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A theory of the linearized spin echo in a degenerate electron liquid is developed. The case is consid
ered of arbitrary orientation of the wave vector of the spin wave and of the gradient of the magnetic 
field relative to the direction of the external magnetic field. It is shown that it is possible to deter
mine the imaginary part of the generalized diffusion coefficient of the spin wave from experiments 
on spin echo. 

IT is known that spin waves can be excited in a charged 
Fermi liquid placed in an external homogeneou8 mag
netic field UJ. These spin waves were recently observed 
experimentally and some information was obtained con
cerning the parameters of the Fermi liquid. Inr2 l it was 
shown that if spin-echo experiments are performed in a 
neutral Fermi liquid not in a constant magnetic field but 
in a field with a small spatial gradient, then such ex
periments can yield additional information on the inter
action parameters of the Fermi liquid. Experiments of 
this type are preferable to the first experiments per
formed on the observation of spin waves in alkali 
metalsl3 l, since they are not connected with the boun
dary conditions on the surface of the metal or of the 
neutral liquid, and their theory is relatively simple. A 
neutral Fermi liquid (He3 or its solution in He 4) were 
chosen for the echo experiments because of the absence 
of a coupling between the spin waves and the orbital 
motion. The results of a possible echo experiment, also 
on a neutral Fermi liquid in a magnetic field with a 
small gradient along the magnetic-field force line, were 
expressed in r4 J in terms of the parameters of spin 
waves propagating in the same direction. 

We consider in the present paper a similar problem 
for a degenerate electronic Fermi liquid. We carry out 
the analysis for arbitrary directions of the gradient of 
the magnetic field and of the wave vector of the spin 
wave relative to the magnetic field. 

The gist of the spin-echo experiment consists in the 
following. In an external constant magnetic field, an 
equilibrium distribution of magnetization is established 
along this field. At the initial instant of time, a high
frequency pulse is used to excite a definite mode of 
transverse spin density. We confine ourselves to the 
linear approximation for the transverse spin density, 
i.e., to HF pulses at small angles to the direction of the 
magnetic field. In a weakly inhomogeneous magnetic 
field, an irreversible decay of the transverse spin den
sity will occur, first because of the collisions with the 
impurities and, second, because of precession of the 
transverse moment in the inhomogeneous magnetic field. 
The reversible dephasing of the spin density, produced 
by the magnetic field, is separated from the irreversible 
decay by using a subsequent 180° HF pulse at the instant 
to, which reverses the sign of the projection of the total 
angular momentum on the direction of the magnetic field 
and produces the echo effect at the instant 2t0 • 

To describe the time behavior of the spin density we 
use the kinetic equations obtained inul. In the linear 
approximation, the oscillations of the phase spin density 
are practically unrelated to the oscillations of the 
quasiparticle distribution (a view of the smallness of 
the ratio of the energy of the electron level splitting in 
the magnetic field to the Fermi energy). We also 
neglect the small forces that result from the gradient 
of B(r) and lead to a change in the equilibrium distribu
tion of the quasiparticles; these gradients will be taken 
into account only in the determination of the time devel
opment of the modes of the phase spin density. There
fore, at the initial instant the equilibrium spin density 
is determined by the expression 

·..,: ofo 8/o 
oo=- 1 +flo a;B(r)=- va;B(r), (1) 

where fo(p) is the Fermi distribution function, {3o is the 
first coefficient of the expansion of the quasiparticle 
interaction function, which depends on the spins, 

:r.21t8v, ~ 
lf(p,p1)=--2 ~ (2!+1)~1PI(cosx.), 

Pr I=O 

where x is the angle between the vectors p and p 1 , and 
it is assumed that the Fermi surfaces differ little from 
spherical, a condition well satisfied for alkali metals. 

The linearized equation for the spin-density compon
ent transverse to the magnetic field can be written in 
the form 

0;: + (vF :r )( o.L- ~: J dp1 lf(p, p1)o.L(P1)) 

- 2; [n.( o.L- a:; J dp1 lfo.L)] + 
+~[v,BJ (ao.L_ atoJap~waa.L)=(aa.L) . (2)* 

c op 08 ap1 at st 

In the case of low temperatures, the collision integral 
is given by 

( ao.l..) ( 1 1 ) ( ajo J 1 ) - =- -+- O'.L -~ dp lfo.L at St 't'o T a8 

+ ato (Ja 1 ato)-1J dp1 
( _ ato Ja "lfo ) ae p a81 't'(X) O_L a81 p 1.. '· 

where Tis the spin-flip time, and To·and r(x) are 
parameters characterizing the relaxation of the quasi-

*[vpB] '= vp X 8. 
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particle momentum. For the function T(X) we shall use 
the expansion 

_1_= ~ (2l + 1) P,(cosx>:. 
-r(x) L.l 't'z 

l==O 

We have left out from (2) terms containing the mag
netic field of the perturbation. Such an approximation is 
justified because of the very small static paramagnetic 
susceptibility of the electron gas (xo = tJ. 2PF-hr2 h3vF) 
and leads to the same spin-wave spectrum which is ob
tained from the pole of the HF magnetic susceptibility 
if the indicated terms are retained in Eq. (2) and this 
equation is supplemented with Maxwell's equations. 

Expanding the transverse spin density in terms of 
the angle components a± = ax ± ia Y' we can obtain from 
the system (2) two independent equations for each of the 
components. It is convenient to introduce the notation 

ato 'I'= 2pF2 '¥, 
<J'±=a;m±(p,r,t), (2n/i) 3vF · 

Choosing then a weakly inhomogeneous field in the form 
B(r) = (1 + k · r)Bo and changing over to Fourier com
ponents 

m±(r)= J exp(iqr)m±(q)dq, 

we obtain for the quantities mt(q) the equations 

~ m±(q, p, t)+ {tvpq- g.!!_ =F iQo + ~ + ..!.) (m± + J dQ''fm±) at aqJ 't'o T 

+ ( k a: ) [ ( ± a.- tQ a:) ( m± + J dn''l'm±)] = 

= J~(m±+JdQ"'fm±), (3) 
4n't'(l) 

where 0 = eB0/mc is the cyclotron frequency of the 
electron, 0 0 = 2yB/'fl, cp is the azimuthal angle in mo
mentum space, where the polar axis is oriented along 
the magnetic field (the z axis), and dO is the solid-angle 
element. 

We shall find it convenient to obtain solutions of (3) 
in the case of a homogeneous magnetic field (k = 0). 
These solutions are simplest to obtain for long-wave 
oscillations (q · vF « 0), by using perturbation theory. 
In the zeroth approximation (q = 0) the eigenfunctions of 
the spin density are the spherical harmonics Yzm(O, cp), 
and the eigenfrequencies are given by the formula 

roi);. (0) = (1 +~,) (mQ ± Q,) +tv,, q = 0, (4) 

where vz = (1 + /3z)(1/To + 1/T- 1/Tz). We note that the 
time dependence of the perturbations of the spin density 
was sought in the form ~exp(iwzmt). In the next order 
in q we obtain for the eigenfunctions and frequencies of 
the spin waves in a homogeneous magnetic field the ex-
pressions 

!'z\i.(q) = Yzm(e, qJ)- vFq [ 3 (2~~ 1) ]"'· 

~ (2l' + 1)'1•(1 + ~~) !o 1m 
X i..J ± ± O C,·o; ,oCrm•; 1m-m' Y,,m-m·(B,, qJ,) Yz·m·(Q, qJ), 

I'm' OO!m (0)- Wt•m• ( ) 

ro 1');.(q) = ro 1');.(0) + q'D;;,. (q), (5) 

where the generalized diffusion coefficient is given by 
± 4nvF• 

Dlm(q) = 3(2l + 1) (1 +~I). 

~ (1 + ~~·) (2l' + 1) !O 111• 2 
X"-' ± (0)- ± (0) I c, .• ; ,.c!'m•; Im-m.YI,m'-m (8,, qJ,) I . (6) 

l'm' OOtm (t)l'm' 

Here 01 and cp 1 are the polar angles of the wave vector 
q, and c· · are the Clebsch- Gordan coefficients. It is 
seen from .. (5) that mixing of the modes with different 
values of l takes place when q ;o< 0. Particular interest 
attaches to the model = m = 0, since it makes a main 
contribution to the macroscopic magnetization density 
(M = Ja · dp). For the model= 0 we have 

VF2 [ COB2 81 
Doo(q)=--;--(1 + ~o) (1 + Pz) 

" Clloo-WJO 

+sin2 e1 rooo-rozo ]. 
(woo- w1o) 2 - Q 2 (1 + P•) 2 

1 VFq(i + fJo) { COS 01 COS{) 
J.loo(q)==+ --~-

l'4n l'4n rooo- WJo 

sinS, sine + ( )2 n 2 (i+"' )2 [(woo-w•o)cos(q>,-q;) 
WOO- W10 - •• I' I 

-iQ(1+P1)sin(qJ1 -qJ)J}. (7) 

In a weakly inhomogeneous magnetic field, it is conven
ient to change over in (3) to the interaction representa
tion and to seek the solutions in the form 

m±(q,p,t)= .L, Cl>lm±(q,t)J.ltm±(q,Q)cxp [iw~m±(q)t], (8) 
lm 

where ILlm and wzm are the eigenfunctions and frequen
cies of Eq. (3) at k = 0. Substituting (8) in (3), multiply
ing it by IJ.lm• and integrating over the angles n, we 
obtain the following system of equations for the deter
mination of the functions 4>zm: 

( a<I>I!'m• . ± aro~m·) +(1 + Pz)(1 + fJz.) k--+ltCl>z•m•k--aq aq 

X ((m'- m)QRe~ro +t(±2Qo+ m'Q + mQ)Im~ro) ]}=0, (9) 

where a:m = (±Oo + m&l)(1 + l3z), 1:1w = wzm(O)- wz'm'(O). 
In deriving this system we used the approximation 
linear in q for the eigenfunctions fJ.lm (see Eq. (5)); the 
contribution from the terms of the eigenfunctions con
taining higher powers of q turns out to be negligible. It 
should be noted that the sum in (9) does not contain a 
term with l' = l. 

We are interested in asymptotic solutions of the sys
tem (9) fort ~ 0-1• At k = 0, the functions 4>zm do not 
depend on the time, and their values represent the initial 
conditions of the problem, characterizing the state of the 
system prior to turning on the interaction (k ;o< 0 at 
t > 0). Let us assume that at the instant t = 0 only one 
of the functions differs from zero, 4>zm(q, t = 0) 
= mz m (q) 1i ll limm , where mz m is the Fourier co-

o 0 0 0 0 0 

efficient of the spin density of the mode lomo at the 
instant t = 0, i.e., the HF pulse excites only one trans
verse spin density mode. In this case the contribution of 
the nondiagonal terms in the equation for the function 
4>zomo can be neglected and we obtain for it the following 
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equation (the subscript zero will henceforth be omitted 
wherever this can cause no confusion): 

oC]),m ( oC]),m _ ooo,m ) --+az,. k-+itk--C]),,. =0. ot oq ·oq 

Integrating this equation among the characteristic 
c = q- azmtk, we get a solution in the form 

t 0 - ] 
«<J1,.(q, t)= m1,.(c)exp [- iazm I t'k oc (l)lm(e + az,.t'k)dt' 

[ t2 ooozm(c) t3 ( o )2 ]" =m~m(c)exp -ia1,.2 k--00--iazm23 k 06 ooz,.(e)- .... 
(10) 

The functions 41zm• which were equal to zero at the 
initial instant of time, are determined from the system 
(9) by equating the derivative B41zm/at to the sum of the 
nondiagonal terms, in which only one term containing 
41z m is retained. It is easy to verify that when t » n-1 

th~ir 0 order of magnitude is 

(11) 

By assumption, the parameter k · vF/ l!.w « 1, and there
fore the nondiagonal modes (l-l 0) turn out to be small. 
We see now that the neglect of the nondiagonal terms 
(the sum) in the equation for the function 41z m was 

' 0 0 
justified, since these terms result in a correction of the 
order of 

which is negligibly small for the asymptotic solution 
(10), smaller by a factor 0~3 than the terms taken into 
account by this solution. 

We note that in formula (10) there were retained the 
first two terms of the expansion in powers of k, since 
in the long-wave limit (q = 0) the terms proportional to 
the odd powers of k vanish. In this limit, the ratio of 
the next effective term to that taken into account by us 
is of the order of 

k'arm't'oo"" / oo" ~ k'v/t' < 1. 

Thus, if we expand in powers of k in (10) and discard 
terms with higher powers of k, then a limitation results 
on the observation time. However, for weakly-inhomo
geneous magnetic fields this limitation is weak and the 
time of observation can exceed by many orders of mag
nitude the Zeeman period (0-1). 

We now return to the spin-echo experiment. As 
already noted earlier, if we excite the mode mz at the 
initial instant, then in the succeeding instant t 0 ~e ex-

- ternal HF signal transforms it into the mode my_ m• and 
the echo is measured at the instant 2to. When the HF 
signal is applied at the instant to, the coefficient azm re
verses sign. The· time variation of the spin density is 
then described by formulas (8), (10), and (11). Inasmuch 
as at the instant 2to the function mzm (c) returns to its 
initial value, we have at the echo time 2to 

mzm(r,2to) = J dqmlm((J)exp { iqr- 2to Im [ oo,m+((I + n1mtok) 

'• 0 
- azm J tk- oo,,.+(q + Ulmtk)dt]} . (12) 

0 ~ -

In the long-wave limit (mzm(q) ~ li(q)) this yields a de
crease of the amplitude of the initial mode of the spin 
density by a factor 

I mz,.(r,O) ., 2 
In ( '>t) =2tovt+-3 k2 (1+~t)(Ro+mR) 2t03JrnD1m(k).{13) 

mtm r,-o 

In deriving this formula, the function w+ was expanded 
in powers of k and formulas (4) and (6) were employed. 
The coefficient Dzm{k) is determined by expression (6), 
in which it is necessary to replace the angles £1 1 and cp 1 

by the angles Oo and C{Jo of the vector k. The first term 
in the right side of (13) represents the usual dissipative 
damping of the spin wave, while the second determines 
the effect of the gradient of the magnetic field. It is seen 
from (13) that it is best to observe the echo by exciting 
the model = 0, for in this case the first term turns out 
to be very small (T » rz), and the effect of the inhomo
geneity of the magnetic field will become most clearly 
manifest. For the mode l = 0 we have 

v~ { cos2 0o • ImDoo(k)=-3-(v•- vo) (1 + ~o) (1 + ~ 1 ) 
(~o- ~·) 2Ro2+(vt- vo) 2 

sin20o[ (~o- ~ 1 ) 2Q02 + Q2 (1 + ~ 1 ) 2 + (vo- v1)2] 

+ [(~o ~·) 2Ro2-R2(1+~•) 2]2+(vo-vl) 2 [ (vo-v.) 2+2Qo2 (~o-~•)"] 
(14) 

The mode l = 0 is preferable from the point of view 
of experiment, since it is precisely this mode which de
termines the macroscopic magnetization, which is eas
iest to measure. For the higher modes (l > 0), the dis
sipative damping of the spin waves will, generally 
speaking, prevail over the effect of the small gradient 
of the magnetic field, even if we disregard the difficulty 
of measuring higher moments of the spin density. It is 
seen from (13) and (14) that the damping of the mode 
l = 0 in a weakly-inhomogeneous magnetic field changes 
strongly when the temperature of the Fermi liquid is 
raised. Since v1 ~ T2 in very pure metals at low tem
peratures, there exiJts a temperature at which the 
imaginary part of the diffusion coefficient is maximal 
and the effect of the weakly-inhomogeneous magnetic 
field is most strongly manifest. An experimental meas
urement of the imaginary part of the diffusion coefficient 
can yield direct information concerning the interaction 
parameters {3z of a charged Fermi liquid. 

We note that the approximation of homogeneous initial 
magnetization and the neglect of the finite dimensions 
of the sample are valid when the diffusion path of the 
electron during the observation time is small compared 
with the dimensions of the sample or with the dimension 
of the inhomogeneity of the HF signal. In the case of the 
ordinary skin effect with an HF signal whose wave vec
tor is perpendicular to the constant magnetic field, the 
latter is satisfied when Oz > vF/lit~ 12 , where o is the 
depth of the skin layer. In pure metals, the mean free 
path of the electron along the magnetic field is 
l 11 ~ 1-3 mm, and if the observation time is t 0 

~ 10-6 sec, then the required magnetic fields are 
B :.2': 200 kOe. Such fields have already been attained at 
present. 

The author is grateful to v. P. Silin for interest in 
the work and for a useful discussion. 
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