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The problem of the wave fields is solved for the space surrounding a collapsing weakly nonspherical
mass. The fields in question are the electromagnetic field which has the collapsing object as its
source, and the nonspherical part of the metric. Near the gravitational radius there is a wave reg-
ion for such processes. The nonsingular solutions in this region are derived. By joining these solu-

tions onto the solutions in the region farther out from the gravitational radius we can conclude that
durmg the collapse the external wave fields fall off exponentially with a characteristic time
r_/c. For an object with mass of the order of a few times the solar mass this means an ex~

tremer rapid (7o ~ 107 sec) disappearance of the field in space as the boundary of the body ap-

proaches the gravitational radius.

1. STATEMENT OF THE PROBLEM AND INVESTIGA-
TION OF THE SCALAR FIELD

IN the space surrounding a collapsing mass there are
electromagnetic and gravitational fields connected with
the matter. If the collapsing body is nearly spherical in
shape the corrections to the metric, which give the
deviation from the case of spherical symmetry, can be
treated in the linear approximation, and this is also
true for a sufficiently weak electromagnetic field. In
this case the general form of the equations for the wave
fields in empty space is obvious—in an appropriate
gauge A }{; = 0, where A is the tensor that describes the

field in éuestion. The covariant differentiation is done
in the spherically symmetric metric, and therefore the
variables can be separated; the solution for A can be
put in the form of a superposition of generalized spher-
ical harmonics.

In the Schwarzschild coordinates®! the metric of the
space in which the wave is propagated is independent of
the time, so that the waves can be resolved into har-
monic components. We obtain the complete space of
events for the region surrounding the Schwarzschild
surface by using the Lemaitre coordinates correspond-
ing to the unperturbed spherically symmetric motion.
To connect these reference systems we use the well
known formulas '’

'V’g l
V"+V’g
r= [+ @—o ],

=1—2yrrg—rgIn

(1.1)

where R, 7 are the Lemaitre coordinates and r, t are
the Schwarzschild coordinates.

In a comoving system for the matter the instant of
passage inside the gravitational radius is not disting-
uished in any way.®’*! Therefore we assume that at the
surface of the body near r = rg the behavior of the

fields, which comes into the problem as the condition
for matching the solutions, is regular and can be expan-
ded in a series in the distance and the time of the co-
moving system, measured from the point of intersection
of the gravitational radius. A study of the equations for
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fo

the radial functions then shows that near the gravita-
tional radius rg, which we hereafter take as unit of
length, rg = 1, the nonsingular solutions of Eq. (1.1) are
of wave form. As an illustration let us consider the
equations in the simplest case, when A = ¢, where ¢ is
a scalar. The angular functions for the scalar case are
the ordinary spherlcal functions Yy, and for the radial
function x;(r) = ¢;(r)[r(r — 1)]1/2 the equation for the w
harmonic 1n Schwarzschxld coordinates takes the form
of the Schridinger equation with the potential (Fig. 1)

I+ 4ot
UO=—n " we=n 1-2)
Uy =0. (1.3)

Let us examine the behavior of the solutions of Eq.
(1.3) near r = 1, where it has the form (y =r — 1)

1+4m

x+ x=0, Y= Ausy’** — A, Jyexp(xinln|y]). (1.4)

Accordingly, in the region |y| < 1 the field y¥(y, t) is
a sum of advanced and retarded waves:

¥y, &) =Fi(t+njyl) +F-(¢—n|y)). 1(1.5)
In Lemaitre coordinates we find
P(y, 1)

=F,(x) +F_(v—2In|y|). (1.6)

In order to find the form of the functions F, it is
necessary to impose two conditions. The solution must
contain only a diverging wave at gpatial infinity, and it
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FIG. 2. The straight line R = R, (7) corresponds to the motion of
the boundary of the collapsing body. The matter is to the left of the
line Ry. The curves 1 and 2 are respectively lines of constant argument
for the retarded function F_ and the advanced function F,.

must satisfy matching conditions at the surface of the

collapsing body, which moves according to the law yo(7).

Let us first consider the second condition. Let 7 = 0 be
the instant of proper time when the surface of the body
passes inside the gravitational radius: y(0) = 0. The
Lemaitre coordinate Ro(7) of the surface of the body
does not change (Fig. 2). With the notation ¥ (yo(7), 7)
=a(7),wefindfor 7K 1, ly| K 1

a(t) = Fy(v) + F- (=21 |1]),

F_(z) = alexp (—z/2)] — F[exp (—2/2)]. (1.7)

We note that for 7 > 0, |y| < 1 the argument z = 7
— 21n |y| of the function F_ is always large: z > 1. For
7 > 0 the field near the gravitational radius thus has
the form

(g, 1) = F4(z) +alexp {—"(v—2In [y])}]
—F.[exp {—'/»(x — 2In |y])}].

For a(x) and F,(x) with |x]v<< 1 it is natural to write
a(z) =a+bz+cr*+...,

Fi(z) =a+pzt+vy*+...,

which gives for (y, 7):

Yy, 1) =Fi(1) + (@a—a) + (b —Blye™ + (c — )y + ... .

(1.10)

For small 7 we can also replace the function F,(7) by
the series (1.9), and we find that near the surface of the
body the field ¢ changes slowly as we go away from the
matter:

(1.8)

(1.9)

Y1) =at+pr+ (b—By+.... (1.11)

Let us consider the region of large 7 and |y| < 1.
Here it is convenient to go over to the Schwarzschild
time t. The solution for the component of frequency w
is of the form

(1.12)

Y(y, 0)e™ = C, exp [io(t 41
+ C_exp [im(t—(ln ny)iyl)]

For small w in the region —wln [y| < 1 this solution
must go over into the quasistationary solution found in
Appendix 1, to assure matching with the solution which
contains only a diverging wave at infinity. Near r = 1
the quasistationary solution is of the form ¢ ~ Cln |y|,
where C is proportional to the amplitude of the wave at
infinity, C(w). We thus find for C,, C_, and C(w) the
values

C,=—C._,

— —2iaC.. (1.13)
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The behavior of C_(w) for small w follows from the
behavior of the function F_(z) for large z, as given by
Egs. (1.7) and (1.9),

F_(z>1) = (a—a) + (b—B) exp (—2/2) + (c—y) exp (—2) + ...
(1.14)

Therefore the spectrum C(w) has no singularities near
w = 0. The amplitude I(w) of the field at spatial infinity
is determined by the quantity iwC_(w) and the ratio of
the coefficients of the converging and diverging waves
F, for the solution at spatial infinity. All of these quan-
tities are regular for small Im (w), so that the nearest
singularities of I(w) are located at finite Im w ~ 1. This
means that the field at a finite distance from the gravi-
tational radius falls off exponentially for large times,

(1.15)

We have given a detailed description of the character
of the solution for the scalar field, since the equations
for the electromagnetic and gravitational fields are
much more complicated, while the general features and
the idea of the investigation are the same as in the case
we have analyzed.

I(t) ~ exp (—At).

2. THE ELECTROMAGNETIC FIELD

Let us consider the behavior of the external electro-
magnetic field during the collapse of a spherically sym-
metric, electrically neutral body. The body has magnetic
or electric multipole moments. The electromagnetic
energy of the body is assumed small in comparison
with the gravitational energy; i.e., the metric of the ex-
ternal space is the same as the Schwarzschild metric.
The possibility of applying such a model to actual
astrophysical systems has been discussed in™’.

The general solution of the Maxwell equations for the
four-potential A; near the Schwarzschild surface is
found in Appendix 3. For example, the component A; is
given by (for simplicity we assume that there is no de-
pendence on the angle )

1
A= ;Bi” (r, t) Por(cos 8)

=%2Poxl(cose)[Fx(t—ln|y|)li-Fg(t+ln|y])], (2.1)
=1

with |y| = [r—-1| < 1; F,, F; are arbitrary functions,
and P;, are associated Legendre polynomials. In the
regionr >> 1 the solution of the Maxwell equations
must describe a diverging wave r 'F(t — r). This condi-
tion, together with the matching condition at the surface
of the body, completely determines the external electro-
magnetic field. It is convenient to do the matching in
the Lemaitre coordinates (1.1), in which

A3=—;-;‘Pm’(cose) [Fy(z—21n |y|)+ F2(x)].

The procedure of constructing a solution satisfying the
boundary conditions at the surface of the body and at
spatial infinity is given in detail in Sec. 1 for the exam-
ple of the scalar field. We shall not repeat the develop-
ments, and give here the final results.

DThe constants in F, and F_ that lead to the appearance of a con-
tribution to C,(w) of the form & (w) can be cancelled out beforehand,
or we must set C4+(w) = lim 0C4_.(m).

W+
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a) Near the Schwarzschild surface, immediately after
the boundary of the matter has passed inside rg we have

A= ZP'"'(COS 0) {m (0)+[m’ (0)— F2'(0) ]y exp(— v/2) +<F2'(0)+.. .},
= (2.2)
with 7 < 1; M(7) is the value of the field component in
question at the boundary of the matter.
b) At large times

Aa ~ exp (—)\,t) (2.3)

Analogous expressions can also be obtained easily for
the other components of the four-potential.

In conclusion we make one more remark. The elec-
tromagnetic field intensities calculated from (A4.7) have
a singularity at r = 1. However, in contrast with the
static case, Eqs. (A4.4)—(A4.6), in which the field in-
variants also have a singularity, the singularity here is
of a purely kinematic nature and disappears when we
change to a comoving reference system. The field in-
variants (E - H) and (E* — H®) are finite in the nonstatic
case.

3. THE GRAVITATIONAL FIELD

A. Let us consider the collapse of a nonrotating body
(with total angular momentum K = 0) with small (axially
symmetric) initial deviations from a sphere. It is
known®? that in a comoving reference system small
initial perturbations of the matter remain small until
the matter has attained very large densities. In this
case the characteristics of the outside space also differ
little from the case of spherical symmetry everywhere
except in a small neighborhood of the singularity. To
calculate the small corrections to the spherically sym-
metric part of the metric in empty space, it is sufficient
to solve the linearized Einstein equations for these cor-
rections and satisfy the boundary conditions at the sur-
face of the body and at spatial infinity.

A qualitative analysis of the problem has been given

n'®? (cf. also®’), where it was concluded that the non-
spher1ca1 corrections to the metric decrease asymp-
totically outside the matter, and some estimates were
made of the rate of this decrease. In this section we
make a more detailed analysis of the behavior of the
external field.

The symmetry of the problem allows us to look for
the metric in the form

14a

= ((1——)(1+d)dt2— =
—r2(1 + b)dez — r2sin? 6 (1 + ¢) dg>.

A general solution of the linearized Einstein equa-
tions near the Schwarzschild surface is found in Appen-
dix 2. It turns out that for r—1|= [y| < 1

a=d= ;Poo’(cos 8) (f+ + 1),
z(z+1)

ZV Y(+2)

fr=Ff@+myl), f-=f(—In]y]). 3-2)

In the Lemaitre coordinates (1.1) the metric (2.1) takes
the form

(3.1)

Pyt (cos8) (f++1-),

ds? = (1 + dyde? — H‘ dR? — r2(4 + b)do® —

r2sin? 0 (1 4 ¢) d¢?.
3.3
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All of the functions must be expressed in terms of 7
and R. We must have

fr=1:(x), f-=f-(—2In]y]).

Satisfying the conditions at the surface of the body
and at spatial infinity (where there is an outgoing gravi-
tational wave) in the way illustrated in Sec. 1, we find,
for example, for d

d(r<1, y<1) = ZP' (cos 0) {g(0) + [¢'(0)
—1+7(0) ]y exp [—7/2) +f."(0)},

where q(7) is the variable part of the component g of
the metric tensor on the matter;

(3.4)

d(x>1,7) ~ exp (—), (3.5)

i.e., at times close to the instant 7 = 0 when the boun-
dary of the matter goes inside rg the metric near rg is

the same as on the matter. With increasing time the
nonspherical corrections decrease exponentially with
time in the entire space.

B. It is not hard to include a weak rotation of the
body. It was shown in'®’ that the presence of a small
rotational angular momentum K does not affect the
collapse of the matter. For K = 0 nondiagonal compon-
ents 6gy; and 6g,;; of the metric tensor appear in the ex-
ternal metric. For them we get a system of equations
independent of (A3.2); it has been studied by many au-
thors,™ " and its solution is of the form

0gis=1(r)r?sin6, Ogos =L72 aPoi(cos 0) fi (é)sin 6; (3,6)
=1

Here y¥(r) is an arbitrary function, a, = const, f,(x)

= x%uy(x) p(dx/x*ui(x)) (sic), and u,(x) = F(2 + 1,1 —1;
4; x) is the hypergeometric function. By means of
small coordinate transformations which do not change
the metric (3.1) and the boundary condition of rigid-
body rotation, we can bring (3.6) to the form

0g13=0, 6g03=—27Ksin29. 3.7)

Accordingly, in this case the external metric in the
regionr > 1 will approach the metric of a stationary
rotating sphere asymptotically in time, according to the
same law (3.5).

The writers thank Ya. B. Zel’dovich, I. D. Novikov,
and A. D. Doroshkevich for a discussion of this work.

APPENDIX 1

The static equation for a scalar field ¢ in the
Schwarzschild metric is of the form
r(r— 19"+ (2r— )9 — I +1)p= 0. (Al.1)
This is the hypergeometric equation with the parameters
a= —|, b=1+1,
The general solution is given by the expression“’J

c=1.

(= t
P=CF (= LI+ 4,4+ C—2 F(l+1,l+1,21+2,—).
r
(A1.2)
The first solution
— — )\
F( ll+11r)_ T dﬂ[ﬂ(i '

is regular everywhere except at r = «, where it diver-
gesasr', r — «,
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The second linearly independent solution falls off as
r~!-!for r — =, and behaves like In(r — 1) for r — 1.

APPENDIX 2

The linearized Einstein equations for the metric
(3.1) are (a prime indicates differentiation with respect
tor, and a dot, with respect to t)

+ +(c—b) ctg6 =0, (A2.1)

2r—3 2

2r(r—1) r

ac’  od’ —3 odd

(b’——c’)ctge——‘—"———,-— v2r 3 —

: 99 a8 2r(r—1) do = 2r(r—1) 96

ctg6 da r—1 a r—1 6r—3>5

- Ritell —_ b -
a8 @ ET T

4r2
b r—1  6r—5 |, 1 0% ctgh dc ctg® b
B e i T N TR
1 0% ctgh 9d r—1 rb + 2r—1b,
2% 002 ' 22 08 ' P 20—1) ' 4e
b a ré 2r—1 1 9%
—_———— c’
TR TE T T e

ctg dc  ctg6 b

b’—l‘—b + +£ =0,

2r(r )
2r—1 Oda

=0’_

1 0%
2r? 9¢*

a4+

2% 27 g
r—1 n 2r—1 o— e i 2r—1 o
2r 2(r—1) 2(r—1) 42
ctg 6a r—1 2r41 ctgd od
Tt e Yt e a8
r—4q4 2r—1 rb ri 2r—1
b” b — — —_ ’
Ut 2(r—1) 2(r—1) 42
1 & r—1 , 2r+1 ., 1 &d_
Tt e YT Y taa T
According to the general rules for invariant decom-
position of tensors in terms of generalized spherical
functions,"! we introduce new functions y = ¢ +b,
7 = ¢ —b. Separating the angular variables in the equa-
tions, we obtain the following system of equations for
aj, dg, X7» M7 (we omit the indices [ here)
w+n+2  r—1 r—1 6r—>5

o —3 a + o ¥+ X
— I—)I@+1)(@+2)]%
3 z(z+41r)2 2, _Le=1u L)( AR, _o, (A2.1a)
I+1) r—1 ., 2r—1 . ll4+1)—2
— o2 d+ 2 d + e X 4 X
__m o (U= o p2.1b)
2(r—1) 4r '
r=1, 2—1, o i _ =1,
o X T 2(r—1) r—t 2
e, =t r4+1 o, l(l+1)d 0(A2.1c)
2r2 r 2r?
ik SR ek SR S [(l—i)l<l+1)(l+2)l"'.
A =5 & A2.1d
-@+a)=0, (A2.1d)
1—1)( s - -
[- l(l)jr;r)Z) "'+"'+2d'_r(2rr—f)d_ ’2(’“11"1:0("42 le)
2r—3 . 2
K+ gk — =0 (A2.1f)
¢+75¢+i E=10+2); . (A2.1g)

Ta+1)
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The solution of the equations (A2.1) near the gravita-
tional radius is of the following form!®’

U
1= 2” 4yx11
1 0 WW+1)—1 , Li+1)+3
= " __ — )
A g T} [ T 2 M 4y ’“]

Ty (A2.2)

= V i—D(+2 ( 1 ”'ﬁ—z:?“)’

x=y[Fs(t+1n|y]) +F-(t—1n lyD],

y=r—1
From this we find for the correctlons to the Scwharz-
schild metric the expressions

a=d= Y Pyi(cos6) [—(F+ —F_’)+—(F++F_)]

=2

e=—br~—2Y Po(cos ) [7(F+'—F_')+T(F++F_)].
=2

(A2.3)
For the functions F, a prime indicates differentiation
with respect to the entire argument.

APPENDIX 3

As is well known,"! the generally covariant wave
equation for the four-potential A; of the electromagnetic
field is

g Asxim =10 (A3.1)

with the supplementary condition gkmAk ‘m = 0.

Writing these equations out for the case in which gji
is the Schwarzschild metric, and separating the angular
variables by means of generalized spherical functions,
we get the following system of equations:

r—4 ,  2(r—1) , ofr l(+4+1) _Jo
" A" + = Ao +( =1 2 )Ao = 4,=0,
r—1 ., o 20r—1) I(l+1)

A +_‘4‘+( —1 r [0 )A
o N+,
_(r—1)2A0 g be=0
1 ) (43.2)
r— ” re’ _
B- + B— +(r—1 r )B_ 0
r—-l B re?  U(l+1)
B+ +—B++( -1 )B+
—1
A=Y
- —1 - Ti+1
o7 Ao+ 4y + rr2 ‘+V(2,¢ )B+—0

We have at the same time made a Fourier transforma-
tion with respect to the time and introduced the func-
tions

4
Bo—A,+ A4 A+—-—(—__sinae —]—iA2), A= 5‘;“6 —id,

If there is no dependence on the angle ¢ (i.e., if the field
is axially symmetric), then T, = Tlm, and apart from
numerical factors the B, are identical with the compon-
ents A; and A; of the four-potential A;.

For I = 1 we can find exact static solutions of the
system of equations (A3.2). Written for the ‘‘physical’’
components of the four-potential the static solutions,
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which go over respectively for r > 1 into the well
known expressions for the field of an electric or a mag-
netic dipole parallel to the z axis, are

dcos 6 1 r—1
Ao ohye) = — 20080 1, 1 — N1 A3.3)
0 ehy) ﬁ__Ur[z —+2(r— ) — ]

and
(A3.4)

—1
'Aai(phys)=—6msin6[1+—1-+r]nr ‘].
ar r

The solution (A3.4) was first found in’.

Let us find the behavior of the solutions of the sys-
tem of equations (A3.2) in the region r ~ 1. Keeping the
main terms of the expansion of the coefficients of the
equations in powers of y = r — 1, we get the following
system of equations:

2
on"+2on'+%Ao—‘thl =0,
\ .
YA\ 4 24( +f°-y—A1 —L—y“}Ao — [l +1)]"Bs =0,

2
yB+"+B+'4--“;—B+—41l(l+1)yA1=0, (A3.5)

@2
yB" 4B+ 73— =0,
ioy~—*4, + yA/ + A+ 'LIL(+ 1) ]%B, = 0.
In the static case w = 0 the solutions near the gravi-

tational radius are of the form

B, ~ constIn |y],

(A3.6)

A, == const, A, =~ const/y.

For w = 0 we have the following asymptotic behavior of
the solutions near r = 1:

B_=C(w)y"™ + C:(0)y™,

A, =Ci(a)y™" + C_(a)y ",

or going over to the t representation:

B, = Cs(0)y™ + Ci(w)y™™,
Ay =Ci(o)y*(0) — C_(0)y™™,
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B_(y,t)=F(t+1n |y|) —F(t—1In |.'/|)1
Bi(y,t) = Fs(t+1n|y|) + F(t—1n |y|),
1
Al(y,t)=—y—[F+(t+In lyD+F-¢—1ny])].
Ao(y, t) =F.(t+1n|y|) —F-(t —In |y]).

(A3.7)
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