) •neH I 2m,c. (21) 

In weak magnetic fields, 6€H « 6€L (6€H is the 
distance between the Landau levels and 6€L is the 
distance between the size-quantized energy levels), the 
quantum energy spectrum €n,v+1; 2 is determined in the 
quasiclassic.al approximation in the magnetic field by 
the quantization condition[ 141 

2nheH ( 1 ) 
S.(e)=-c- v+z- . (22) 

Here Sn(€) is the area bounded by the contour €n(p) 
= €, where €n( p) is the size-quantized spectrum at 
H = 0. The condition (22) is the analog of the condition 
obtained by I. Lifshitzr 1sJ and by Onsagerr 161 for the 
quantization of the energy spectrum of an electron 

with an arbitrary dispersion law in a bulky sample in 
a magnetic field. 

Followingr 171, let us calculate the sum over v in 
(21) by using the Poisson formula. As a result we ob­
tain for the oscillating part of the thermodynamic 
potential 

VTeH ' ~ ~ (-1)' ike 
Qosc= nhLc L,L, L, -k-Reexp[heH S.(~+in(2s~1)T)]. 

·~· ·~· •. ·~· (23) 
In the considered region of magnetic fields and tem­
peratures, only terms with k = s = 1 are significant in 
(23), and we can use the expansion of SnU;O' + i7TT) in 
powers ofT. For the oscillating part of the magnetic 
moment Mz.osc = -ailosc/aH we thus obtain 

M,osc = nh~;L .E E S.(~) 

(24) 

where m~ = dSn ( ~ )/ 27Tdl; is the effective mass corre­
sponding to the given sub band € n ( p) = ~ . 

When ( 7TT/~n)2 « 1, the only terms that are signifi­
cant in the series in terms of l in (24) are those satis­
fying the condition (cSn/fieH) (7TT/,n)2 ? 1, where ~n 
is the chemical potential reckoned from the edge of the 
corresponding subband. 

The number of terms in the sum over n in (24) is 
determined by the condition Sn ( ~0') =:: 0. For thin films 
near the "semimetal-dielectric" transitionr 1sJ due to 
the size quantization, this number is small. The oppo­
site case, when a large number of terms in the sum 
over n is important in (21), is considered inr 14 l 2). 

Differentiating Mz.osc, we obtain in the tempera­
ture interval 

heH I cS.~ (nT /~.)'~ 1 

the following expression for the oscillations of the 
magnetic susceptibility xosc: 

2VTc \"1 { c [ dm.' ]} 
Xosc=- nh'LeH'~S.'(~)cos heH S.(~)-n'T'~ 

( m.') ( cm.'T) X cos n-- exp -2n'-- . 
m, heH 

(25) 

(26) 

As usual, Sn U;O') has been expanded in powers of H 
and the principal terms were retained upon differentia­
tion. 

In the case when the effective mass mri. depends on 
the energy, as is typical of a non-equidistant energy 
spectrum, the phase of the magnetic-susceptibility 
oscillations turns out to depend on the temperature 3). 

2>The magnetic properties of metallic films in the case of a quad­
ratic dispersion law in a perpendicular magnetic field were considered 
in [ 19 ] forT 4!; ~. 

3>Formulas (23)-(26) make it possible to take into account the 
dependence of~ on the temperature. For electrons and holes in a semi­
metal, the change of the chemical potential is limited by the electron 
neutrality condition, so that 1rT /C2: I is satisfied in a wide temperature 
interval, and the non-equidistant character of the energy spectrum 
turns out to be significant in the temperature dependence of the am­
plitude and phase of the quantum oscillations of the thermodynamic 
(and kinetic) quantities. 
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Observation of this effect calls for sufficiently thin 
films, in which l;n is not too large (l;n - 0 as 
L - Lcr• where Lcr is the thickness of the semi­
metallic film at which the "semimetal-dielectric" 
transition takes place). In this case the condition (25) 
is satisfied in magnetic fields and at temperatures at 
which observation of quantum oscillations of the mag­
netic susceptibility is possible. 

We have confined ourselves here to an examination 
of quantum oscillations of the thermodynamic quantities. 
Similar features at high temperatures are possessed 
also by the quantum oscillations of the kinetic quanti­
ties. 

In conclusion, I am deeply grateful toM. I. Kaganov 
for interest in the work and for valuable remarks. I 
am indebted to E. I. Bukhshtab and Yu. F. Komnik for 
a discussion of the experimental data on quantum size 
effects at high temperatures. 
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