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The nonlinear Vlasov equations for a plasma are solved (neglecting the collision terms) to third
order in a perturbation that represents a transverse wave in a neutral isotropic plasma. The
second-order solution contains the longitudinal second harmonic and the stationary flow along the
wave vector. The correction to the frequency in the initial-value problem and the correction to the
wave vector in the boundary-value problem occur in the third-order solution; these two corrections
are different in the two planes of elliptical polarization. Transverse waves corresponding to eight
different frequencies are obtained. The increase in the number of waves leads to a nonlinear deflec-
tion of the radiation at the boundary of the plasma. For the zeroth correction, four of the waves
correspond to the first harmonic and the other four to the third harmonic. In the third-order ap-
proximation this leads to the splitting of a single elliptically polarized wave into two plane-polarized
waves with different phase and group velocities. The frequency shift is in the red direction. Numer-
ical calculations for the nucleus Fe®” used in Mossbauer experiments yield a relative frequency

shift of the order of only 10722,
1. INTRODUCTION

NONLINEAR effects up to third order that arise in
wave propagation in a uniform isotropic plasma have
been studied in a number of papers.[*™®

We have solved the nonlinear Vlasov equations for
a plasma'™ up to third order in a perturbation in the
form of elliptically polarized electromagnetic waves;
this problem has not been treated by other authors.

The initial nonlinear equations that describe the
electron motion are
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div E = 4ne .], (1 —fi)dv, (1.4)

where f(r, v, t) and fj are respectively the distribution
functions for the electrons and ions, e is the negative
charge of the electron, m is the electron mass, and E
and H are the electric and magnetic field vectors.

We assume the existence of a neutral isotropic
equilibrium state for the plasma in the absence of a
static magnetic field with the following distribution
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where k is the Boltzmann constant, M is the ion mass
and Te and Tj are the kinetic temperatures for the
electrons and ions,
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This complete system of equations will be solved by
a method of successive approximations given by
Bogdanov!® and developed further in the present paper.

In the first approximation the linearized equation
(1.1) assumes the form

(“:fr VW) i+ %{ Ey +-§»-[vn.;p} Vom0,  (L.6)

where fo(v?) is the Maxwellian electron distribution
foe(v?) from (1.5). The solution f,(r, v, t), which cor-
responds to elliptically polarized electromagnetic
waves, is of the form

(1.7)
(1.8)

Substituting this in (1.2) and (1.3) and simplifying we
have

fi{r, v, t) = gi(v) cos 0 + g:(v) sin b,
0 = kr — ot.

f,(r,v,t):——ﬁ—f—?«i(ls’,vlcosﬁ—Egvzsine), (1.9)
m 0 xT )
8= ky— o, (1.10)

where v; and v, are two orthogonal components of v,
which are perpendicular to k,;, while E, and E, are
the amplitudes of the two components of the perturbing
electric field in these directions. The plane which
contains k and vj (i =1, 2) will be called the ij
polarization plane (i =1, 2) of the elliptically polarized
wave. Actually, (1.9) is an integro-differential equa-

tion since
.
(Ey; Eg)= Zim {J. U181 dv;— _‘. U282 dV}, (1.11)
where
QO = % -— k¢ (1.12)

The integrals in (1.11) are triple integrals in
velocity space and the limits must encompass the en-
tire space.

The equations given above yield the dispersion rela-
tion
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where

F(vy)= [ fo(v?) v doa, (1.14)
and v is the component of v parallel to k. The singu-
larity that appears in (1.13) when v|; = w/k is not im-
portant for transverse waves.[®) Hence, in what follows
we shall make use of the principal value of the integral
in (1.13), expanding the reciprocal denominator in
powers of kv;/w and integrating Eq. (1.13) by parts.
Other similar integrals which contain positive integral
powers of @ in the denominator are treated in the
same way.

2. SECOND-ORDER APPROXIMATION

The second-order approximation to Eq. (1.1) can be
written in the form
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where E;) is the longitudinal field in second order
while Ez1, and E; |, are the two components of the
elliptically polarizeé field in second order with polari-
zations 1, and L, respectively. It is evident that terms
that play the role of sources appear on the right side of
this equation and consist of quadratic products of the
first-order field quantities. Account is also taken of
the possibility of nonlinear corrections to the frequency
and wave vector, 6w and 6k, respectively. However, the
sources on the right side of the equation cannot lead to
the appearance of first harmonics, so that these cannot
appear on the left side of the equation. It then follows
that the last term on the left, composed of first har-
monics of the field quantities, must vanish for all
values of 6w and 6k. Thus, in the second approxima-
tion the quantities 6w and 6k vanish, as has also been
deduced in!*®,

To solve the equations given above we write the
first-order solution in the form

(2.1)

and take the limit y — 0. Using Egs. (1.2) and (1.3)
we find
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The separation of the charges and the induction of
the currents are governed by the following relations:

:f(\'_,_(D!; v D Dy vy Dy)dv =0, (2.6)

where v; = v, + v,. These relations show that the
transverse waves do not appear in the second approxi-
mation. The quantity &,(v) is a correction which is
independent of time and coordinates and hence changes
the form of the background distribution fo(v?). How-
ever, the third relation in (2.6) shows that this does
not lead to a static separation of charges; the first
relation shows that &, does not lead to the appearance
of a stationary current transverse to k. Only a sta- .
tionary longitudinal current 6j; appears, where
E2 4 E?)kewet
___(_I__LS;)__O_ o

Ojj == evyD, dv = (2.7)
This quantity might be called the ‘‘wave wind’’; it can
be found by taking f, in the form (2.1) and then letting
v — 0. A ““‘wind’’ of this type has been predicted in a
paper by Golovko!!! but only in the case of longitudinal
waves and in first order. Other authors!®™®) did not
note this effect. A review of nonlinear effects in the
theory of orbits and particles moving under the effect
of an electromagnetic wave has been given by Bloem-
bergen.[*®) The analysis of Eq. (2) of this work, after
multiplication of the electromagnetic field by the factor
exp (—vt), leads to the appearance of additional terms
which give in the second approximation a stationary
flow that coincides with §j; at zero temperature.

If we write the longitudinal electric field in second
order in the form Ej sin 26 + E;, cos 26 then

2me (B2 — E) kewq*
= 2T Dy dy = — ! 2.8
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2ne
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where E; vanishes in the case of the circular polariza-
tion of the wave.

We note that the role of the coefficients for the
quantities sin 26 and cos 26 are essentially different,
but we can not present a physical explanation for this
difference.

If S; is the energy flux in the form of a longitudinal
field, then'**], p. 284

(2.10)

EPo (40% — wo?)cos? 20
41‘!](?(1)02 '
Comparing this result with the Poynting flux of the
first-order electromagnetic wave we can determine
the fraction of energy that is converted into longitudi-
nal form. Furthermore, if S, is the energy density in
the ‘‘wave wind,’’ then
(E2+EJ?) 00!'F (1 + oF))
So /( 8x ) = (Q2—y2) 2+ 4y?0? '
which vanishes at zero temperature, showing that the
transfer of energy to the ‘“‘wave wind’’ is effected by
microscopic thermal motion.

This motion is also responsible for the second-
order pressure wave on the plane that contains the
electric oscillations of the plane-polarized wave. To
demonstrate this, it is necessary to compute all of the

|8i|=

(2.11)
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components of the pressure tensor pjj, these being
specified by the relation

Pij== mJ‘ L','U';fg dv,

Putting E, = 0 we find
wuz.z]T;Si‘g

1670 p—[ 2 g Tees 20
Eckos A(1 =i F) mo
I dvy
7= f b, (2.12)

the right side of equation (2.12) vanishes when T = 0.

3. THIRD-ORDER APPROXIMATION

The second-order solution does not contain incre-
ments to the frequency and wave number. However,
they appear in the third-order solution, otherwise the
results are meaningless. The increments are different
for the 1j polarizations (i =1, 2) if the wave is not
circularly polarized. If the wave vector (taking ac-
count of the increment) is k; =k + 8kj, the frequency
is wj = w + dwj and the phase is 6 = (kj *v) - wj, then
6i =kjv) - wi and 6éi = 6i — 6. The four phases 01,
26, = 65, 26, — 62, and 6, give the phases of the first
harmonic waves in first order when the increments
vanish; the other four phases 36, 26, + 62, 26, + 64,
and 36, are equal to 36 in the case of zero increments.
The mixed harmonics 26, + 6, and 26, + 6, appear as
the consequence of the interaction between fields with
two different polarizations and cause a rotational ef-
fect of the magnetic term of the Lorentz force
(v x H)/c. The third-order approximation will repre-
sent a linear combination of sines and cosines of these
arguments. The coefficients of these trigonometric
relations are functions of v. However, up to third
order the difference between the cosines of 6,, 26, - 4,
260, - 6, and 6, will be negligibly small and each
functmn can be taken equal to cos 6', where 6 =k'v|
-w,k =k+ &k, and w’' = w + bw. S1m11ar1y, the
smes of these arguments can be equated to sin ¢,
while the arguments 36, 26, + 6;, 26, + 8,, 36, can be
taken equal to 369" for the purposes of the present dis-
cussion,

Thus, the third-order approximation to (1.1) can be
written in the form
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For a field with polarization L, in the case of the
initial-value problem we have &k, = 0 and the fre-
quency increment is
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In the case of boundary-value problem, 6w; =0 and
6k, can be determined from the equation
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making use of (3.1). Similarly, the correspondmg
quantity for the field polarization 1, is obtained by
interchanging E, and E. in (3.1) and (3.2).

The amplitude Ej; of the third harmonic of the
electric field with polarization L; is

k?rPNet 12k2%T
7y e J7 —_ R .2 J— D 2
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The amplitude Ej;, of the third harmonic with polariza-
tion 1, is obtained by reversing the sign of each term
and interchanging E, and E,. The quantity

1 - (Y4)wi#, in the denominator in the third term on
the right side of (3.3) cannot vanish because of the dis-
persion relation (1.13). The increment 8E,; to the
amplitude E, for T =0 is given by
e2(160* — 30?we® + 2wof)

2m2c?0%we? (4o? — we?)
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4. DISCUSSION

Expanding the obtained expressions in powers of
wi/w? and kT/mc? and keeping only the first nonvanish-
ing powers of these quantities, we have
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The quantity 6w, can be found in similar fashion.
For a plane-polarized wave in the polarization plane
1, we have E, = 0. Consequently dw,/w <0, so that
the frequency shift is in the red direction. The magni-
tude of the change in the red shift with temperature
(w™'a(5w,)/8T) is also negative, indicating that the
frequency is shifted in large degree in the red direc-
tion with increasing temperature. Furthermore, the
shift is different for the two planes of elliptical polari-
zation. The increments 9(6w;)/8k and 8 (6w,)/0k of
the group velocity are also different in the two planes,
so that the wave is split into two waves that move with
different group and phase velocities in the two polariza-
tion planes.

Taking m =9 X 10*®g and e = -4.8 x 107*° esu for
the electron, we find at E; =0, E,= E, and T =0

‘ 2 IU uu
2__ ‘T:'_l' i s
E 3

& 3051 28
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§j=FE-74-10°

The nucleus Fe® used in Mossbauer experiments
(hv = 14.4 keV) can serve as a source of y rays. At
such high frequencies the coupling of the electrons with
their own nuclei is very weak so that the electrons can
be regarded as comprising a plasma. Taking w = 2.2
x 10" and N =4 x 10%®, we get w, = 4.58 X 10'°. Assum-
ing that the source delivers a flux of 10® photons/sec
we have dw/w = —2.8 X 1072 which is much smaller
than the red shift, of the order of 107, observed in the
Mossbauer effect.
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As a second example we consider the propagation of
ultraviolet rays in alkali metals. Taking E = 10 esu
and w = 10'® Hz, in the case of sodium N =26.3
x 10" cm™ and an electrical conductivity o = 9.3
x 10'® cgs esu, we find 6j/0E =0.75 and 6j'®/0E
=0.094, where 6j‘® is the amplitude of the second
harmonic (=e | v®,dv). In this case dw/w = -15.5
X 107,

A third example is provided by the ionosphere,
where typical values are E = (71,) V/m, w = 27 X 5
X 10" Hz, and N =10° cm™. In this case dw/w=-1.7
X 10" and E;/E =2x 107",

The calculation for the nucleus used in the Moss-
bauer experiment yields a negligibly small shift. The
relativistic corrections can lead to an additional red
shift. This is expected since the relativistic correc-
tion[*! to the frequency shift!?} leads to a change in the
sign of the shift from the blue to the red.

The shift in the wave vector &k in the boundary-
value problem leads to an interesting nonlinear deflec-
tion of the radiation at the plane of separation between
the plasma and another medium.!*?

In conclusion the author would like to express his
thanks for the help given by Professor A, A, Vlasov,
who made it possible for the author to work on this
problem during his residence in the Soviet Union.
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