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The connection between the renormalized mass and the renormalized charge of the electron, m and 
0!, the non-renormalized values m 0 and 0! 0 , and the cutoff parameter A is obtained with allowance 
for the contribution of the 0! (a L )n approximation that follows from the "senior-logarithmic" or 
(aL)n approximation of Landau, Abrikosov, and Khalatnikov. The derived relations are used to 
analyze the question of the character of the divergences of the self-energy of the electron and the 
polarization of the vacuum, the question of the "superconducting" solution in quantum electrody­
namics, and the question of the fictitious pole of the photon Green's function. 

INTRODUCTION 

THE question of the connection of the renormalized 
mass and charge of the electron m and e and the non­
renormalized values m 0 and e 0 with the cutoff 
parameter A resulting from the formalism of modern 
quantum electrodynamics is of considerable interest 
in a number of respects. It is related, in particular, to 
the question of the true character (outside the scope of 
perturbation theory) of the divergences in quantum 
electrodynamics[l-4 J, the problem of the internal self­
consistence of the theory[Hl, the question of the exist­
ence of "superconducting" solution in electrodynam­
ics rs 4 l, the question of the possible electrodynamic 
spectrum of the leptonic masses, etc. 

In the well known papers of Landau, Abrikosov, and 
Khalatnikovr 6 l, this connection was obtained assuming 
a weak non-renormalized coupling 

e,' =a.~ 1, (1) 

in the so-called logarithmic or (a 0L)n approximation, 
when all the terms of the non-renormalized series of 
the form (O!oL)n are summed and the terms a 0(a 0L)n 
and the smaller ones are neglected 1>. This yielded 

-= 1--ln-m, ( a A' )'I• 
m 3n m' ' 

a a A' 
-=1--ln­
a, 3n m' · 

(2) 

(3) 

It can be shownr 7' 4 l, by using the renormalizability 
of the theory, that relations (2) and (3) are valid also 
outside the region (1) at arbitrarily large 0! 0 > 0, 
provided the following conditions are satisfied: 

e' =a~ 1, aL<$1. (4) 

Formulas (2) and (3), in particular, can be obtained[7,4J 
by summing all the terms of the type (aL)n of the 
renormalized series for the self-energy of the electron 
and the polarization of the vacuum, neglecting the 

1lJn the general case we denote by L all the large logarithmic para­
meters such as ln(A 2 /m 2 ), ln(p 2 /m 2 ), etc. 
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terms a(aL)n and smaller; no limitations on 0! 0 

arise in this case. This means, in other words, that 
the relations (2) and (3) admit of an analytic continua­
tion into the region of large 0! 0 if the conditions (4) 
are satisfied, corresponding to a transition from the 
(a 0L)n approximation to the (aL)n approximation. 

This circumstance makes it possible to prove on the 
basis of (2) and (3) (within the framework of the (aL)n 
approximation) the existence of a "superconducting" 
solution m = A exp( -3JT/2a) in electrodynamics with 
m 0 = 0, and to demonstrate that on going outside the 
framework of the standard perturbation theory the 
divergence of the self-energy of the electron is trans­
formed from logarithmic to linear, as a result of 
which the parameter A drops out from the expressions 
for the renormalization constants Z2 and Z3 [ 4 J. Allow­
ance for these facts casts new light on the question of 
the vanishing of the charge in the unphysical pole of 
the photon Green's function[ 2 • 7 l. 

As noted in[4 l, an urgent problem is the investiga­
tion of the stability of the indicated results of the 
(aL)n approximation with respect to allowance for the 
higher-order approximations. In this paper we find and 
analyze the connection between m, a, m 0 , a 0 , and A 
with allowance for the contribution of the a(aL)n ap­
proximation. We shall show that in the case of suf­
ficiently small m 0 , particularly when m 0 = 0, this con­
tribution turns out to be appreciable. 

The problem reduces to finding in the a(aL)n ap­
proximation the mass operator and the constant Z3 • 

This problem is solved below by using the a(aL)n 
asymptotic forms, determined inr 8 ' 9 l, of the renormal­
ized Green's function and vertex function. The final 
result is 

-= 1--ln- 1--ln---m, ( a A')'/'{ a A' 3a 
m 3n m' 3n m' 8n 

97 a' A' 27 a ( a A' ) } +--ln-+--In 1--ln-
96 n' m' 16 n 3n m' ' 

(5) 

a a A' a 3a ( a A' ) -=1--ln-+--+-In 1--ln-
a, 3n m' 18n 4n 3n m' · 

(6) 
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2. MASS OPERATOR 

We are intereste,!l in the value of the mass operator 
on the mass shell, p0 = im, p~ = -m 2. It is determined 
by the integral 

~~·(m,A,a)= ~:.J v.G(p,-k)r.(p,-k,p,)D •• (k)d'k, (7) 

where G, r, and D are renormalized functions. The 
a(aL)n contribution of interest to us comes from the 
following parts of the integral (7): 

ia ( 
I= 4:n, J v.G,(p,- k)fo(Po- k,p,)Do"'(k)d'k, (8) 

ia J I,=~ v.[G(p,-k)fo(p,-k,p,)Do"'(k)+ 

+ G,(p,- k)r.•(p.- k,p,)Do"'(k) + G,(p.- k)fo(p.- k,p,)D •• (k)]d'k; 

(9) 
where the zero subscript denote the values of the 
corresponding functions in the ( aL)n approxima­
tion[6'7'412>), and the tilde denotes the values in the 
(a ( aL)n approximation[ 8• 9 l, 

The integral I gives both the previously obtained 
(aL)n contribution I0 [ 4l 

a A' 
I,= m(1- 6''•), ~""' 1-a;-ln-;n>, (10) 

and~the sought a( aL)n contribution, which we denote 
by I. The quantity Io occurs upon "logarithmic" inte­
gration in (8), whereas to determine 1 it is necessary 
to carry out a more accurate integration. This inte­
gration greatly simplifies when account is taken of the 
following remarks. 

The functions G0, r~, and D If 11 which enter in the 
integral (8) coincide in the region k2 :$ m 2, with the 
required degree of accuracy, with the corresponding 
free functions_, whereas in the region k2 >> m 2 they 
take the formL 6 •7•4l 3> 

D "'(k) 11-' ( R kpk. ) k.k. a k' 
o = --:-k' Vpv- -k' + d,--:--k' ' T) = 1 --In-' 

I I 3:n m' 

Go(Po- k) = [(k- Po)Ao(k) + imB,(k)]-•, 

Ao(k)=exp{- 4: d,ln~: }• Bo(k)=Ao(k)TJ'I•, 

k. h (11) 
fo(Po- k,p,) = v.Ao(k)-kz {Po[A,(k)-1]- im[Bo(k)-1]} 

~ Po(kv~; "'(vk) Ao(k) (1 _ 11,1,) 

(A'~k'~m'). 

In integrating the logarithmic terms (those contain­
ing ln (k2/m2)) the a(aL)n contribution can come only 
from the region k2 » m 2. This gives rise to integrals 
of the type 

A ( k2 n ( m2 I d'k 
aJ alnm,) F) k'' n,l;;;;,1. 

Integration by parts readily shows that such integrals 
make no a(aL)n contribution. 

Thus, in (8) it is possible to effectively replace the 
functions G0, r~, and D~ 11 by the corresponding free 

ZJwe write the vector indices of these functions in the form of su­
perscripts only for convenience, making no distinction between superior 
and inferior indices. The metric and the 'Y matrix are the same as in [ 10 ]. 

3>we use a gauge in which d1 is an arbitrary number. 

functions in the entire region of integration. As a re­
sult, the integral I takes the form 

I _ ia J h - [ k k ] d'k 3a 
- 4:n' v.[k-p,+im]-'v. 11 •• +(d,-1)~ -. -, =-m. 

k 1k 8:n (12) 
Let us consider now h. Owing to the presence of 

the functions with the tilde, this integral contains one 
a more than I, and therefore the a(aL)n contribution 
to it is made by the logarithmic integration that occurs 
in the region A2 » k 2 >> m 2. The functions G and 
Dp.v then take the form 

n •• (k) = a(k) ( 11 •• - k~~·) t~' , (13) 

C(po- k) = [(k- Po) (Ao +.A)+ im(Bo +B)]-• 

-[(k-p:)A,+imB,]-•~ A.-'(k) {[f -+2k(kp,)].,.. k' -Po -k-2 - t<(k) 

+ im[B(k)- 2.A(k)B,(k)A,-'(k)] , (14) 

where d', A, and B are determined respectively by 
formulas (8), (62), and (63) of the article[ 8l, The func­
tion r v( Po - k, Po) is given by formulas (29) and (38) 
and (39) of[9J, Substituting the corresponding expres­
sion in (9) and integrating, we obtain with logarithmic 
accuracy, after rather cumbersome calculations, 
which we omit, 

a[27, 97, 85, 3] 
I,= -m- -~'·ln~--6'•+-6'•+-:n 16 32 32 8 . 

(15) 

Adding expressions (10), (12), and (15) we arrive 
at the following results for the self energy of the elec­
tron with allowance for the (aL)n and a(aL)n ap­
proximations: 

i~'(m,A,a)=I,+I+I, = 

{ , [ 27a 97a 85a ]} = m 1-6'• s+-lns--6+- . 
16:n 32:n 32:n 

(16) 

Taking (16) into account and the relation 

m, + i~' (m, A, a) = m (17) 

we obtain the following connection between the quanti­
ties m, m 0 , A, and a: 

~=6''· [s+ 27a lns- 97a s+ 85a] (18) 
m 16:n 32:n 32:n ' 

where ; is defined in (10). 

3. THE CONSTANT Z3 

Let us derive now in the a(aL)n approximation an 
expression for the renormalization constant Z3, which 
determines the connection between 0! 0 and a: 

(19) 

Z3 is determined in terms of the polarization operator 
rr* in accordance with the formula (see, for example, 
formulas (16.100) and (16.129) of [uJ) 

Z 1 . 11.. f)' (20) 
a= -18 iJk.ak. IT'(k)i•=•""'1+C. 

It is easy to show that in the a(aLf approximation the 
following three integrals contribute to the quantity C: 

C=C,+C,+C,, (21) 
i a J C, = f2 4:n, Sp T.(p) T.(p)T.(p)T.(p)d'p, 

C, = 1~ ( 4:,r spf T.(p)T.(p)T,(p, k)T.(k)T.(k)T,(k,p). (22) 
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XD..,(p-k)d'pd'k, (23) 

C, = 1~ ( 4:,) 
1 
Sp J T.(p) T.(p) T.(p, k) T.(k) T.(k) T,(k, p) 

XD.,(p-k)d'pd'k, (24) 
where we have introduced for brevity 

T.(p, k) ""'r.(p, k)G(k), T.(p) ""'T.(p, p). (25) 
We consider first the integral C1 • It is easy to 

estimate that the terms proportional to m in (22) in 
the functions 

G(p) =A-'(p)[-p+imB(p)A-'(p)]-' 

and 
{) {) ~ 

r.(p,p) = --G-'(p) = -[pA(p)-imB(p)] 
oP- op. 

make an a(aL)n contribution only in the region p2 

~ m2 , in which it is possible to replace B(p) and A(p) 
by unity with sufficient accuracy. Therefore it is 
possible to write effectively 

(26) 

(27) 

(28) 

Substituting (28) in (22) and integrating, we readily ob­
tain 

a [ A' 1 a A'] c.=-- ln---+-d,ln- . 
3:n; m' 6 :n; m' (29) 

In the integrals c2 and c3 it suffices to take all the 
functions in the (aL)Il approximation, since one of the 
integrations has obviously a nonlogarithmic character, 
while the second should be logarithmic. In these inte­
grals, only the region of large momenta (p2, k2 » m2) 

is significant, for none of the integrations is logarith­
mic in the regions where one of the momenta is small. 
This makes it possible to neglect everywhere the mass 
m compared with the integration momenta. We can 
consequently write the functions G and r j.L in (23) and 
(24) in the following form[ 4 • 9 l: 

1 1 
Go(P)=--.--, fo"(p,p)=y.A 0 (p), T.(p,p)=-y.--;;;-, p'~m'. 

~o~) p 

fo"(p,k)=y,.Ao(P)+ p~ [Ao(p)-Ao(k)]+ 
p 

+ k(py.-y.i) A ( ) (1-~} p' ~ k' ~ m', 
2p' 0 p TJ''• ' 

k.P 
fo•(p, k) = y,.Ao(k) + Tz[Ao(k)- Ao(P)] + 

(30) 

(31) 

A A A ., 

+ (ypk-ky.)p A (k) (1-2!....:) (32) 
2k' 0 5'1• ' 

k':>p':>m'. 
1 [ (p-k).(p-k).] 

Do"'(p-k)= i(p-k)' 11..,- (p-k)' 

X [1-~ln (p-k)' ]-' -1-d, (p-k).(p-k), (33) 
3:n; · m' i(p-k)' 

Let us arbitrarily integrate first with respect to kj.J.. 
In integrating the terms containing ln k 2 or ln ( p - k)2, 

the required a(aL)n contribution is made, as can be 

readily estimated, by the regions k 2 » p2 and k 2 

« p2 • As shown in[a,sJ, the integration of the logarith­
mic terms in these regions reduces effectively to the 
substitutions ln k 2 , ln ( p - k)2 -- ln p2 under the inte­
gral sign, making it possible to simplify greatly the 
corresponding functions, and in particular to make the 
substitutions 

1 1 
T.(p,k)-+-y• k, T.(k,p)-+-y• P. (34) 

Substituting (30), (34), and (33) with the replacements 
ln ( p - k)2 -- ln p2 in (23) and (24), we obtain rela­
tively simple integrals, the calculation of which yields 

a 1 a A' 3 } 
C,+C,=- -d,ln-+-Ins . 

:n; 3:n; m' 4 
(35) 

Adding (29) with (35) and substituting in (20), we obtain 
the following expression for z3 with allowance for the 
(aL)n and a(aL)n approximations: 

3a a ( 
Za=s+ 4:n;Ins+f&· 36) 

Taking into account the definition of ~ in (10) and (19), 
we arrive at relation (6). 

4. ANALYSIS OF RESULTS 

Relation (5) (or (18)) is an equation defining the 
function m ( m o, A , a ) . This equation does not admit of 
an explicit solution in analytic form; its analysis, how­
ever, is facilitated by regarding the ration m 0 / m as 
a parameter, which according to ( 5) lies in the range 
0 !S mo/m !S 1. 

Under the condition 

(m0/m)'1•:>aln (m/mo) (37) 

the term a ln ~ is small compared with ~, and the 
solution can be sought in the form of iterations. With 
good accuracy, it is given by the formula 

m= Aexp{- ~: [ 1- ( 1+ ~~:)('::)'"]-! ln::- ~~ +O(a) }· 

(38) 
Expression (36) for Z3 with allowance for (38) 

takes the form 

z, = (1 + 97a} ( mo)''•- 81a. 
72:n; m 72:n; 

(39) 

This expression in the region of its applicability (37) 
satisfies the necessary inequalities 

o~z.~ 1. 

At a sufficiently small value of the ratio m 0 /m, 
when condition (37) is violated, the role of the term 

(40) 

a ln ~ in (18) becomes significant. We shall consider 
below the case of greatest physical interest, m0 = 0. 
In this case we arrive at the equation 

27a 85a 97a 
s+-16 Ins+---s=o. :n; 32:n; 32:n; 

(41) 

When a « 1 it has a solution H a) lying in the inter­
val 0 < ~ (a) « 1. Writing this solution in the form 

s(a)=~b(a), :n; 
(42) 

and taking (10) into account, we arrive at the relation 

2a A a 
1--ln-=-b(a), 

3:n; m :n; 
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from which we get the following expression for the 
mass: 

{ 3n 3 } m(O,A,a)=Aexp --+-~(a) . 
2a 2 {43) 

The function l; (a) is defined by the equation 

( 97a) 27 27 n 85 (44) 
1 - 32n ~ + 161n ~ = 161n-;;- - 32 ' 

from which it follows that l;{a) has a logarithmic 
singularity at the point a = 0. Thus, allowance for the 
a ( aL)n approximation greatly influences the solution 
m(O, A, a) for the renormalized mass in electrody­
namics with m 0 = 0, but retains its "superconducting" 
character. This raises the question of the influence 
exerted on the "superconducting" solution by all 
higher ak(aL)n approximations. This question will be 
considered in a separate article. 

Substituting (43) in (36), and taking (44) into account, 
we get 

(45) 

Taking (44) and the condition a « 1 into account, we 
can easily verify that (45) is satisfied by the inequali­
ties in (40 ). 

Let us consider in conclusion the question of the 
unphysical pole of the photon Green's function. Taking 
the (aL)n and a(aL)n approximations into account, 
the transverse part of the renormalized photon Green's 
function can be written in the form (SJ 

D ,(k) = d(k') (ll _ k,k,) 
J.l. ik2 p.v kZ t 

3a 5a 
d-'(k') = T] +-lnT] +-

4n 9n' 
(46) 

a k' 
T]=i- 3nlnm'' A'~k'~m'. 

Using the relation 
a A' 

TJ = 6 + 3n Ink' 

and (36), we can transform {46) into 

d-'(k')=Z,+ 2:( ~ln~+fln(1+ 3:6 ln~2 )+1]. (47) 

From this and from (40) it follows that 

and consequently no "unphysical pole" arises in the 
region of applicability of the formulas in question. 

(48) 

The authors are deeply grateful to A. I. Akhiezer 
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