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The frequency spectrum of internal gravitational waves is bounded from above by a certain frequency 
w0 , a low value of which complicates the experimental study of the internal waves. It is shown in this 
paper that the limiting frequency of the internal waves produced in the field of centrifugal forces when 
the medium rotates is not lower than double the rotation frequency, and can be made sufficiently high. 
The presence of Coriolis forces, which cause an increase of the limiting frequency, does not, however, 
change the character of the waves. The problem of the propagation of internal waves in a medium un
der critical conditions of the vapor-liquid transition is solved. The equation of state, which deter
mines the distribution of the unperturbed density p 0 , is taken in the form p - Per ~ {31 p - Per I 0 
(Per and Per are the critical pressure and density). The experimental determination of the depend
ence of the wavelength on the medium's rotation frequency makes it possible to determine the parame
ters {3 and o, which are important for the theory of the critical state. 

1. The frequency of propagation of internal waves in a 
gravitational field, as is well known[1l, is bounded from 
above by the frequency w0 = [g max I 'V (ln Po) 1] 112 (g 
is the acceleration of free fall and p 0 is the unperturbed 
density of the medium). For the experimentally-in
vestigated internal waves in the ocean and in the at
mosphere, this quantity does not exceed 10-1 sec-1 [21. 
Even when the medium is close to the critical point of 
the vapor-liquid transition and the density gradient is 
therefore relatively large, the frequency wo does not 
exceed 10 sec-1 [31. Such a low value of the internal
wave frequency greatly complicates both the experi
mental verification of the theory of these waves, and 
their use for the investigation of the critical state of 
the medium, as was proposed in[ 3 l. 

It is possible, however, to raise the frequency wo 
appreciably by using in lieu of the gravitational forces 
the centrifugal forces that occur when the medium is 
rotated. In addition, the Coriolis forces occurring in 
rotating media also raise the limiting frequency of the 
propagation of the internal waves. 

2. Let a liquid be placed in a space between two 
coaxial cylinders of radii R1 and R2 (R2 > R1), 
rotating about a common axis with angular velocity n. 
The linearized equations of hydrodynamics describing 
the internal waves have the following form under the 
usual conditions for the theory of these waves, namely 
the approximations of an incompressible and ideal 
liquid: 

av I 

Poat= -Vp -2po[LlVJ+[[Llr]Ll]p1 , 

il I 

0~ + (VV) Po = 0, div V = 0. (1)* 

Here V is the velocity of the liquid, Po its unper
turbed density, p' = p - Po and p' = p - Po are re
spectively the deviations of the density and of the 
pressure from their unperturbed values' n is the 
vector of the angular velocity of rotation of the cylin-

*[OVJ =nx v. 

ders, and r is the radius vector (the origin is on the 
rotation axis). 

Let r, cp, and z be the coordinates of a cylindrical 
system with z axis along the rotation axis. The un
perturbed density (the unperturbed state is assumed 
to be isothermal) will obviously be a function only of 
r and is the solution of the hydrostatic equation 

( i}p) dp,- Ll' (2) ap T dr- Po r. 

We are interested in axially-symmetrical solutions 
(independent of cp) of the system (1 ), which in this case 
takes the form 

0U 0pl+2 n +"' I p0~=-~ Po••ll oorp, 
i}t or 

i}u 
-a;=-2!Ju, 

~+u~=O 
ot dr ' 

aw op1 

P•ae=-a;• 

1 i} aw 
--(ru)+-==0, 

r ar az 

(3) 

where u, v, and w are respectively the radial, trans
verse, and axial components of the velocity. Elim inat
ing all the unknowns except u from (3), we get 

a• { a [ Po a ] a•u } ( , , dp,) a•u - - --(m;) +Po-- + 4Q po+!J r- --, =0. 
at• ar r or az' dr az (4 ) 

It is necessary to add to this equation the boundary 
conditions on the solid surfaces of the cylinders 

u = 0 at r = R, and r = R,. (5) 

We shall consider monochromatic waves propagat
ing along the z axis. Thus, 

u= u(r) exp [i((l)t- kz)]. 

The velocity amplitude u( r) will satisfy the equation 

d [ p d ] [ ( Q' ) Q' dp ] - ~-(ru) -k' Po 1-4- --r-0 u=O. 
dr r dr ro' ro' dr 

(6) 

The difference between this equation and the usual 
equation describing the internal gravitational waves[ 1l 
consists in the fact that it contains the centrifugal ac-
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celeration n" r in lieu of the gravitational accelera
tion g, and also in the insignificant difference brought 
about by the cylindrical geometry and in the term 
4n 2/ w2 due to the Coriolis forces. 

3. The frequency of propagation of the internal 
waves is also limited in this case. To demonstrate 
this, we multiply (6) by ru and integrate from R 1 to 
R2 • Taking the boundary conditions (5) into account, 
we obtain 

w' = Q'k' {4 f~o ru' dr + f~ dpo u'dr} 
Rl Rl dr 

{ 
d 2 R2 l 

X ~' p; [ dr(ru) ] dr + k' ~~o ru'dr r. 
From this, obviously, 

It is easy to see that 

J~ .!:f!.:u'dr = ['(_!__ dpo) po ru'dr <max (-r- ddpo) J'po ru'dr. 
n1 dr n1 Po dr Po r R 1 

Thus, 

w' < 4Q' + Q' max (_!:___ .!:J:.: )• 
Po dr 

The limiting frequency of the internal waves turns out 
to be not smaller than double the frequency of rotation 
of the cylinders, which can be made sufficiently high. 

4. We now solve Eq. (6) for the case of a constant 
p(/dp 0 /dr and a gap between the cylinders that is 
small compared with the cylinder radii. Equation (6) 
in this case takes the form 

d'u 1 du [ Q' Q' R ] 
-+---k' 1-4----0 u=O (7) 

dr2 ro dr w2 ro2 r0 ' 

where 

ro-' = po-'dpo I dr, and Ro = (R, + R,) I 2. 

Equation (7) can be rewritten in the form 

d'u 1 du [ g 1 ] -+---k' 1--- u-0 
dr2 ro dr w'2 r0 - ' 

where 
, , r' g ) R,/ro 

w = w Q'Ro 4 +Ro/ro · 

This equation coincides formally with the usual equa
tion for gravitational waves. Thus, the considered 
case of internal waves with frequency w in rotating 
liquid corresponds to gravitational waves of frequency 
w' 

The solution of (7) is 

u = Ae-'1"• sin (Ar +a), 

where 

, , [ Q' ( 4 R,) 1 ] 1 A =k - +-- --. 
<0 2 ro 4ro2 

and A and a are the integration constants. 
Satisfying the boundary conditions (5 ), we get 

An= nn/ (R,- R,), a.= -A.R, n = 1, 2, ... , 

from which we get 

, _ (4 + Ro ) Q' / [ 1 + 1 + n'n' ] 
w - -;::- 4k'ro' (R,- R,)' k' . 

The following fact is of interest: when the sign of 
r 0 (i.e., the sign of the density gradient) is reversed, 
the sign of w2 does not change, provided 1/ro > - 4/R 0 , 

This means that stratification with negative density 
gradient is stable. This fact is obviously due to the 
Coriolis forces. It is known that in a non-rotating 
medium the stratification with arbitrarily small nega
tive density gradient (relative to the direction of the 
gravitational forces) is unstable. It must be noted, 
however, that this stability occurs only relative to the 
perturbations considered here (which do not depend 
on <fJ ). 

Let us find the value of r 0 for an ideal gas with an 
isothermal unperturbed state. From (2) we get (as
suming a small gap) 

1 dp, Q'Ro 
P:dr"' = (op/op)T 

Q'Ro!L 
T 

where f.J. is the gram-molecular weight and T is the 
temperature in energy units. From this we get 
r 0 = rgg/n 2 R 0 , where rg = T/f.J.g ~ 106 em is the 
characteristic dimension of density variation in the 
gravitational field. The limiting frequency is in this 
case 

Wo = 2Q [ 1 + ~;, ( Q~o ) ] '/,. 

5. We now consider internal waves in a liquid under 
the critical conditions of the liquid-vapor transition. 
The possibility of applying the considered theory in 
such a medium is justified in[ 3J. 

Thus, let the liquid in the unperturbed state be 
maintained at a critical temperature Tcr and let the 
critical pressure and critical density be reached at 
r = Ro. Let the liquid layer be sufficiently thin to make 
the conditions close to critical in the entire volume. 

The equation of the critical isotherm is taken in the 
form 

P-Per=~l P-Pcrl' P-Pcr, 
Per Per IP-Perl 

where {3 and o have arbitrary positive values, Per 
and Per are the critical pressure and density. 

Equation (2) then yields, assuming a small gap: 

p-per=ITJI'''-1)-, r-R, 
Per ITJI 1J =--ro-, 

where 
Per~ g ro=---=r--

PerQ'Ro 1 Q'Ro ' 

r,= ~Per I Pcrg~ Tcrl ILg ~ 10' em. 

Let us consider Eq. (6) with w = 2n. We have 

~ [~~(ru) ] + ~ k' dpo ru = 0. 
dr r dr 4 dr 

We replace the sought function and the independent 
variable in this equation 

ru = ¢(t) Yt 
f(t) ' 

_ ( Po dpo ) '/, 
f- --r dr ' 

t = f (.!.... dpo) ''• dr. 
R, Po dr 

Then lJi ( t) satisfies the equation 

d'¢ 1 d¢ [ 1 ( 1 1 d'f ) ] 
dt'+tdt+ 4k'- 4f'+/ iii' ¢ = 0. 

(8) 

(9) 

(10) 

(11) 



INTERNAL WAVES IN A FIELD OF CENTRIFUGAL FORCES 677 

Taking (8) into account and using the smallness of 
the gap, we get from (10) 

_ 2l'6roRo I I"'" ~ = _6 __ 
t- 1+6 T} • -1+6. 

Thus, f( t) ~ It j112 -~, from which we get 

f' (6-1) (36+ 1) 1 
7= 4(1+6) 2 tz • 

Substituting in (11) ~ = kt/2, we get for 1/1(0 the 
Bessel equation 

d"Jl 1d1jl [ ~·] 
ds' +""I ds + 1 -? '~' = o. 

We have a general solution for u(71): 
_ [J,.(A.ITJ 1 •1,.)] [ J_,.(J..jrJI 'I")] 

ru-G, ITJI 1" TJ+Cz ITJI 11, 1 

where J±~(~)-is a Bessel function of the first kind, 
and X2 =k2 1'iroR0 /(1 + 6)2 • 

The function U(1]) is even if cl = 0. From the 
boundary conditions (5) we then get 

A.,. = (r, I d) '1'"5,.( -Ll) I n = 01 11 2, ... , 

where d = (R2 - R1)/2, and ~2ll( -~) is the n-th zero 
of the function J -~ ( ~ ). 

Odd solutions are obtained when C2 = 0. In this 
case we get 

Azn+• = (r, /d) '1'"5zn+t (L\), 

where ~ 2n.d~) is the n-th zero of the function J~(~). 
From this we get 

k ·= <1+6>' (~)·~·s ·( <-1)•+•-6-) 
• 6dR, d • 1 + 6 ' 

or, taking (9) into account, kn ~ n-1/0, the proportion
ality coefficient being 

1 + 6 ( ~Per )'1
'• S•( (- 1)•+1_6_) 

l'6dR, PcrR,d 1 + 6 . 

Thus, from the character of the dependence of k 

on S2 we can determine 0, and from the value of the 
proportionality coefficient we can determine {3. The 
values of 0 and {3 are of interest for the theory of the 
critical state. 

We must note the following. Gravitational waves are 
due to the deviation of the density of the medium from 
its hydrostatic-equilibrium distribution. In the present 
paper it is assumed that in the unperturbed state the 
temperature in the entire medium is constant and is 
equal to the critical value. It is precisely under these 
conditions that the wave parameters are connected 
with the critical indices of the medium by the relations 
derived in this paper. As is well known[ 4J, near the 
critical point the thermal equilibrium (and conse
quently also the here-considered hydrostatic-equili
brium density distribution) is established very slowly. 
This circumstance must be borne in mind during the 
performance of the experiment. 

The author is grateful to his scientific director, 
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work. 
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