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The theory of ‘“forbidden’’ EPR transitions is generalized to include a dilute paramagnetic with g-
factor anisotropy. The change in transition energy due to hyperfine interaction and nuclear Zeeman
energy is calculated, and expressions are obtained for the transition probabilities. Measurements
of the discrete saturation spectra for U®" in CaF, are performed for two general orientations of
the magnetic field. The experimental data are in good agreement with theory.

1. There has been much theoretical and experimental
investigation of hyperfine structure (HFS) in dilute
paramagnetic substances. The study of HFS gives the
possibility of learning more about the structure of the
lattice near the impurity magnetic ion, the character
of the covalent bonds in the crystal, the ¢ function of
the electron on the magnetic ion, ete.

In particular, there is considerable interest in the
investigation of the hyperfine interaction (HFI) of the
spin of a magnetic ion with those nuclei for which the
HFI is of the same order of magnitude as the Zeeman
energy.'" ) The nuclear spin is quantized in an effec-
tive field which is the sum of the external field and the
field due to the HFI. If the HFI and the Zeeman energy
are of the same order, the direction of this effective
field will change significantly during an electron spin
transition. Hence the probability of a ‘“forbidden’’
transition, in which the projection of the nuclear spin
(in the effective field) changes simultaneously with the
electron spin projection, will be of the same order as
the probability of an ‘‘allowed’’ transition, in which
only the electron spin projection changes.

In an earlier paper'*®! we showed that by taking for-
bidden transitions into account it is possible to explain
the discrete saturation (DS) of an inhomogeneously
broadened EPR line, a phenomenon observed earlier by
the Tbilisi group.[uﬁ

The theory of forbidden EPR transitions developed
in[®%%51°] j5 yalid in the case of a magnetic ion whose
spin has an isotropic g factor. The results are also
applicable to the case of an anisotropic g factor if the
applied field H is oriented along a principal axis of the
g tensor. But in the general case one has to assume
that the direction along which the electron spins are
quantized does not coincide with the direction of the
external field.[*?"14)

The purpose of the present paper is to generalize
the theory of forbidden EPR transitions to the case of
an anisotropic g factor of the magnetic ion and to com-
pare the results of the theory with the experimental
data on DS of U®' ions in CaF..

2. The Hamiltonian of the magnetic ion and its sur-
rounding nuclei has the form

%=ﬂgihSiHh+Z%“, 1)

where the Hamiltonian of the «-th nucleus is
o5 = — By I, + AacLESh, ()

S and I® are the spin operators of the magnetic ion
and the a-th nucleus, B is the Bohr magneton, y¢ is
the gyromagnetic ratio of the a-th nucleus, gjk is the
g tensor of the magnetic ion, and Af‘k is the tensor of
the HFI between the a-th nucleus and the magnetic ion.
Repeated Latin subscripts indicate summation.

We shall not consider effects due to fine structure
and to the quadrupole interaction, since we are mainly
interested in the case S =I% = %,. We also neglect the
effect of nuclear pseudomagnetic moment,'®**! This
effect is often important for the nucleus of a magnetic
ion, but not for other nuclei. Note also that, unlike!?*%},
we choose the minus sign in front of the nuclear Zee-
man term in Eq. (2); this is justified physically.

We are interested in the strong-field case, ggH > A.
Then we must first diagonalize the first term of Eq.
(1), and then each nucleus can be considered independ-
ently of the others (since £ has no matrix elements
corresponding to the simultaneous change of the spin
projections of several nuclei). From the expression
for %% we can determine the energy and transition
probabilities for the system ‘‘magnetic ion + a-th
nucleus.’’ Then one can go on to calculate the probabili-
ties of all kinds of transitions for the entire system
(magnetic ion and its surrounding nuclei).!? %

Note the following important circumstance. The
tensors g and A, generally speaking, can be asym-
metrical.!* "] Usually, however, the g tensor is
symmetrical because of the rather high symmetry of
the site of the magnetic ion in the crystal. For the
nucleus of the magnetic ion the symmetry of the A
tensor coincides with that of the g tensor.[**] For
another nucleus, however, the symmetry of the sur-
roundings relative to the line joining it to the magnetic
ion may be low, and the A tensor can be asymmetrical.

As an example, consider CaF, with a trivalent mag-
netic impurity (cf.!'). In CaF, the F~ ions are situ-
ated on a simple cubic lattice, and the Ca®** ions oc-
cupy the centers of alternate cubes. A trivalent ion
(Ce®, Yb3*, U**) replaces a Ca®* ion, but then there
is the problem of charge compensation. In the case of
the so-called tetragonal center, there is a F~ ion in
the center of a neighboring cube (see Fig. 1). Since the
magnetic ion is in an intracrystalline field of tetragonal
symmetry, its g factor will be axially symmetric. The
eight fluoride ions surrounding the magnetic ion will be
situated in a crystalline field possessing only the sym-
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FIG. 1. Model of the immediate vi-
cinity of U%* in CaF,.

metry of a reflection plane. Thus the HFI tensor for
the eight fluorides in the immediate vicinity of the
paramagnetic ion will not be symmetric.” But the ninth
fluoride will be in a crystalline field of tetragonal sym-
metry and is therefore described by an axially sym-
metric HFI tensor.

Note that the presence of the impurity ion and the
ninth fluoride ion causes a shift of the equilibrium
positions of the eight fluorides, which, however, does
not affect the above conclusions.

The aim of a complete experiment is the determina-
tion of the components of the g tensor of the magnetic
ion and of the HFI tensors for nuclei located close to
the magnetic ion. Inl*! this problem was solved for
CaF, with a trace of Ce®* and Yb®* by using the
method of electron-nuclear double resonance. In''®
this same problem was solved for CaF, — U** by the
DS method.

We shall henceforth consider the g tensor to be
symmetric.

The correction to the energy due to HFI, with ac-
count taken of the effects of anisotropy, was calculated
int*21) (see also!®)). However, these papers took the
symmetries of the g and A tensors to be identical and
A > f.,H. In{*] the energy correction was calculated
for arbitrary values of the ratio HYH/ A, but for the
case of axial symmetry of the g tensor. Below we
shall obtain expressions for the energy correction and
for the transition probabilities without these limita-
tions.

3. Consider the general case of unequal principal
values of the g tensor, gx, gy, 8z. We place the co-
ordinate axes X, y, z along the principal directions of
the g tensor. We place the axis {’ along the external
field H and denote the direction cosines of the field
relative to the x, y, z axes by Ix, ly, lz. The Zeeman
Hamiltonian of the electron spin is written in the form

BH (g:l.S. + g4Sy + g.1.S.). (3)

The electron spin is quantized on the { axis with
direction cosines gxlx/g, gyly/g, gzlz/¢.1"*"**) Then

g= gL + g1 + &71°1", 4)
gS; == gxlex + g'ulySy _,_ gzlez~ (5)

For the eigenvalues of the electronic Zeeman
energy we obtain the expression mggH, where m = S¢.
We introduce the axes £ and 7 perpendicular to
each other and to the { axis (otherwise arbitrary). In

the nuclear Hamiltonian (2) we may omit terms con-
taining 8¢, and Sy, since they evolke a mixing of states
with given m = S; with states with other values of m,
with mixing coefficients of the order A/gSH and hy/gg
(these terms can be handled by perturbation theory).

DFor more details see [15], where it is shown that for these fluorine
nuclei the HFI tensor reduces to five independent components.
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The nuclear Hamiltonian (2) takes the form (leaving
out the a)

—hyHT, + mAgl.,

For the components (along the axes &, 7, {) of the
effective field Hy acting on a nucleus in the state Sg
=m, we obtain (we equate the last expression to
-liyHm! and express Ig’ interms of I, Ip, If):

m m m
H, (Hl‘_ﬁ_YA“’ Hl,—— Ay, ch_‘v‘A::), (6)

hy H
where lg, Iy, Iy are the direction cosines of the field
H relative to the axes &, n, {. Let M be the projection
of the nuclear spin in the direction of Hy,. The energy
correction due to HFI and the nuclear Zeeman energy
equals -Mé€py,, where
8n = Ayl = [(AyHl; — mAy)* + (hyHI, — mAg)* + (ylll — mAy)*]%,
(7
(positive root always implied).
For the angle xm m,, between Hp and Hm,, we
obtain easily
COS Ym, mit = (Ememer) " {[AVHL, — mAg ) [AvHL — (m + 1) Ay]
+ [AyHL, — mAy] [AvHL — (m 4 1) Ax] (8)
+ [yl — mAg] [iyHl — (m 4 1) A}
The quantities Aj, A;, and A are defined as follows
Ay = Ay, =4y’ A, A = Ave =LAy + LAy + T4y (9)

Equations (7) and (8) are easily given a more conven-
ient form:

tn = [(AVH)® 4 m* (A} 4 A*) — 2mhyHA] "%, (10)
COS Yn, m+1 = (EmEmse) ‘[ (AVH)* + m(m + 1) (48 + A%
—(2m + 1)AyHA]. (11)

Making use of the formulas for the transformation
of the components of a second-rank tensor following
rotation of the coordinate axes, we find easily

AHZ + AJ_Z = (l;i(l;kApiApk, A= a;';a;hAm, (]_ 2)

where i, k, and p assume the values x,y, z; agj
(ag’i) is the cosine of the angle between the axis
¢(¢’) and the axis i; Ajk is a component of the tensor
A in any orthogonal coordinate system fixed in the
crystal. If, in particular, we let the directions of x, y,
and z be those of the principal directions of the g
tensor, we have ag'x = lx, a¢x = gxlx/g, etc.

The equations in (12) connect the fundamental quan-
tities Ajk, which describe the HFI, with the quantities
Ay, A|, and A, which depend on the orientation of the
applied field relative to the crystal axes.

In the case S = %,, Egs. (10) and (11) give (€4, is
symbolized by €y/2, X-1/2,41/2 BY X)

Ay = agapda,

(13)
(14)

In the case I = ¥, it is easy to find expressions for
Pm, m+ and gm, m+1, the relative probabilities of the
electronic transition m <— m + 1, accompanied and
not accompanied by a change in the nuclear spin pro-
jection (on the direction of the effective field)

er = [(AyH)? + 1/, (A + ALY F AyHA],
cosy = (ese ) [ (AyH)* — fy(Af + 4,7)].

g Xmmi1 1+ €08 ¥mnp1
2 ' 2
qm,mt1 == sin? Tt 1 — 08 xm mt
, E 9 ,

2

Pm,mi1 = COS

(15)
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Note that when hiyH << A, (6) gives H.yy ® —Hpy.
Hence in the electronic transition -%, — +7, we have,
according to (15), p~ 0, g = 1. If in the state m = =Y,
the nuclear spin is quantized not along the direction
H.y/, but in the opposite sense, we have p~ 1, q = 0,
and we go over to the usual terminology in the weak-
field case.!*® However, for the sake of uniformity in
the formulas, we shall prefer always to quantize the
nuclear spin in the direction of Hy,. Besides, replace-
ment of the direction of quantization by the opposite
one, in states with m < 0, is completely unjustified in
the case of a strong applied field.

For arbitrary I, the relative probability of the elec-
tronic transition m <= m + 1 accompanied by a nuclear
transition M — M’, is given by the square of the
Wigner D coefficient!!"]

L LA+ M) = M) (T + M) (I —M)1]%

Daersa 0, sm s O]ZZA O T T E =) T =01

x =t 2I4M—M/_2% X 2%+ MM
X (cos A (sinx—m ik )
2 2

(k varies from max(0, M — M’) to min(I — M’, I + M)).
4. If the g factor is isotropic, or the applied field
is along one of the principal directions of the g tensor,
the results are greatly simplified. In this case the axes
¢’ and ¢ coincide, A = A, and we obtain
en = [(AvH — mA,)* + m*A,*]*, (17)
COS Yo, m+1 = (Enm+1) T {[AVH — mA ) [AyH — (m + 1) 4]

(16)

+m(m+1)A,%}. (18)
Further, it is easy to get
Om F sy F
P =costn Tt i 3 F O (19)

where the upper sign is chosen if m # —7,, and the
lower sign for the transition -7, ~— +%,. If $1, is the
angle between the effective field Hy and the applied
field

tg 0. =|mAL| / (hyH — mA4,). (20)

Thus, we arrive at the results of{'%),

5. We consider also the important special case of
axial symmetry of the g tensor. It is known that the z
axis (the axis of symmetry), ¢’ and ¢ are in one
plane.!’** Let ¢ and ¢ be the angles between the z
axis and the ¢’ and { axes, respectively. We have

€0s P =ﬂcos @,
g

sin1p=g—J‘sinq>, tg1p=—g—J1tgq>, (21)
g 8
and

(22)

Choosing the ¢ axis in the {'¢ plane, we make the
following replacements in Egs. (7) and (8)?

g = [8/ cos’ ¢+ g.*sin’ @] "

Iy~ £ sin(p —¢)= ig”"—_ﬂ—sin(pcosq), I,—~0,

1 (23)
lp—cos(p — 1p)=?(g|| cos? @ + g, sin? ).

A formula for the total probability of the electronic
transition m —— m + 1 in the case of an axially sym-
metric g tensor is given in!*®,

DThe double sign is associated with the two possibilities for choice
in the direction of the £ axis in the {’¢ plane, which is reflected also in
the sign of Ag.
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6. We now turn to the general case of anisotropic
g factor. In'®'% is given a rule from which one can
determine the position of all EPR transitions and their
relative intensities in terms of the quantities €y,
Pm,m+;, and qm m+1.

From the data on DS it is possible to determine for
a given nucleus the quantity €my. Thus, the experi-
mental data together with Eq. (10) make it possible to
determine, for a given orientation of the external field,
the quantities A} + A} and A®. By carrying out the
DS experiment in several orientation of the external
field, it is possible, through the use of Egs. (12), to
determine the quantities Ajk, i.e., to obtain complete
information about the HFI tensor.

In the presence of a large number of nuclei in the
immediate vicinity of the magnetic center the determina-
tion of the HFI tensor components by making observa-
tions of DS spectra in several miscellaneous orienta-
tions is practically impossible, because of the huge
number of transitions that overlap. It makes more
sense to use orientations of H along principal direc-
tions of the g tensor; then the nuclear groups become
equivalent, which greatly simplifies the DS spectra.

But if there are only a few nuclei in the immediate
vicinity of the magnetic center (two, for example), then
it is possible to use just a few miscellaneous orienta-
tions of H to establish the HFI tensor. This may be
useful for determining the signs of some of the HFI
tensor components.

It should also be observed that after the HFI tensor
components for the closest nuclei have been determined,
one can calculate €p, p, and q for each nucleus using
Eqgs. (12)—(15), and then use Eq. (14) of!*?) to construct
the expected shape of the EPR line for an arbitrary
orientation of the applied field.

7. Above we gave a picture of the surroundings of
the U* ion in CaF, (see Fig. 1). The EPR spectrum
of U** in CaF, is well explained by the presence of
three inequivalent ions with marked g-factor aniso-
tropy**) (g, = 3.501, g, =1.866).

The DS spectra of CaF, — U®* have been investi-
gated recently.!*®! By performing the experiment in
three orientations for which g equals its principal
values (g once, g twice), it was found possible to
completely establish the HFI tensors for the nine
closest fluorine nuclei.

It is of interest to make a measurement of the DS
spectrum for a general orientation of H and then com-
pare the experimental data with the theoretical results
of this paper, using the known values of the HFI tensor
components. We have done this for two orientations of
H.

Recall that for U®' in CaF,, we have S =1 = 7,.
Using Egs. (12) and (13) we find the quantities €. for
each of the nine fluorine nuclei.

It is known that when H is directed along x, y, or
z, the eight closest fluorines divide into two groups of
four equivalent nuclei.l*>:*%] It follows that when H is
located in the zx plane (or zy), these eight nuclei fall
into four pairs of equivalent nuclei. For such an orien-
tation the ninth fluorine nucleus also participates in the

31n the case of a scalar g factor or H directed along a principal di-
rection of the g tensor, the quantities Aj and |A}|are determined.
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FIG. 2. Level scheme for the two groups of four equivalent nuclei

with spin %2 (m and M are the projections of the electronic and total

nuclear spins). The arrow indicates the transition saturated by a pulse.

FIG. 3. Oscillograms of DS
spectra and the true shape of the
, same portions of the line without
saturation: a—orientation of the
magnetic field corresponds to ¢ =
85°30" and b—y = 76° in the zx
plane.

DS (it falls out of the DS when H is directed along x,
y, or z!!%),

However, as shown in{*®] in orientations of the ex-
ternal field along x, y, or z, the DS spectra are ex-
plained to a very good approximation by eight equiva-
lent closest nuclei. In this same approximation, for an
external field located in the zx (or zy) plane, we obtain
two groups of four equivalent nuclei, namely the groups
1,4,6,7 and 2, 3, 5, 8 (see Fig. 1), and the ninth nu-
cleus. The inequivalence of the nuclei inside each
group is weak (less than 0.5 Oe) and is not resolved in
the DS spectrum in these samples.

We analyze first the DS spectrum yielded by the
eight fluorine nuclei. The level scheme for the two
groups of four equivalent nuclei is shown in Fig. 2,
where the levels are arranged in the following order:

—2e42" —ei-28" 2 e428"  2e--2"
—2e+4g" —e-fe’ g ete’  2e-l-g +
—2 —e 0 e 2e
—2e—e’ —e—¢’ —e’ e—g’ 2e—e’
—2—2" —g—2¢' —2¢' £—28" 2e—2¢

where € = €,, € =€, for the upper (m = +%,) and

€ = €., € =¢. for the lower levels (m = -%,). The
parameters €, and E;It correspond to the two groups
of equivalent nuclei.

In pulse saturation of a specific pair of levels, for
example, the one shown by the arrow in Fig. 2, there
will be observed a system of dips in the EPR line,
since all transitions which are associated with the
levels of the saturated pair will be found in a state of
partial saturation. More exactly, there will be two
subsystems of dips which are superposed on one
another. One of the subsystems is due to transitions
associated with the saturated level m = +%,, the other

with transitions associated with the saturated level
m = —1/2.

Figure 3 shows oscillograms of DS spectra corre-
sponding to directions of the field H in the plane zx
and making angles of ¢ = 85°30" and 76° with the axis
of symmetry z (see Fig. 1). In these orientations well
resolved and regular DS spectra are observed.

In the DS spectrum observed at ¢ = 85°30" (Fig. 3a),
it is possible to extract the parameters 1.1 Oe and
6.4 Oe. The first of these coincides with the calculated
value of the spacings in the upper levels (m = +%,).
The spacings in the lower levels (m = -%,) are about
twice as great and amount to 2 Oe. The two subsystems
of dips we referred to above are superposed in a way
so as to enhance the observed DS pattern. The large
parameter (6.4 Oe) in the DS spectrum is the same as
the calculated value of Y,(€, + €.), where €, = Yy(€x
+ €4). Actually, by neglecting the non-equivalence of
the nuclei in the level scheme in Fig. 2, we will find
two subsystems of dips with parameters €, = 7.2 Oe
and €. = 5.6 Oe. Taking the non-equivalence of the
nuclei into account gives a ‘‘/fine’’ structure which
causes these two subsystems to overlap. As a result
we get a system of dips with a large parameter
Y€, +€.) = 6.4 Oe and a small parameter |€, — €, |
=1.1 Oe. Note that for this orientation of H the role
of the ninth fluorine nucleus in the DS spectrum is
negligible, since H makes a small angle with the x
axis (4°30").

In the orientation ¢ = '76° the splitting in the upper
levels due to the inequivalence of the nuclei increases
to 3 Oe, and in the lower levels to 5.5 Oe. A structure
with a parameter of about 3 Oe is thereby resolved in
the DS spectrum (Fig. 3b).

It is necessary to note that in the given orientation
of the magnetic field, the ninth fluorine nucleus also
participates in the DS spectrum. The interaction of the
paramagnetic center with this nucleus produces a
splitting equal to 8.5 Oe in the upper levels and 5.5 Oe
in the lower. Two subsystems of levels are formed
for m =+, and two for m = —7,. Hence there will be
four groups of transitions between these subsystems.
The DS pattern for one such group of transitions was
considered above. Thus, accounting for the effect of
the ninth nucleus gives a superposition of four identi-
cal DS spectra. However, a feature of this orientation
(@ ='6") is that the displacements of the superposed
DS spectra are multiples of the observed parameter
3 Oe. Actually, these shifts will equal 8.5 — 5.5 = 3 Oe,
8.5~ 3x 3 and 5.5~ 2 X 3, The inexact multiplicity of
the shifts causes only an additional broadening of the
DS dips (see Fig. 2b).

Thus, the expected DS spectra in inclined orienta-
tions of H, the parameters of which are calculated
according to Egs. (12) and (13), are found to be in good
agreement with the experimentally observed spectrum.

8. In the DS experiments carried out by the Tbilisi
group ([*1528]) and this paper), microwave pulses with
length 7> T, (7 =107° s, the electron transverse re-
laxation time T, < 107% s). Hence during a pulse a
transverse component of the magnetization does not
arise, the pulse will be purely saturating, and coherent
effects are not evoked by it. The degree of saturation
of a pair of levels (between which the pulse induces
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transitions) should be determined by the quantity Pr
« H37, where P is the power, H, the half-amplitude
of the saturating pulse. And this same quantity Pt
should determine the depth of the DS dips. In fact, ac-
cording to experiment, the depths of the DS dips do not
change if P and 7 change in such a way that their
product remains constant. But if P7 increases, so do
the depths of the DS dips.!!"

On the other hand, if 7 < T,, one has a completely
different picture. Such a pulse is coherent, and it
evokes not saturation, but a rotation of the magnetiza-
tion by an angle ygH,7 (yg is the gyromagnetic ratio
of the electron spin) in a rotating system of coordinates
about the direction of H,. As a result of a rapid (in
comparison with cross-relaxation and spin-lattice re-
laxation) passage over the line, one will observe a
central dip at the field corresponding to the frequency
of the pulse. Then the resonance signal will be positive
in the dip, if the angle ysH,;7 (after reduction to the
interval 0—27) is less than 7/2 or greater than 37/2;
otherwise the signal in the central dip will be negative.
On either side of the central dip, one should observe
(positive) DS dips, the depths of which will be deter-
mined by the angle of rotation, i.e., the quantity H,7.*
However, the possible presence of transient effects
may strongly complicate the observed pattern.

“The pattern which should occur in the case of a coherent pulse
was elucidated as a result of a conversation with Prof. K. W. H. Stevens,
to whom we express our thanks.
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