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It is shown that surface electron waves should exist in pure metals and weak magnetic fields near 
the frequencies of the electronic transitions between magnetic surface levels. Such waves can in­
teract with Rayleigh sound vibrations. Spectra, damping, and the mutual transformation of elec­
tronic and Rayleigh waves are investigated. 

1. INTRODUCTION 

IN 1885, Lord Rayleigh predicted the existence of sur­
face sound waves in solids. These vibrations are 
localized near the surface of the sample and represent 
the superposition of transverse and longitudinal waves 
existing in the bulk of the material. The spectra and 
damping of the sound in metals, especially at low tem­
peratures, are determined to a considerable degree by 
the electronic conductivity. We shall be interested in 
the effect of a weak magnetic field on the surface sound 
wave, which is realized through the medium of the 
electron conductivity. It is natural to expect that the 
surface sound vibrations will interact principally with 
electrons moving near the surface of the metal. 

The states of such electrons in the magnetic field 
H differ from the well-known Landau levels which 
exist in the bulk of the conductor. If the vector H is 
parallel to the boundary of separation and the scatter­
ing of the electrons is specular, then, thanks to multi­
ple reflection, the electrons drift along the surface in 
a direction perpendicular to the magnetic field (Fig. 1). 
Their motion along the normal to the boundary is 
finite and periodic and, according to the correspond­
ence principle, should be quantized. Such quantum 
states are called magnetic surface levels Y• 21 Among 
surface electrons, a special place is occupied by 
"skipping" electrons, for which the center of the 
classical orbit lies outside the metal at a distance 
somewhat less than the orbit of revolution in the mag­
netic field. The period of vibrational motion of the 
skipping electrons is much less than the cyclotron 
period, since their trajectories consist of small arcs 
of the Larmor circle. Therefore the transition fre­
quency Wab between the magnetic surface levels a and 
b fall off in the microwave frequency range even for 
weak fields H ~ 1-10 Oe. The resonance absorption of 
bulk sound waves at frequencies Wab was considered 
by Fischbeck and Mertsching. [31 As was to be expected, 
the effect was weak because of the surface character of 
the absorption. It must be emphasized that the interac­
tion of the skipping electrons with the Rayleigh waves 
will be significantly greater than with the bulk sound. 
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FIG. I. Trajectory of skipping 
electrons in a magnetic field paral­
lel to the surface of the metal. 
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In addition to the fact that the Rayleigh waves and the 
states of the skipping electrons are localized near the 
surface of separation, coupling between them actually 
has a resonance character. The fact is that, near the 
transition frequencies wab, surface waves should 
exist which represent a characteristic electron 
sound.r4 J This electron sound and the Rayleigh vibra­
tions interact with one another. The present research 
is devoted to the theoretical investigation of their 
coupling and mutual transformation. A preliminary 
communication on this work has been published previ­
ously. (5J 

2. COMPLETE SET OF EQUATIONS AND STATEMENT 
OF THE PROBLEM 

1. Let a metallic half-space be located in a constant 
and homogeneous magnetic field H parallel to its sur­
face. We choose the z axis along the vector H and 
direct the x axis along the interior normal to the 
boundary of separation x = 0 (Fig. 1). We consider a 
metallic model whose Fermi surface has axial sym­
metry with the axis pz, i.e., the dispersion relation 
for electrons is 

E(p) =e(p,) +P.t'/2m, (2.1) 

where p is the momentum and m the transverse ef­
fective mass. The quantum states of the electron in 
the magnetic field H are characterized by the com­
plete set I a) = In, X, Pz). Here n is the magnetic 
quantum number, X = -cpy I eH the projection of the 
center of revolution on the x axis, e the absolute 
value of the electronic charge, and c the velocity of 
light. We shall not take into account the spin distribu­
tion of quantum levels. For the vector potential A, we 
use the Landau gauge: Ay = xH, Ax= Az = 0. The 
wave function of the electron in this gauge has the 
form[ 2J 

Ja) ~ 2: 11 exp [ ~~ (PuY + p,z)] D~-·;, ( x ~X), (2.2) 

where iJ. = (nc/2eH)112 is the magnetic length, 0 11 ( 0 
is the parabolic cylinder function, normalized to unity. 
This function vanishes for ~ = oo and satisfies the 
equation 

D,"(£) + (v + '/,-'f,£')D,(£) =0. 

The quantum number T/ represents the energy of trans­
verse motion of the electron in units of fin ( 0 is the 
cyclotron frequency). For specular reflection of the 
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electrons from the metallic surface, the quantum rule 
11 = 17( n, X) is determined by the boundary condition 

(2.3) 

In the presence of a boundary, degeneracy along the X 
coordinate is removed and the energy levels can be 
represented in the form 

E.= 'IJ (n, X)/iQ + e(p,) 0 
(2.4) 

2. We shall assume that the metal is acoustically 
isotropic. Then the equations of elasticity theory, 
which describe the propagation of sound waves, have 
the form 

u = s,'t.u + (s,'- s,') V div u + f {flo (2.5) 

Here u( r, t) is the displacement vector in the sound 
wave, sz and st are the velocities of longitudinal and 
transverse sound, p the density of the metal, f the 
volume force density exerted by the electrons on the 
lattice. Obtaining the quantum mechanical expression 
for the force f is most important. 

We shall begin with the variational principle 

6 <ie> =- Jdvfouo (2.6) 

This formula expresses the change in the total energy 
of the electron in a virtual displacement c5u. The 
brackets () d~noteA qua..,ntum-mechanical averaging. 
The operator JG = E + U is the sum of the unperturbed 
single-electron Hamiltonian E and the perturbation 
potential U, which describes the interaction of the 
electron with sound. It is known that, in weak magnetic 
fields, we can limit ourselves to the direct deforma­
tion inter~ction of electrons with sound, and take the 
operator U in the form 

U = 1h[A.r{p), llu,] t, {2, 7) 

where uaf3 = %(aualax{3 + au13/axa) is the elastic 
deformation tensor, Aaf3 the symmetric tensor of the 
deformation potential, which vanishes in averaging over 
the Fermi surface, [A, B)+ = AB + BA is the anti­
commutator, and sumation over the repeated indices a 
and {3 is implied. Thanks to the smooth dependence of 
the deformation potential Aaf3 on p in the quasi­
classical approximation, one can neglect the non­
commutativity of the operators p and r. In other 
words, one can a~sume Aaf3(p) to be a c number, and 
the perturbation U to be a multiplication operator. 

The average value of the total energy of the electron 
is given by the usual formula 

(X)~ S dV.p'aYG¢ = f dV.p' (E + Aa~ua~)tJ,, (2.8) 

where ljJ is the exact wave function of the electron with 
Hamiltonian Je. In the calculation of the variation of 
the mean energy 1i ( d'G) one cannot vary the wave func­
tions ljJ and </!* because of the equation of continuity for 
the probability density (the analog of Liouville's 
theorem). Consequently, 

Integrating (2.9) by parts and equating the result to 
(2.6), we obtain 

(2.9) 

a • 
ia=--A .. ~¢ ¢0 

ax~ 
(2.10) 

We now determine the density matrix with the help of 
the relation 

fT(r', r) = 1Jl'(r')1J1(r)o 

Then the electron force operator is equal to 
• a • . 
fa= ;;---- {A,p (p) .f (r', r)},·~., 

uXil 

and the mean value of the force is 
a • , • 

/ • (r) = 2 .,..-- :Sp ,\.,~ (p) .'f 6 (r - r' )o 
uXp 

(2.11) 

(2.12) 

(2 .13) 

The coefficient 2 comes from the summation over the 
spins. One can show that the final expressions (2.12) 
and (2.13) are actually valid in the general case and 
not only in the quasiclassical approximation. 

3. We now write down the equation of motion for the 
density matrix ?7. In the absence of scattering of elec­
trons, this equation has the form 

~ + -~ cje#- ?nle> = o. <2.14) 

We linearize the density matrix, setting §:" = o'9°(.re) 
+ g.'. The nonequilibrium addition to the density matrix 
Sr' satisfies the equation 

a:'t' + _i_(EJ'- '!F'E) =- a:to(fft}. (2.15) 
iJt h df 

The matrix element ag-0 (.1G)jat in the representation of 
the unperturbed Hamiltonian is easily found with the 
help of a relation which is valid in the linear approxi­
mation in the perturbation U: 

(E.f" (Je}- ffo(JC) E)ab = (Ea- Eb}ff abo""'- (ff 0°- if b0) Uab> {2.16) 

where ff~b = (a I ff 0(Ye) I b), .9-"'~ = .o/'0 ( Ea). With the 
help of (2.16), the equation for the matrix elements 
s<~b can be represented in the form 

asrb' i fTO-fTbo 
-ft-+J!(Ea-Eb)fTab1 = ;b-Ea Oab, (2.17) 

where the dot indicates the partial time derivative. 
For the monochromatic perturbation U(t) ~ e-iwt, we 
write out the solution of Eq. (2.17) in the form 

m- 1 , rT.0 -fTo0 (aJAa~llcrBJb) 
.:r ab = llCJ) • 
. Eb-Ea Eb-Ea+hw+iy 

(2.18) 

In the account of collisions of electrons with scatter-
ers, the adiabatic parameter y- +0 can be replaced 
under certain conditions£ 61 by the relaxation time: 
y = fi/ T. In the case of elastic scattering of the elec­
trons, a similar substitution in the dissipative part of 
the density matrix can be made only after the use of 
the exact law of conservation of energy Ea = Eb + fiw 
in the factor (B"~ - g-b)/ ( Eb - Ea). Keeping this re­
mark in mind, we write down the final expression for 
the mean electron force 
!a(r)=2hw '\1 fT.O-[TbO 0 (ajA;kuikjb) 0 Aa~-~~-(l;la)o (2.19) 

L...J. Eb-Ea Eb-Ea+liw+lhv ax~ 
a,b 

Here v = 1/ T is the collision frequency of electrons 
with scatterers. It should be remarked that there is a 
contribution to the electron force because of the de­
pendence of the quasi-equilibrium part of the density 
matrix ff 0(it') on the perturbation potential U. It leads 
to renormalization of the elastic moduli and sound 
velocities, which do not depend on the magnetic field 
in the region of weak magnetic fields considered. This 
contribution can be taken into account if we assume the 
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sound velocities sz and st in (2.5) to be renormalized 
quantities. 

4. In order to simplify further calculations, we 
make the assumption that the deformation potential 
tensor is diagonalized in the indices a and {3, i.e., 
Aaf3( p) = A ( p) 6af3· This assumption corresponds to 
the Frohlich model of electron-phonon interaction, in 
which the effect of electrons on the propagation of 
transverse sound is not taken into account. Although 
such a model is inapplicable to real anisotropic metals, 
nevertheless, it can be assumed that the results ob­
tained by means of this model give the correct qualita­
tive description of the effect, even in the general case. 

Following Landau and Lifshitz, [71 we represent the 
displacement vector u in the form of the sum of a 
potential and a vortical part: u = ul + ut, while div ut 
= 0, curl ul = 0. Because of the diagonality of the ten­
sor Aaf3• the equations for ul and ut are separated: 

ro'u' + s,'~u' = 0, w'u' + s,'L\u' + f / p = 0, (2 .20) 

and only the potential part of the displacement ul 
enters into the expression for the force f. Such a 
division of the equations for ul and ut materially 
simplifies the calculations. 

The equation (2.20) should be supplemented with 
boundary conditions. It is seen from (2.19) that the 
electron force f on the surface of separation vanishes 
with the wave function of the electron (2.3). For this 
reason, the boundary conditions on the free surface 
x = 0, the conditions from which the spectra of the 
surface waves are determined, 

sl-2s12 

Uxy=nx:=O; nxx+Uvv+ 2 u,=O, (2.21) 
St 

turn out to be the same as for f = 0. 
The solution of the set of equations (2.20) is sought 

in the form of a plane surface wave u(r) = u(x)eikz 
propagating along the z axis. Here the component 
uy = 0, as in the absence of interaction of the elec­
trons with the sound. The solution of the first of Eqs. 
(2.20) is a free wave of "transverse" sound 

u/(r) =iAkcxp (-x,x+ikz), 

u.'(r) =Ax, exp(-x,x + ikz), (2.22) 

where K~ l = k2 - w2/st,l; A is some constant. We 
write down Eqs. (2.20) for "longitudinal" sound, ex­
panding ul(x) in the Fourier integral .. 

u'(x)=(1/;1;) J dqu1(q)cos(qx) 
0 

au a' (D) 1 =J 2---+(xt2 + q2)nai(q)=- dq'Qa~(q, q')u~1 (q'), 
~ no 

a,·~= x, z. (2.23) 
The right hand side of (2.23) represents the Fourier 
component of the quantity fa(r)/psz. The solution of 
Eqs. (2.23) is expressed in terms of two constant 
aul (0)/ax. The dispersion equation for surface waves 
is %btained by equating to zero the determinant of Eqs. 
(2.21), which contain these constants and the quantity 
A. 

2. CALCULATION OF THE FOURIER COMPONENT 
OF THE ELECTRON FORCE 

The Fourier transform of the electron force is de­
termined by means of the formula 

00 

fa(k,q)=2e-ikz J dxf0 (x,z)cos(qx). 
0 

(3.1) 

Using (2.19) and the diagonality of the deformation po­
tential tensor, we write out this expression in the form 

.. a 
· (al divu1(r) I b) Jdxcos(qx)-(bla). (3.2) 

0 a.r:a 

After identity transformations, this expression takes 
the form 

/a(k, q) 1 ~J d 'P '\' tlJ 'V ( )'I'' ( ') ( ') -p-;;- =-;-- q t .i..J ab ab,a q . ao,r q U~ q . (3.3) 
0 a,b 

Here we have introduced the following notation 

(!J _ firo f!T.0 -f!Tb0 Nb(Pva-Pyb)b(p,.-p,b-fzk) 
ab- f}sl'(nf1)2 Eb-Ea E.-Eb-hro-ifzv (3.4) 

'l'ab,x(q)= ~ (al sin(qx) I b), 'I'ab,,(q)= i(al cos(qx) I b), 

(aleiqxlb)= {azeiqxD"·-'1, ( x~X )D"0 -•r, ( x~X), (3.5) 

6(p) is the Dirac delta function. Equating Eq. (3.3) to 
the right hand side of (2.23), we can easily write down 
the expression for the kernel of the integral transfor­
mation Qa{3(q, q') in the form 

'Qa~(q, q')= k2 L, tllab'I'ab,a(q)'11a;,~(q'). 
a,b 

The electron states in a metal divide naturally into 
volume and surface states. The ihterior (volume) 
electrons do not collide with the surface of the sample 
and have the Landau spectrum 7J(n, X) = n + %, which 
is degenerate in the X coordinate of the center of 
revolution. For these electrons, X 2: R1 = cp1 /eH, 
where R1 is the classical radius of cyclotron rotation 
of the electron. The surface electrons with I X I ::S R 1 
undergo reflection from the interface. Inasmuch as we 
are interested in the region of weak magnetic fields, 
not exceeding several tens of Oersteds, the contribu­
tion to the electron force from the interior electrons 
can be assumed to be independent of the magnetic field. 
The interaction of these electron with sound, as is 
well known, leads to a relatively small value of damp­
ing and change in the velocity of the interior oscilla­
tions, and is characterized by the dimensionless 
parameter 

ro sz 
~-~~-·. 

/cvp v~· 

The parameter of electron-phonon interaction 
I; = (A/ E F )2 is of the order of unity. 

(3.6) 

Among the surface electrons, the most important 
for the effect being studied are the skipping electrons. 
Their interaction with the sound wave in weak magnetic 
fields has a resonance character. Therefore it is 
necessary above all to find the electron force due to 
the skipping electrons. 

For this purpose, we compute the matrix element 
(3.5) in the quasiclassical approximation, when 

n ~>In- n'l. (3.7) 
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The quasiclassical asymptote of the parabolic cylinder 
functions has the form 

( x-X )- p-'i•[1-(z-X) 2/1ru.t2]-''• { z-X) 
Dq-"' -- - c~ -- , 

1.1 l'f.1arccos(-X/2rq'TJ) 1.1 
(3.8) 

where 

C"(t)=cos {TJ [u.rccos ( t -) -~( 1-~)'''] -.!!..}. (3.8') 
2l'TJ 2l'TJ 4TJ 4 . 

Integration in (3.5) with the wave functions (3.8) should 
be carried out over the classical region 0 ::s x ::s R1 +X. 
Transforming to the new variable t = (x - X)/ JJ., we 
represent the matrix element (3.5) in the form 

(ajei9>j b)= TJ-'i•[arccos(- X/2f.lj;j}]-1 

2~"ii 

X s a/'1(t)C11.(t)cxp[iq(l.lt+X)J 
-XII' (1- t2/4TJ)'i• . 

(3.9) 

In place of the X coordinate of the center, we introduce 
the angle variable 

q> = arccos (-X /21.L)'ti), (3.10) 

which is the angle of skipping of the electron at the 
moment of its collision with the surface (Fig. 1). We 
transform in the integral (3 .9) from the variable t to 
the running angle variable ~ by the formula 
t = 2/'f/ cos~. Then 

(ajeiqxjb)= 
(3.11) 

2s" - - -=- di.C~(2l'TJ cos A.)C~·(2jTJ cos A.)l'xp [2iqi11'TJ (cos"-- cos q>) ]. 
cp 0 

In the quasiclassical approximation, the relation 

2C,,(2{tj cos i.)C,,.(2Yi] cos 1..) ~cos [A(TJ'- TJ) I 
is valid, in the derivation of which the function 
CT/ ' ( 2 fii cos ~) is expanded in the small parameter 
~I 'f/ 1 

- 'f/ 1/'f/(.X - cos ~ sin .X)~ In - n' 1/n. Thus, the 
matrix element (3.5) is equal to 

op 

(!!j eiqx 1 b)= q>-1 J dl. cos[1.(TJ'- !J) Jexp[- 2iql.lj~ (cos cp- cos i..)] 
0 (3.12) 

The expression for the tensor Qaj3( q, q') contains 
a summation over the quantum numbers n and n' and 
integration over Pza, Pzbi Pya, Pyb· Integration over 
Pyb and Pzb is performed by means of the 0 function 
contained in ~ab. In place of integration over Pya, we 
transform to an integral over the angle variable cp in 
correspondence with Eq. (3.10). Here we must keep 
in mind in the substitution of variables that the quantity 
T/ is a function of n and cp. The quasiclassical condi­
tion of quantization for T/ ( n, cp) is easily obtained from 
(2.3) and (3.8') in the form 

n(n- 1/;) ( ) 
TJ(n,cp)=(f-sinq>cosq>, n=1,2,3... 3.13 

The difference T/- 'f/ 1 = T/(n, cp)- T/(n', cp') is ex­
pressed in terms of the transition frequency wns be­
tween the levels n' = n + s and n by the following 
formula: 

(3.14) 

As a result, the expression for the kernel Q~~( q, q'), 
due to magnetic surface levels, is written in the form 

X 'I'na,,.(q)'l'n:,p(q'), (3,15) 

where +"ns• (q) is determined by the formulas (3.5) and 
(3.12) with account of (3.14), and the quantity 
~ns(cp, pz) is equal to the coefficient of the 0 functions 
in (3.4). 

Equation (3.15) admits a further simplification if we 
take it into account that the ratio (~~ - !Tb)/(Eb - Ea) 
can be replaced by 0 [En(cp, Pz) - f:F ], where f:F is 
the Fermi energy. In order to get criteria for the pos­
sibility of a similar substitution, we must take into 
account the presence of the a resonance factor in (3.4), 
which is connected with the law of conservation of 
energy in the absorption of the quantum tiw. The dif­
ference of the Fermi functions .o/~ - !Tb differs from 
zero in the circle E = f:F and changes over the char­
acteristic energy interval T + tiw (because of the 
finite temperature T and the quantum energy tiw ). The 
relative rate of change of the difference in the Fermi 
functions has the order (T + tiw)/f:F, and for the 
resonance denominator, -11/ w. Therefore replacement 
of ( !T~ - ~b)/ ( Eb - Ea) by a delta function is valid 
under the condition[4J 

T+liw v --<-. e, ro 

By means of O[En(cp, pz)- f:F] it is easy to carry 
out integration over cp • In the interval 0 ::s q; :S 11, 

there is no more than one root of the equation 
En(cp, pz) = f:F, the solution of which represents the 
condition of quantization of the skipping angle cp = C/)n. 

In order to obtain the final expression for the kernel 
Q~~· it must be taken into account that the principal 
role is played in weak magnetic fields by the skipping 
electrons with small values of the angle cp. The quanti­
zation condition for these electrons has the form 

[ 3l't hQ ( 1 )]''• (3.16) 
(jln = 2 llF - e (p,) n- 4 · 

We have left in the kernel Q~~(q, q') only one reso­
nance component, in which the frequency w is close to 
one of the transition frequencies Wns 

Q:.": (q, q') 1(3.17) 

_ _ rok2 Jd A2 (p,) [liQ/ (eF- e(p,)) J''• 'I'. ( )'I' ( ') 
- ? 2fi2 2Q Pz k + . na, " q na, P q · 

~n Pf.ISt ro - ro.,- v, IV 

Here the components of the vector +"ns ,a ( q) for the 
skipping electrons have the form 

I 

'I'ns,x(Q)=(q/k) J dzcos(nsz)sin[qp.(1-z2)], 
0 

I 

'I' no, ,(q)= i J dx cos (nsz)cos [ qp. (1 - z2) ]. 
Q 

(3.18) 

The parameter Pn = R1cp~/2 is the maximum distance 
of the n-th quantized trajectory from the surface of the 
metal (Fig. 1); Vz = ae(pz)/apz is the velocity of the 
electron along the magnetic field; the value of the de­
formation potential A(pz) is taken for E = f:F and C/)n 
= 0. 

Let us compare the resonance and nonresonance 
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parts of the kernel of the integral transform 
Qar;(q, q'). Its nonresonance part is determined 
principally by the interior electrons and, in accord 
with (3.6), Q V f.l ~ t.wlvF· The maximum value of 

res a,.. 
Qar; for I wns,a I ~ 1 is of the order of fik 2/ wt./mvFv. 
The relative values of these two components are deter­
mined by the parameter fik 2/ mv, which is the ratio of 
the energy of the electron with momentum fik to the 
collision width of the level fiv. Thus, upon satisfaction 
of the condition 

lik'/mv ~1 (3.19) 

the resonance component in Qar; from the skipping 
electrons gives the principal contribution to the elec­
tron force. 

4. SOLUTION OF THE EQUATIONS 

The solution of Eqs. (2.23) and the analysis of the 
resulting dispersion equation for surface waves are 
much simpler if we use the model of a cylindrical 
Fermi surface with axis pz. In other words, we assume 
€(pz) = 0. Then the quantization condition (3.16) for the 
angle cp does not contain € ( Pz) and in (3 .17) integra­
tion over pz reduces to the multiplication by the 
dimension of the cell in the pz direction. The expres­
sion for ~ can be rewritten in the form 

Q ... { ' 1ik2 
(I) { "'' ' (4 1) a~ q,q )=-2~ +t 'l1ns,c q)-rns,~(q ), • 

PF ro- ro., v 

Thanks to the fact that the kernel (4.1) is degenerate, 
Eqs. (2.23) reduce to an inhomogeneous set of linear 
algebraic equations for the quantities 

...!_] dq''l' ~ •. r { q') u,1 { q'), r = x, z. 
It 0 

The solution of this set is expressed in terms of the 
constants au~(O)/Bx. The boundary conditions (2.21) 
connect these constants with A. Setting the determinant 
of Eqs. (2.21) equal to zero, we obtain the dispersion 
equation for the surface waves. We shall not attempt 
to give here all these essentially simple but rather 
cumbersome calculations, and immediately write down 
the result: 

Here 

4x1x1k2 - { x12 + k2) 2 
'Xtk --:--,:-=--.,..:....---',-­

(x,2 + k2)2{x12- k2) 

g ____ ro ___ _ 

Ill- <Uns(1- ~)+ iv 

plays the role of a dimensionless coupling constant 

(4.2) 

(4.3) 

(4.4) 

is the small relative shift in the resonance frequency. 
The dimensionless parameters ans and f;ns are ex­
pressed by the following formulas: 

I 

a.,= J dxcos(nsx)exp[ -xtPn(1- x2) ], 

0 

I :o: 

p.,= J dxcos(nsx) J dycos(nsy)exp[-x1p.(x2 -y2)). (4.5) 
0 0 

For the cylindrical model of the Fermi surface con­
sidered, 

nsQ _ cpp 2 [3n liQ ( 1 )]''• 
C!lns=--;p;;-• Pn- 2e/I!fn' lpn= 2-;; n-4 •(4.6) 

The dispersion relation (4.2) describes the coupling 
between the two types of waves. One of them corre­
sponds to the vanishing left hand side of (4.2) and gives 
the spectrum w = stkE (E = E(st/sz) is determined by 
the solution of some transcendental equationr71 ) of the 
unperturbed Rayleigh wave. The other solution 

ro = ro.,{1 -ll)- iv (4.7) 

corresponds to the vanishing of the denominator of the 
right hand side of (4.2) and represents the spectrum of 
surface electron sound in the case considered. The 
parameter Z characterizes the coupling between the 
surface sound and the electron surface waves. For 
z- o, both branches are independent and intersect at 
wns Rj stkE. Near the point of intersection, if Z ¢ 0, 
there is resonance interaction and mutual transforma­
tion of both types of oscillations. 

As is well known/ 81 one should distinguish between 
the cases of weak and strong coupling in the resonance 
coupling of waves, depending on the ratio of the 
parameter Z and the square of the total relative damp­
ing of both waves y Rl v/w + szlvF. In the case of 
strong coupling (Z)) r 2 ) the "repulsion" of the reso­
nance curves ow near the point of intersection is sym­
metric and ow/ w Rl ± Z 112 (Fig. 2). To find the correc­
tions to the spectrum and the damping for weak coup­
ling ( Z << r 2 ), it is necessary to make use of the per­
turbation theory with respect to the coupling constant 
Z, substituting the unperturbed spectrum in the cor­
rection. raJ We shall not attempt to write out these well­
known formulas, which describe the transformation of 
the waves . 

FIG. 2. Schematic picture of the mutual 
transformation of Rayleigh and surface 
electron waves. 

5. SPECTRUM OF SURFACE ELECTRON SOUND 

The possibility of the appearance of the resonance 
effect described above is due to the existence of sur­
face electron excitations, the spectrum and damping of 
which are determined by Eq. (4.7). We shall give the 
expressions for the spectrum of surface electron 
waves in two limiting cases. 

1. The trajectory of the skipping electrons is lo­
cated in the "skin-layer of the Rayleigh wave, KlPn 
« 1. In this case, the asymptotic expressions for 
ans and f3ns have the form 

ja •• l = 2x,p./ (ns)', p •• = x,p./2(ns)'. (5.1) 

Substituting these expressions in (4.4) and (4.7), we 
get 

ro(k)= ro,.,{ 1- ~ 4:~12 [ 1 + CJ 2x1p.]} , (5.2) 

where KZ = (k2 - w~slsz)112 • It is seen from this 
formula that the spectrum begins with k = wns/sz, and 
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the group velocity of the electron wave at this point 
goes to negative infinity. The dispersion of the wave 
directly after the threshold has an anomalous charac­
ter, i.e., the signs of the phases and group velocity are 
different. There is a difference here in the spectrum 
of the surface electron waves in their interaction with 
the acoustic oscillations from the case of interaction 
with the electromagnetic field, for which the dispersion 
has a normal character. r 4l The difference shown is 
due to the fact that in the electromagnetic field the un­
perturbed surface wave is absent. 

2. In the opposite limiting case KlPn ~ KPn » 1, 
the asymptotic expressions for ans and f3ns have the 
form 

ja.,l = (2kp.)-', ~ .. = (4kp.)-'ln (kp.), k>w.,fs,. (5.3) 

The spectrum of the electron wave in this case has the 
form 

[ (ns)2 liQ ln(kpn)] 
!~(k)= Wns 1-~------ · 

8 ms12 (kpn) 2 
(5.4) 

In this region of wave numbers, the frequency disper­
sion is normal. For large k, the limiting frequency 
in the spectrum is identical with Wns· It should be 
noted that the behavior of the dispersion curve in the 
limiting case of large k has the same character as for 
surface electromagnetic waves.r 4 J This fact confirms 
our interpretation of the excitations with the spectrum 
(4.7) as the proper surface oscillations in the electron 
Fermi gas. 

From a comparison of Eqs. (5.2) with (5.4), it can 
be concluded that there is a gap I tl.w I = l;ti0wns/4msi 
between the threshold and the limiting frequency. 
Figure 3 shows schematically the path of the disper­
sion of the characteristic frequency as a function of k. 
The dashes indicate that part of the curve in which it is 
difficult to obtain an analytic expression w = w(k). 

The analysis of the spectrum given for the cylindri­
cal Fermi surface is essentially based on the fact that 
the resonance frequency Wns is independent of Pz. In 
the general case, thanks to the dependence of Wns on 
Pz, resonance takes place close to the extremal values 
of wns(Pz) = w~. The analysis given in[4J for the 
study of surface electromagnetic waves showed that the 

wlkl 

:_-~;~~;~ 
~ .! ,, 

FIG. 3. Spectral curve of a surface 
electron wave (the part of the curve 
where it is difficult to obtain an ex­
plicit analytic dependence w = w(k) 
is shown by the dashed curve). 

dispersion equation, in the case of a spherical Fermi 
surface, does not have a solution for surface electron 
excitations. This result is connected with the fact that 
the kernel Qres (3.17) has no singularity for v - 0, 
when the exti¥fmum of the resonance curve corresponds 
to the maximum of wns(Pz). The given conclusion is 
valid also for the local maxima of wns ( Pz) and for an 
arbitrary electron dispersion law. The surface elec­
tron excitations in this case exist only near the local 
minima of the functions wns(Pz) and their spectrum 
has the form 

w(k)= w'::!"- a/•2, a> 0. (5.5) 

The investigation, which is easily carried out by the 
same method as in[4J leads to analogous conclusions. 
That is, the spectrum of the surface electron sound, in 
the interaction with Rayleigh waves, exists in the 
vicinity of the local minima of Wns(P) and is deter­
mined by Eq. (5.5) for small k. 

The resonance effects considered above were ob­
served in experiments with surface hypersonic waves 
(frequency w ~ 10 10-10 11 sec-1) in pure monocrystal­
line metals at low temperatures. Here the character­
istic value of the coupling constant is Z ~ 10-2-10-3 

and the relative resonance changes in the spectrum 
and the damping of the surface waves can reach values 
on the order of 0.01-0.1. 
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