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The question of the existence of second sound in uniaxial antiferromagnetic substances of the ‘‘easy
plane’’ and ‘‘easy axis’’ type is considered, taking the interaction between the magnon and phonon
subsystems into account. In the majority of cases the contribution of the magnon subsystem to the
second sound is found to be important in antiferromagnetics with small values of the ratio of the

Neel and Debye temperatures: ® N/@®p < 1. But in certain situations, e.g.,

in magnetic fields

close to the effective fields of the first- or second-order phase transition, such a contribution can
be found in antiferromagnetics with any value of @ N/®p up to ®N/@p >> 1. The temperature de-
pendence of the second sound velocity is studied in a broad range of magnetic fields. It is shown,

in particular, that in antiferromagnetics of the ‘‘easy axis’’ type in the critical field for

“‘inverting’’ the magnetic moments of the sublattices (a first-order phase transition), a discontinuity
in the second sound velocity should be observed at sufficiently low temperatures.

1. INTRODUCTION

IT is well known that second sound consists of slowly
decaying oscillations of the density of thermal excita-
tions. For its existence it is necessary that normal
collisions between quasi-particles be much more prob-
able than collisions with loss of quasi-momentum; this
condition is usually fulfilled in dielectrics at sufficiently
low temperatures. Only under this condition is it pos-
sible for such temperature oscillations, analogous to
elastic oscillations of the density of matter, to arise in
a system of quasi-particles.

The possibility of the existence of two types of os-
cillation of different nature (ordinary sound and tem-
perature waves) in superfluid helium was first pointed
out by Landau.!’! After this, a large number of papers
appeared in which the possibility of similar oscillations
in solids was considered. In the larger part of these
papers second sound in a phonon gas was investigated,
and only a few papers!®™®! are concerned with the study
of second sound in a magnon gas. In the latter papers,
which are devoted to second sound in ferromagnetics,
an isolated system of magnons was considered without
taking account of the coupling with the phonon system.
Results of a calculation performed with allowance for
the interaction of the magnon and phonon subsystems
are given in the monograph,[sl whence it is clear that
it is extremely important to allow for this interaction
when the subsystems are in a state of local equilibrium.

In the present paper the question of the existence of
second sound in antiferromagnetics is investigated.
The temperature and magnetic field dependences of the
second sound velocity in a coupled system of magnons
and phonons are obtained when these subsystems are in
a local equilibrium state. Similar results are also ob-
tained for the isolated magnon subsystem. In this case
the damping constants of the temperature waves are
also calculated, in the T-approximation. The calcula-
tions are performed for uniaxial antiferromagnetics of
the ‘‘easy plane’’ (EP AFM) and ‘‘easy axis’’ (EA AFM)

types.
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We shall consider an antiferromagnetic in a variable
and non-uniform temperature field 'T(r, t)
=T[1 + #(r, t)], where |¢ | < 1. The magnon distribu-
tion function nj (i =1, 2 corresponds to the two mag-
netic subsystems) and that for the phonons Nj (jis
the polarization index) will obey the following kinetic
equations:
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where L and & are respectively the collision integrals
for the quasi-particles with and without conservation
of the quasi-momentum. It is assumed that L > 7. It
is known (see, e.g.,[®)) that in this case the initial dis-
tribution functions are the local-equilibrium magnon
and phonon distribution functions
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which depend on the local temperature ¢(r, t) and on
the local velocity u(r, t) of the ordered motion of the
quasi-particles. The functions ¢4 and u are determined
by the local conservation laws for energy and momen-
tum, which, starting from (1), can be represented in
the form
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where €(k) and w(k) are the energies of a spin wave
and a phonon with wave-vector k; vi = 9¢€;/9Kk, 8j
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= dwj/8k, i =1 and the temperature is given on the
energy scale.
Since |#| < 1 and |k-u/T| < 1, these equations
can be given in a simpler form:
(es + ¢} + a{as + a)diva = 0,

(Bs+ B)u'+ (a;+ a) VO + (4s + A)u=0. 3)
Here the spin parameters are:
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the phonon parameters are:
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cs and c; are the spin and phonon specific heats, re-
ferred to one atom, nj and N; are the usual Bose mag-
non and phonon equilibrium distribution functions, 773
is the frequency of quasi-particle collisions with loss
of quasi-momentum, @p = s/a is the Debye tempera-
ture, and a is the lattice constant; the approximate
equality signs in (5) correspond to the approximation
St, = St, =8; =8.

Assuming that 4 and u are proportional to
expli(q - r — wt)], we can obtain from (3) the dispersion
equation relating the frequency w to the wave-vector q
of the second sound in the system under consideration.
The solution of this equation has the form
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where
v=(as+ @) [ V3(B: F B) (es + c1) (7)
is the second sound velocity, and
I'= (ds + 4) /2(B; + B) (8)

is the damping constant of the second sound.

The formulas given above are valid if there is local
equilibrium between the spin and phonon subsystems
(i.e., when the parameters ¢ and u are the same for
both subsystems). In the case when we can regard the
magnon subsystem as isolated from the phonon sub-
system (assuming, however, that, although there is no
local equilibrium between these subsystems there is
such an equilibrium between the two magnon sub-
systems), for the velocities and damping constants of
the second sound for each subsystem we have
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2. ANTIFERROMAGNETICS OF THE ‘‘EASY PLANE”’
TYPE

A. Weak Magnetic Fields (H < Hg)

In this case, when H is considerably smaller than
the effective exchange field Hg, for an EP AFM with
weak ferromagnetism the following relations are valid
for the two spin-wave energy branches:

&1 = [On*(ak)? + wWH (H + Hp)]*,
2 = [Ox2(ak)? + 12H ax? + 1Ho (H + Hp) 1% (1)

where @y is the Néel temperature, Hp is the
Dzyaloshinskil field, HAE = VHAHE, and HA is the
uniaxial anisotropy field.

The spin parameters defined by the formulas (4) in
this case take the form:
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where
Ji= —jjde—Z(xz —X2)had,  Jy= —j,- dng”(xz — X2)%a; 13)
X, = i[‘_ VH(H I Hp), Xp= % VHaz? + Ho(H 1 fp);
n= (expz—1)Y,i=1,2. (14)

We shall consider the possible special cases.

1. X, <1, X, <1(T>>uH, T > uHE; we as-
sume that Hp ~ Hag). In this case, J,i = J,i = 47%/15
and the second sound velocity is

v=—Lao, [2H (OO0 " (15)
¥3 14 %/2(®n/Op)®
If no account is taken of the magnon-phonon coupling,
the second sound velocity vg and damping constant I'g
in the magnon gas have the form:

= 4(t0 + o). (16)

vy = —
¥3
2. For a) X; €1, X, > 1 (T > uH, T > wVHHp,
T < uHAE), or for b) X; > 1, X, < 1 (T > uHAE,
T > uvHHD, T <K uH), the second sound velocity is

o= —L oy [ A EOnlO) (a7
V3 1+ 3(8x/6p)°
Without allowing for the magnon-phonon interaction,
vo=aOy/¥3; a) Ti='hrw™ b) Ls= ™. (18)

3. X; > 1, X; > 1 (at least the condition
T < uvHHpD must be fulfilled). Putting X, < X, for
simplicity, we obtain

v———1a8N y1(X1) 4 (8x/6p)3 . (19)
V3 {[y1(X1) 4 (8~/8p) ] {y2(X1) 4 (On/Bp) ] }
where
NE) = 2 Yohex,  yy(K) = e XX, (20)
(2n )” (2m) "

Here the following limiting cases are of interest (see
Fig. 1).
a) @n/®Dp)® Ky, (region I in Fig. 1):
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It is clear from these formulas and from Fig. 1 that
on change of H and T the character of the second
sound also changes. On increase of the magnetic field
or decrease of the temperature, the second sound
passes over from purely magnon second sound in
region I to purely phonon second sound in region II. In
the transition region III, the change in the velocity v

has an exponential character: v ~ exp{p.w/ H(H + Hp)/T}.

The approximate dependence of the velocity v on the
magnetic field for an EP AFM is shown in Fig. 2 for
the following parameter values: eN/@p = 0.2,

T =0.13°K, Hp = 10* Oe, HAE = 6 X 10° Oe, HE = 10° Qe.

The regions marked with Roman numerals are identical
with the corresponding regions in Fig. 1.

It is clear from Fig. 1 that for an EP AFM in the
case of sufficiently low temperatures and with H < HE
a contribution of the magnons to the second sound can
be found only for low values of the ratio @N/@®p, not
exceeding 0.5. For purely magnon second sound,

s = Yot L (23)

B. Strong Magnetic Fields (H S Hg)

In this case the main contribution to the phenomenon
under consideration is made by the low-frequency
branch of the spin oscillations

g = V0% (ak)? -+ e, (24)

where
0 =0ny1— (H/Hs), eo=pHaeV1— (H/He)>  (25)
The second branch has an activation energy ~pH > T
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FIG. 2. Dependence of v on H in an EP AFM.

and therefore does not make an important contribution
either to the spin parameters (4) or, consequently, to
the second sound velocity.

The spin parameters for this case can be determined
from the formulas (12), (13) if in these formulas we re-
place ®N by © and retain in the sums only one term,
corresponding to the energy branch (i = 1) with small
activation; the quantity

X15X=£0/T. (26)
1. For XK1 (T> €):
y= e[ A BB (27)
1] 14 3(8/0p)°
In an isolated magnon system,
! i (28)
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2. For X> 1 (T < €), the velocity v is deter-
mined by the expression (19) after making the replace-
ments @ N —~ @, X; —X in it. Corresponding to region
Iin Fig. 1 (where for this case the ratio ®/@ p must
be plotted along the ordinate axis) we shall have the
following expression for v:

v=1v,= aOy (1 — BYH2) " VT/uHap ©O/6p <y  (29)

We see that in strong magnetic fields the theoretical
possibility arises of finding a magnon contribution to
the second sound in an EP AFM with any value of the
ratio ®@N/@p, even when @ N/0p 2 1. The damping
constant I's in this case is expressed by formula (28).

3. ANTIFERROMAGNETICS OF THE ‘‘EASY AXIS”’
TYPE

It is known that EA AFM’s can be found in three
phase states, which we shall consider below, depending
on the magnitude of the applied magnetic field (along
the easy axis).

A. The Antiparallel Phase (O =< H < HAE)
In this case the spin wave spectrum has the form

g2 = VOx(ak)® + W2H 1" T pil. (30)

At high temperatures (T > LHAE), we have the
same picture as in the EP AFM case; the quantities v,
vg and I's are defined by the formulas (15) and (16).

Under the condition uH < T < uHAE, the velocity
v is given by the expression (19) in which the replace-
ment X, — X, = pHAE/T must be made. Under the
condition uH ~ T < LWHAE, the analogous replacement
in (19) appears thus: yi(X,;) — yi(Xo)cosh (uH/T).
The qualitative pattern in these latter two situations
does not differ from case 3 in the EP AFM (for
H < Hg). In particular, corresponding to the region I
in Fig. 1 is the following expression for the second
sound velocity:

v=uv, = aOxYT [ uH sz. (31)

We shall consider now the case of low temperature
and the case of fields close to the field HAE of the
first order phase transition, i.e., when the condition

w(Hax—H) <T < plas. (32)
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holds. In this case the velocity v takes the form
L 221(Xo) +(8n/6p)° 33)
Y3 {[22(Xo0) +(8x/8p)°] [21(X0) + (On/Op)*]} "

where

75 (%/2) 305 (3/2) X
2(2n) @nyr

The approximate boundary between the regions of
magnon and phonon second sound is given here by the
curve zY3(Xo) = aX¥?*(a ~ 0.5). With the condition
T < LHAE(®D/0®N)?, which follows from the inequality
(eN/@Dp)® K z,(X,), we have
8¢ o 1T
35 (%) "V WHae

If the temperature T > uHAR(®D/@N)?, which can
be so, as is clear from a comparison of this inequality
with inequality (32), only under the condition e} K @y,
the second sound will be of purely phonon character
(see formula (22)). In passing over from one limiting
case to the other, the velocity v varies with tempera-
ture in accordance with a power law,

We see that in the case under consideration the
region of existence of magnon second sound is greatly
extended: it can be observed at any value of @N/@p
right up to eN/@p > 1.

2 (X)= (34)

Xh,  n(X)=

(35)

V==

B. The Phase of ‘“‘Collapse’’ of the Magnetic Moments
(Hog < H < HE)

In this phase one of the spin wave energy branches
is activationless:

& = VO (ak)* + 02 (H) (ak)*, (36)

where the quantity ® is determined by formula (25) and
@, unlike ®, remains finite at H = Hg and is close
to @N in order of magnitude. The second energy
branch has an activation, equalto w(H - Hag), and
consequently, in fields H ~ Hg will give no contribu-
tion to the spin parameters (4).

In fields close to the field HAE for the first-order
phase transition, degeneracy (€, = €;) sets in and the
two branches make the same contribution to the second
sound velocity. In this case (T > u(H - HAE)) the
quantities v, vg and I'g are determined by the formu-
las (15) and (16).

From a comparison of the expressions for v to the
left and to the right of the point H = HAg (formulas
(35) and (15)), it is clear that, at sufficiently low tem-
peratures, a discontinuity Av should be observed in
the second sound velocity at the first-order phase
transition point (see Figs. 3 and 4).

With the conditions e N < @®p and T K pHAE:

_ Oy, [5Ck) T 7% 37
Av=-Tg {t-] o ) (37)

If eN>6p and T K pHaog(®p/ey)?, then
—Oxfy Oy 5tCH) T 7% 38
Wi T T

R 6p L (%) upHae
At high temperatures (T > uHpEg, when @ N < @p,
or T > uHAE(ep/eN)’, when 0N > @p), the dis-
continuity in the second sound velocity at the point
H =HAEg will be absent.
In fields H ~ Hg the expressions for the second

Hee i

f
FIG. 3. Dependence of v on H in an EO AFM for the case ON

< Op. For T < uHAE we have the solid line curve; for T > uHAE

we have the dashed curve for the antiparallel phase and the solid line

curve for the other phases.

FIG. 4. Dependence of v on
H in an EO AFM for ©N > ©p
and T < uHAE(OpD/ON)*.
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sound velocity v and for vs and I's coincide with
those given in formulas (27) and (28).

The case H =HE is completely identical with the
case of a ferromagnetic in a field H = 0 (see, e.g.,[*));
for T K< @} /@ the velocity v~ aveNT.

C. The Ferromagnetic Phase (H > Hg)

If H exceeds the critical field Hg, the magnetic
moments of the sublattices take up a parallel alignment
and the antiferromagnetic passes over to a phase with
ferromagnetic ordering. The dependence on T and H
of the second sound velocity in this phase is no differ-
ent from the analogous dependence of v in a ferro-
magnetic. As H increases, the velocity v, for
T > ®]23/®N, will change from vg to v,, approaching
v, in accordance with the exponential law
exp{-u(H - Hg)/T}.

The dependence of v on H for an EA AFM is shown
schematically in Figs. 3 and 4.
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