SOVIET PHYSICS JETP

VOLUME 32, NUMBER 3 MARCH, 1971

TRANSFORMATION OF FIRST (SECOND) SOUND INTO FOURTH SOUND IN SUPERFLUID

HELIUM

M. I. KAGANOYV, D. G. SANIKIDZE, O. G. TKESHELASHVILI and V. A. YAMPOLS’SKIT

Physico-technical Institute of Low Temperatures, Ukrainian Academy of Sciences; Institute of
Cybernetics, Georgian Academy of Sciences; Donets Physico-technical Institute, Ukrainian
Academy of Sciences

Submitted February 13, 1970

Zh. Eksp. Teor. Fiz. 59, 812—819 (September, 1970)

Normal incidence of sound waves from superfluid helium onto the surface of a porous body satura-
ted with helium is considered. The porous body is assumed to consist of plane-parallel capillaries

which are normal to the surface. The coefficient of transformation of first (second) sound into
fourth sound, and also the reflection coefficient and the coefficient of transformation of the sounds

at the surface are considered both for pure He* and for He*—He* solutions.

A sis well known,'*? two types of oscillations can
propagate in superfluid helium: first and second sound.
Moreover, near the walls, there exist rapidly decaying
transverse waves that are characteristic for any viscous
liquid (viscous waves).

Pellam "’ and Atkins"’ called attention to the fact
that the wave motion in helium changes significantly
upon retardation of the normal component. In suffi-
ciently thin capillaries, in which the normal component
is retarded by friction at the walls, oscillations called
fourth sound can be propagated along the superfluid
component.®’ The velocity of fourth sound is equal to
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where u; and u; are the velocities of first and second
sounds, p,, the density of the normal component, pg the
density of the superfluid component, p = p, +pg. Meas-
urements of the propagation velocity of fourth sound ]
have shown excellent agreement between theory and ex-
periment.

The absorption of fourth sound is generally due to
slippage of the normal component®®’ (as a consequence
of the finite viscosity). Sound propagation has also been
studied in capillaries of finite width;m it has been shown
that the velocity of fourth sound can be regarded as the
limiting value of the velocity of first sound as d/)*v —-0
(here d is the width of the capillary and Ay is the length
of the viscous wave).

Although experiments on the study of fourth sound
propagations are always carried out on capillaries in
which the oscillations are excited from free helium, all
the calculations have been made only for infinite capil-
laries. In the present research we deal with the reflec-
tion of waves of first and second sound of frequency w
incident normally on a periodic system of plane-parallel
capillaries filling a half space (see the drawing, which
explains the choice of coordinate axes). Waves of fourth
sound, the amplitudes of which are also computed here,
are excited in the capillaries. In addition, the trans-
formation of fourth sound into first and second upon
emergence of the waves from the capillaries into free
helium is investigated.

The problem is solved in the hydrodynamic approxi-
mation, which can be used if the free path length [ of the
elementary excitations (phonons and rotons) is much
smaller than the capillary width d (I < d). The width of
the capillaries, according to the conditions of propaga-
tion of fourth sound, should be much smaller than the
viscous wavelength Ay = V2 n7wpn (n is the viscosity of
the normal component, w the sound frequency):

(1)

Condition (1) limits our consideration to not too high
frequencies and not too low temperatures (for more de-
tail, see'™).

The wave processes in helium are described by a
linearized set of hydrodynamic equations which, in the
transition to ‘‘normal coordinates’’ can be written in the
form of three independent equations

l<d<¥2n/w0..

AQ: + kizol =0, ki = o? /uiz;
AQ: + kQ. =0, k’f=0" [u2; (2)
Au+kPfu=0, divu=0, k= ionp./n,

and all the oscillating quantities (the velocities of the
superfluid and normal components vg and v, the devia-
tion of the pressure P’ and temperature T’ from the
equilibrium values) are described in the form of linear
combinations of Q;, Qz, u and their derivatives:

Vva=VQ:+VQ:+u, v,=VQ,+P.VQ, P,=—p,/p.;
P’ = MQ,, M,=iop; (3)
T" =D.Q:, D,=iop./ p.0,
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whence it is seen that Q, and Q; are the velocity poten-
tials in waves of first and second sound, and u is the
velocity of the normal component in the viscous wave.

In the definition of k; and k., we have neglected the dissi-
pative components and in the definition of ks, only the
first viscosity of the dissipative processes is kept, since
the first viscosity is the principal reason for the re-
tardation of the normal component in the capillary and,
consequently, for the transition from first and second
sound to fourth sound.

Boundary conditions should be added to the set of
equations (2)—(3), which are valid both in free helium
and in capillaries. They are connected essentially with
the properties of the solid from which the capillaries
are made. We shall assume that the solid is an abso-
lutely rigid, ideal heat insulator. Because of the great
difference in the densities of the helium and the solid,
the assumption of the absolute rigidity of the solid does
not lead to additional restrictions, while the assumption
of the absence of heat conduction in the solid is not too
essential, since the heat effects play an insignificant
role in the propagation of fourth sound (however, see
The normal component of matter flux, the normal com-
ponent of heat flux, and the tangential component of
velocity of the normal (nonsuperfluid) component should
vanish at an absolutely rigid, ideal heat insulator. From
this follows the vanishing of all velocity components at
the wall except the tangential component of the super-
fluid velocity.

The enumerated boundary conditions are of course
sufficient for the exact solution of the problem. How-
ever, in such a setup, the problem is not solvable ex-
actly. We shall make use of the fact that in the case of
interest to us, the period D of the system of capillaries
is much smaller than the characteristic wavelengths

kD<A, |ks|D<1,

(5])

kD<<1, kED<1. 4)

At large enough distances from the boundary
(Ix] > D), the structure of the solution is known to us.
To the left, we have the incident and reflected waves of
first and second sound:
01 — C,em‘x + C‘e—ihlx’
Qz — Cze«'kzx + Cze-ik,:’ u= 07
z<0, |z|>D,

(5)

(here Cy(z, is the amplitude of the incidence wave of
first (second) sound, and C,(z) the amplitude of the re-
flected wave). To the right is the wave of fourth sound"’

p.uz2 (lll2 - u‘z)

ik,
i O
pnlls” (U2" — uc’)

QU=Cie™, Q.= z>»D (6)
(C4 is the amplitude of fourth sound).

Near the boundary (|x] < D) the distribution of all
the quantities is very complicated; it changes mater-
ially at distances of the order of d, D — d (*‘ripple’’).
This means that the spatial derivatives of Q,, Qz, and u
are much larger than the corresponding values of
k2Qi, k2Q., and k3u (see Eq. (2) and the inequality (4)).

In other words, the distribution of the velocities and

DThe quantities Q, and Q,, the superposition of which is fourth
sound, generally depend on the coordinates in different fashion (owing
to the different dependence on the coordinate y), but in the approxima-
tion of interest to us (kjd < 1) this difference disappears.
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other quantities near the boundary, after separation of
the incident, transmitted, and reflected waves satisfies
static equations. This statement requires explanation.

The exact solution in the capillary can be constructed
out of damped traveling waves, in which the dependence
on the coordinates has the following form:

sin k1 7y s
kyiz),
{cos ki iy } exp (tkii=)
B2 =l — K, i=1,2,3 j=1,2,3,4,..., (n

and the permissible values of k! are found from the
complex dispersion equation, which is introduced by
starting from the boundary conditions on the walls of
the capillary (see®®, Eq. (48)). Askid— 1, (i=1, 2, 3)
one of the roots of this equation is the wave vector of
fourth sound k4 = w/uy; for all the remaining wave vec-
tors, ]kJ | > k; and all the waves corresponding to the

wave vectors kl # k, decay rapidly in the interior of the

capillary. This also means that the solution is a quasi-
particle one after the separation of the wave of fourth
sound and can be constructed from the solutions of
Laplace’s equation. Thus the desired solution is first,
second, fourth sound and the ‘‘ripple’’—the superposi-
tion of harmonics of the form

{ sin gny }e'qn"',
€0S qnY

(the upper line in the capillary, the lower in free
helium), the amplitude of which is determined from the
boundary conditions for x = 0. The conditions on the
boundaries of the capillary are satisfied by choosing the
q,..

n The significant consequence of the boundary condi-
tions is the vanishing of the velocity of the normal com-
ponent at x = 0 (in capillaries v, =0, since |kid| <1,
and on the wall because of frlCthn) thxs allows us to
find the connection between the amplitudes of the inci-

dent (C,, C;) and the reflected waves of first and second
sound;?

gu = { 2nn/d

2an/D (8)

(Ci_ci)/ul +(CZ_CZ)/uZ=0 (9)

Since the ‘‘quasistatic ripple’’ does not take part in the
transfer of matter, the continuity of the x component of
the material flux density through the capillary is as-
sured only by the wave of fourth sound:

On d
o
The missing boundary condition (one must determine
three quantities: Ci, Cz, C4) follows from the law of
energy conservation. Equating the energy flux density
in the incident waves to the flux density in the reflected
and transmitted waves, we obtain the condition

ut(uzz - u’z)

4 u (2 — uld) ’

1
o G—C)— (10)

d Ps u43(u22 - u12)2
D pn uyt(uy? — ug?)?

1 ) 1 pn

- C.‘—Cx: - zz— z2 = 2

al )+ o 67— G ce, (11)
which, after simple transformations with the use of
Eqgs. (9) and (10), can be written in the much simpler
form

ug(ug? — u,?)

uy?(ue? —ug?)

Ci+C —Sl(cz“i- C2)=C4 (12)

I From the “viewpoint” of normal motion, a body with capillaries
behaves like a continuous medium.
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The possibility of using the law of energy conserva-

tion is connected with the fact that the dissipative losses

near the boundary are small; as k;d — 0, they tend to
zero. Actually, in accord w1th“” the d15$1pat1ve func-
tion is, in order of magnitude,

2 U’p

Un'

2
" T kd)e "

But v, in the boundary layer is a quantity proportional
to (k;d)?, which is not difficult to establish by consider-
ing the next approximation in k;d. Consequently, the en-
ergy density dissipated per unit time in the boundary
layer is proportional to (k;d)*.

The validity of Eqs. (9) (12) can be proved by analy-
sis of the exact boundary conditions.

Solving Eqs. (10)—(12), we obtain the values for the
amplitudes:

=Sty d (pn_—p)] y 2l

Uy D E D D P
201 d 723 C; 3 723
T e )
2 E Dul’ + T p+—I{p ) E
Pul(uzz—lh’) Cips — Capn,
Cy=2
! pstte (Us? — u4?) E ’ (13)

u d Uz
E=—p+4—(poa—+ 0.
u‘p+ D(pnu‘+p),

with the help of which we find the coefficients for the
excitation of fourth sound from first sound A; = dys/Dy:
and from second sound A; = dy,/Dy,, the reflection co-
efficients of first and second sound, Ri = $1/y: and Rz
= $3/v2, and the coefficients of transformation of first
sound into second and second into first, R;> = y2/y: and
Ra1 = $1/72 ('y is the energy flux dens1ty in i-th sound,
i=1,2,4).

Takmg it into account that u, < u, for not too low
temperatures, we get

dq/e. dl/;)*’ Pn Uz
RS LY A T A, =02y, —1—4,
A=4— p(1+D >) . A=totdn R .
dp,.qup.( dV;)“
—1—4 1=V
Ru=1 4Dp uy +D
d \? us pn
Ra=Ra=4(5) oo (1+ —V e ) (14)

It is seen that fourth sound is better excited by first
sound than by second. In the immediate neighborhood
of the A point, this is evidently not so: Al]T——T)‘ — 0,
while AzIT_’TA — A; = 0. However, A, <1

(A, ~VT,[uiM, where M is the mass of the He* atom).

The sound transformation coefficients are small (they
contain the factor u,/u,).

In a similar fashion, we can study the reflection of
second sound from the end of the capillary and the exci-
tation by it of first and second sound in free helium. In
this case, one must assume as given the amplitude of
fourth sound C. and determine C;, C», and Ci, where C.
is the amplitude of reflected fourth sound, C, and C; are
the amplitudes of first and second sound:

Cifd p. u Pn U2
c _——(1 L —1],
TALD D + 0s ux)
264 d Ps U4 (llz —-u12) —2C4d p; u4 (uz —uF)
C‘=-—__.__“ Cz=

A D o u (u?—ug2) A Do u (u—ugd)’
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Using thése amplitudes, it is easy to find: R = Ry, F,

= Ay, and F, = A,, where R is the reflection coefficient
of fourth sound from the end of the capillary, and F,
and F; are the excitation coefficients of first and second
sound from fourth sound.®

The study of the transformation of waves in He®*—He*
solutions is of interest. The velocity of fourth sound in
He®—He* solutions is the same as in pure He®*, and is
expressed in terms of the velocities of first and second
sound.® The square of the velocity of fourth sound is
equal to

2 Ps 2 LAY - n s
ult=-"n(1+p) (1+%ﬁ) +%uz=(1+%ﬁ*), (16)
where u; and u; are respectively the velocities of first
and second sound in He’—He* solutions, 8 = (c/p)dp/3c
(c is the mass concentration of He?).

Measurements of the velocity of fourth sound in a
wide range of temperatures and concentrations®! are
in excellent agreement with those calculated by Eq. (16).

The wave processes in He®>—He* solutions, just as in
pure He®, are described by the linear set of equations
(2). The velocities v, and vg, the departures of the
pressure, temperature and concentration in the sound
field from their equilibrium values can be expressed in
terms of Q, Q. and u (see, for example,"!’). However,
in view of the fact that the connection between these
quantities in the He®—He* solution has a much more
complicated form than in pure He®, it is convenient to
write down the boundary conditions in the variables P
and T.

The condition (9) of the vanishing of the velocity of
the normal component of the liquid on the boundary (in
the variables P and T) for the He®*—He* solution is
written in the following form:

1—pB/0n

Tz)=0,
puL

(Pr— P+ 22 (14 B) (1 — (17)
where P; and P;, T, and T, are the amplitudes of the
oscillations of pressure and temperature in the incident
and reflected waves of first and second sound, o is the
entropy per unit volume of the He®—He* solution, and
o =0 —cdo/dc.

The condition (10) of continuity on the boundary of
the velocity of the superfluid component of the solution

takes the form

n O
TET PP

36T6

Ps _ _i1+ﬁ
(1—;;&) (T2 7‘2)_0 ol

P,,(18)

where P, is the amplitude of oscillation of the pressure
in the wave of fourth sound.

The continuity on the boundary of the energy flux in
the sound wave is written down in the form

i (1 ) e p— S LS (o4 £) e
= o (L B P (19)

YWe note that the formulas obtained here explain the ineffective-
ness of the excitation of second sound by forcing helium through a
porous diaphragm.
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By using Egs. (17)—(19), we can compute the excitation
coefficients of fourth sound by first and second (A, and
Az), the reflection coefficients of first and second sound
(Rui1, Ry2), the transformation coefficient of first sound
into second (Ri2) and of second into first (Rz). By
taking it into account that u, < u; always in He®*—He*
solutions, we get

1 + ﬁ

A1—4—V ps ,

d pn u27/ ps os \2 1
Ay=4—"" =) = (1—2= _— ]2
? Dpsuxvp( pnﬁ) (1+ﬁ)NL'
Ry=1—A4,

d Pn qups Ps 2 1 (20)
Royy=1—4—"" —_— —_—— —_—
z=1—47 ps ur ! p (1 pnﬁ) (1+p)N v

d 2Pn 2] L2
R12—R21—4(3) F;(i pnﬁ) v
d s Tos 1 =1

—V1+—r52 1= (1+5 12 5E)

As follows from the formulas that have been given,
fourth sound is better excited in He®*—He* solution by
first sound than by second, just as is the case for pure
He®. The coefficients of reflection and transformation of
waves in He’—He* solutions depend on the parameter
B = (c/p)8p/dc, which is not small for highly concentra-
ted solutions (8 ~ —0.3—0.4).

The transformation coefficients of fourth sound into
first and second sound, and the reflection coefficient of
fourth sound can be computed in similar fashion. It
turns out that for solutions, just as for pure He* R = Ry,
F, = A,, F; = A;, where R is the reflection coefficient of
fourth sound, and F,; and F; are the coefficients of exci-
tation of first and second sound by fourth.

Although Egs. (14) and (20) were introduced for very
special assumptions on the form and location of the
capillaries, it is evident from the conclusion that they
are valid under much more general assumptions. In
particular, if the boundary plane x = 0 is homogeneous
in the mean, then the replacement of d/D by the ratio of
the total area of the capillaries to the entire surface
allows us to make use of the formulas introduced in the
case of capillaries of arbitrary shape. Finally, the
radius R of curvature of the capillaries here (for
straight capillaries, R = «») should be greater than the
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wavelength of fourth sound. Equations (14) and (20) can
be used for the study of fourth sound by measurement
of the coefficients of reflection and transformation.

The passage of sound through a set of capillaries of
finite length can also be considered by the method sug-
gested here; however, the formulas are somewhat more
difficult to obtain.

We take this occasion to thank I. N. Adamenko, with
whom we frequently discussed problems touched on in
this research.
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