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A study is reported of time-independent states consisting of sets of interacting high-frequency and
low-frequency waves in nonlinear dispersive media in the presence of an external high-frequency

monochromatic force. Cases of ordinary and parametric excitation of waves by the external force
in the medium are discussed. The excitation of Langmuir and ion-acoustic plasma oscillations by
the external field is considered as an example. The results obtained in this way can be used to

describe existing experimental data.

INTRODUCTION

THE dynamics of the interaction of high-frequency and
low-frequency waves in nonlinear dispersive media
without taking into account dissipation and with no ex-
ternal forces was investigated in!'), The present paper
is concerned with the analysis of interacting high-fre-
quency and low-frequency oscillations in a medium,
taking into account dissipation and the presence of ex-
ternal forces.

When a distributed external force is applied to a
dissipative medium it sets up time-independent oscilla-
tions whose intensity and spectrum depend on the
nature and intensity of the external force and on the
properties of the medium. It is clear that the frequen-
cies and wave vectors of the steady-state oscillations
may not be equal to the frequencies and wave vectors
of the applied force although they will, in general, be
functions of them.

For given parameters of the applied force there may
be a few (not less than one) time-independent states.
The problem then is to determine the amplitudes and
the dispersion relations for the time-independent
states and to establish their stability. In contrast to the
well-known problem on the steady-state oscillations of
a system with one degree of freedom under the influence
of an applied periodic force (see for examplem), here
we have to determine multifrequency time-independent
states of a system with an infinite number of degrees
of freedom. We shall investigate time-independent
states consisting of sets of interacting high-frequency
and low-frequency waves (u and v waves) in the pres-
ence of an applied high-frequency monochromatic force.

The applied force excites u waves which in turn
may generate low-frequency v and u waves at com-
posite frequencies. We shall consider the cases of
ordinary and parametric excitation of u waves by the
applied force. (In the case of ordinary excitation, the
applied force appears on the right-hand side of the
equation motion whereas in the case of parametric
excitation it appears in the coefficients of these equa-
tions.) We shall derive the time-independent states and
will investigate their stability. We shall analyze in
detail the time-independent states near the instability

66

threshold for the single-frequency time-independent
state.

As an example, we shall discuss in the last section
the excitation of Langmuir and ion-acoustic plasma
oscillations by a monochromatic external field. We
shall show that our results are in good agreement with
experimental data!®! which until now could not be satis-
factorily explained.

1. BASIC EQUATIONS

As in!'!] we shall consider a set of interacting u and
v waves which are such that the wave vectors and fre-
quencies of the former are much greater than the wave
vectors and frequencies of the latter:

k> x. (1.1)

In the presence of a high-frequency applied force,
and ignoring the damping of the waves, the Hamiltonian
for the system can be written in the form

0>Q,

Wl 1 1 Al R
2 =X ot Qo+ 5 0 Vil K m v
%

k")+c.c.

1.2)
In this expression, ug and vk are the Fourier com-
ponents of the u and v fields, k, k, wk, 2 are the
wave vectors and frequencies of the u and v waves,
Vu(k, k’, k) are the interaction coefficients for the
waves which can be assumed to be real without loss of
generality,and fy and gx are the spatial Fourier com-
ponents of the applied forces.

The variables ukg and vy and the interaction coef-
ficients satisfy the usual symmetry conditions:

xO(k— k'—x) -+ ZL fe(t)m + k;k gt w8 (k — k' —

wl =y, V=0 Valk K, %)=Val, k—x). (1.3)

The above Hamiltonian takes into account only the
three-wave interactions in which two u waves and one
v wave participate. We shall assume that the terms in
the Hamiltonian which describe this interaction are
small in comparison with the terms which are quad-
ratic in u and v. The force fk(t) describes the ordi-
nary excitation of u waves and gk(t) describes the
parametric excitation.
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The equations of motion for ug and v, are obtained
from Eq. (1.2) in the usual way:

(1.4)

In order to take dissipative effects into account we
shall introduce into the equation of motion terms which
violate invariance under time reversal as follows:

i0uy | 0t = 056 | dux", i0vx [ Ot = 078 | dvx".

( + >uk—wkuk-{—L[VH(k k', %) + iV 4 (k, k', %)}

\

Xuevd (k — k' — %) 4 fie () + 2‘(. i (2) we

(gt Tie) 0w = Qe + va,k—m)u;_uuk. (1.5)

In these expressions yx and I', are the linear damp-
ing coefficients and VA(k, k', k) are the nonlinear
damping coefficients for the u waves. The coefficients
VA satisfy the symmetry relation

Valk, K, x) = Va* (K, k, —x).

They take into account the slow (in space and time)
changes in the damping of the u waves which are due
to the presence of the v waves.

The following order of magnitude relations are
usually satisfied:

[Val Vel ~wlov<<l, Tu/Q<<l.

In view of the assumption that the wave interaction
is weak, the solutions of Eq. (1.5) can be sought in the
form

(1.6)

assuming that ax and b, are slowly-varying functions
(over the periods 2m/wk and 27/Q,). Substituting Eq.
(1.6) in Eq. (1.5), and retaining only the slowly-varying
terms on the right-hand sides, we obtain the following
sets of equations for ak and by:

s

L( ot

X8 (k — k' —x) + {fu(t) exp (iowt)> + Z<gk+k ai” exp [i (ok + ow) £]),
(1.7a)

Uk = xe~i0ht, Dy = bye—i®t,

1Yo = Z V (k, K', %) <aw by exp [iA (k, K', %) ]

Vik k', %)= Vg (k K, %) +iV4(k kK, %)

M- F,‘) K_LVH(k k —x, x)(akxakexp[—lA(k k —%, %)t]),
(1.70)

i( aat
where

Ak, K, %) = 0x — 0w — Qy,
and the angle brackets indicate that we are retaining
only slowly-varying terms. Obviously, terms which

represent the interaction between the waves are slowly-
varying terms if

(1.8)

The slow variation of the terms describing the ef-
fect of external forces is ensured if

Qy, ox >A(k, k— %, %).

fu(t) = fue=iont,  gu(t) = gue~iom’t, (1.9)
where
|A0(k) l = |ox — U)Okf < Wk,
[AL (K, K) | = | 00, ki — 0k — Okr| < O (1.10)

Condition (1.8) means that we are taking into account

only the resonance interaction between the waves,
whereas (1.10) shows that external forces excite high-
frequency waves in a resonance fashion.

In this paper we shall confine our attention to the
excitation of waves in a medium by monochromatic
external forces, i.e., we shall consider cases where

fe(t) = f8(k — ko) eioet,
IADI < Ox

(k — 2ko) e—iwo't,
IA1'<(1)1(0. (1.11)
The first case describes ordinary resonance excita-
tion of waves of frequency w, (resonance detuning A,)
and the second case represents the parametric excita-
tion (parametric resonance detuning A,).

0o — Ok, = Ao,

g« (t) = gé 0o’ — 20k, = Ay,

2. TIME-INDEPENDENT STATES

A state will be referred to as time-independent if it
takes the form of a set of waves with constant amplitudes.
Foreach such state we have a solution of Eq. (1.7) of
the form

(2.1)

where af(, b‘;‘, 0k, and €, are constants which depend on
the parameters of the applied force, the damping, and
the nonlinear properties of the medium. The quantities
0k and €, are real; they are in fact the nonlinear addi-
tions to the frequencies wk and Q4 produced by the
interaction between the waves. Since the wave interac-
tion is weak, the quantities 6k and €, are small, i.e.,
ok | K wy, |€x] K Q.

Let us now investigate the time-independent states
for different forms of the applied force.

In the absence of applied forces (fx = gx = 0) there
is obviously only one time-independent state: af = by
= 0, and this means that there are no waves in the
medium. When the forces are applied there will, in
general, be nonzero solutions of the form of Eq. (2.1).

Consider the case of ordinary excitation of u waves
(f= 0, g =0). In this case, we have solutions of Eq.
(1.7) of the form given by Eq. (2.1):

ax = ale=0k!, b, = b,e-iext,

bl =0, a®=f/(Ao+iy),
Ok, = Ao,

= ao®Oxx,

(2.2)
which correspond to a time-independent state consist-
ing of a single u wave of frequency wo, wave vector
ko, and amplitude given by Eq. (2.2).

If we investigate the stability of this time-independ-
ent state by the standard methods!® we find that it be-

comes unstable as soon as the amplitude f assumes the
critical value given

1712 = min 2L oA (N — 1)+ (g — o) (r+ Ty

+(r + D) VI(g—0) (T — 1) + pAP + 41T [p* + (g — o)1}
where

(2.3)

o =Re Va(ko, ko, ), o= 1Im V.al(ko, ko, %)
q = Vu(ko, ko — %, x) — Vi (ko + %, ko, %)

V= Vu(ko, ko, ®), A= A(ko, ko— %, %).
Here we have used the conditions given by (1.1), and all
the coefficients of the equations in Eq. (1.7), except for
q, are taken in the zero-order approximation in «k/k
and Q/w.

When |f| > |f|c we have in addition to the unstable
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time-independent state given by Eq. (2.2) a further
stable state which consists of a discrete set of waves:
u waves with wave vectors kp =k, + nk and v waves
with wave vectors xkm = mkg (m and n are arbitrary
integers, k is the wave vector for which the expression
given by Eq. (2.3) reaches a minimum; we shall as-
sume for the sake of simplicity that this minimum is
reached at a single value of k). If the v waves with
wave vectors kpy, m # 1, interact with the u waves in

a nonresonant fashion, i.e.,

o (kn) — @ (kn—m) & Q(%m)

is not satisfied for any m # 1, then the amplitudes of
these v waves are negligible and can be set to zero in
Eq. (1.7). In this case, the time-independent state con-
sists of a discrete set of u waves and one v wave. The
equations for the time-independent amplitudes are ob-
tained from Eq. (1.7) by substituting Eq. (2.1) into it,
taking into account the foregoing discussion:

(8n + i) @0 = V(1 — 1, n) Gn_1b® exp [i(6n — On-1 — &+ A)¢]
+ V(1 + 1) anss (6°)" exp[i(8n — dnp1 + € — A)2]
+ f8noexp [i(Ao— 80)t], (2.4a)

(e+il) B0 = ng(n —1,n) (@ne1)" an0exp [§(8noy — B+ & — A)t],

V(n—1, n) = V(kn, knot, %), V="Vu+iVa,

V="Vu+iV." (2.4b)
It follows from these equations that
n="=2 + n(A —e). (2.5)

The solution of Eq. (2.4a), taking Eq. (2.5) into account
for A — € # 0, in the zero-order approximation in
k/k can be written in the following form:

@4n® = fhin(2)

+inf
(£ 1) (VO 722 ] (z)Jnen(z), Rez>0
2sinnn
hin(z)= (2.6)
+inf
(F ) (VO P0) 2 ], (— 2)Tpen(—2), Rez<0
2sinnn
where

2= {VV%)'%|b°| [ (A—¢), P=argb’,
n= (8 +iy)/(A —¢).

In these expressions J,(z) is the Bessel function.
When |A - €| < |5| the solution of Eq. (2.4a) can
be written in the following form:

Q= ()20 (VO TO)2nigr,

2.7)
where p is a root of the equation
2(80+ y) = (VI7)4]5°] (p — 074),

which satisfies the condition |p | < 1.

If we substitute the above expressions for ap into
Eq. (2.4b), and separate the real and imaginary parts,
we obtain equations for € and |b®|. The phase
B =arg b° is then found to be an indeterminate quantity
because the equations in (2.4) are invariant under the
transformation

B0 Y — bleit, g0~ g = a,%i"%, (2_8)

Thus if b®and aj, are the solutions of this system, then

any b% or a) defined by Eq. (2.8) are also solutions.
To calculate € and |b°| we can use the following
equations which follow from Eq. (2.4):

Y 10001260 = 26157 — Re {ao’f*},
n

(2.9)
¥ Z|a,,°|2 =|8°|2(T' Im V4° — e Re V4% / Vi + /5 Im {ac®f"}.

Let us now investigate in greater detail the behavior
of the time-dependent amplitudes in the case of a stable
state as functions of the amplitude of the applied force
near the instability threshold when |f| - |f|c < |f]c.
In this case, only the four waves with frequencies wo,
wo* N, and © are appreciably excited, so that the
amplitudes aj, n = 0, +1 in Eq. (2.4) can be set equal
to zero, and we have
LT L D Ll

6; + i’Y 6—1+ vy
[6° ¢ V_V- ViVs o 1
[1_ 60+iy(6_1+iy a,+iy)]“° T oty (2.10)
V_H V- V+H V+]
di—dy Sty
Vo=V(k—xkx).

0 L Uil

’

’

(e+il)=|a?|?
Vi=V(k k4 %%),

Separating the imaginary and real parts of this last
equation, we obtain two equations for € and |ag|?
which are independent of f. Consequently, when f > f¢
the quantities € and |aj| are constants independent of
f. Since for f < f¢ it is clear from Eq. (2.2) that

|a3|® = |£|*(a3 + y®) * and |adlis a continuous function
of f in the neighborhood of f = fc, we have for £ > f¢

[a0°]2 = |f|2(Ao* + v?) . (2.11)

Using Egs. (2.10) and (2.11), we find the following ex-
pressions for the remaining amplitudes:

||t = | V40% [2[ (A + v?) (82 + v ],
[a—0]2 = | 7-b0%| [ (Ad* + ¥?) (8-> + ¥ 1.

The quantity |b°|? is determined as a real non-nega-
tive root of the equation

[°4|D|* + 24| 8°* + 1 —|f/fe|* =0,

(2.12)

where
1 [ V- V+I_/+
Ao+iy Lo +iy  8i+iy
Among the roots of this equation
b0l 8 o= |D|2 [— A £ VA2 ([f/LP— DT (2.14)

there is only one non-negative real root when A = 0
for £ > |f|c. In this region, the time-independent state
(2.2) is unstable, and the stable state is defined by Egs.
(2.11)—(2.14). When f — f;

w14 1)

o) =z V4l [0 +30) 022+ 3] 112 =112,

=—2ReD, D=

]. (2.13)

1
lai0]2=—— | V-2 [(A +¥?) (012 + ¥) 17 (IfI* = |F])-
! 24 (2.15)
Therefore, when A > 0, f > f. we have

law®], 18°] ~ VIf/fe]> — 1. (2.16)
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When A < 0 the equation given by (2.13) has one
non-negative root for |f| > |f|q, and two such roots in

the interval |f|,c < |f| <|flc, |fl3c = |f]2(1 - A%|D?|).

The time-independent state defined by Egs. (2.11) and
(2.12) and corresponding to the larger of these roots,
|b°|,, is stable, whereas the corresponding smaller
root, |b°|,, is unstable. Therefore, when A <C and
f = fc the amplitude b°® (and also the amplitudes aj)
will discontinuously reach the finite value

[80(fc) |2 = [8°(fe) [ = 2| AD-2|.

From Eq. (2.10) we obtain a somewhat unwieldly
expression for €, which however simplifies when
A, =0. In this case,

e:—vi & [—TA+ Vi Re Va|a|?].

Let us now consider the parametric excitation of u
waves. The equations for the amplitudes in this case
are obtained from Eq. (1.7) if we substitute fx =0,
gk # 0 in the first of these. This set of equations has
a zero solution ak =by =0 which, however, becomes
unstable when the amplitude of the applied force
reaches the threshold value:

A B—K) ) (m)

|£2|c = min yi yax w[ 1+
T - (Ve + o) 2

To simplify our analysis we shall assume that the
minimum of this expression is reached for k' = 2k,
- k' =ko. In that case, when |g| > |g|c the amplitudes
of the u waves with wave vectors near to k, increase
exponentially. This state in turn becomes unstable
when the amplitudes of the parametrically excited
waves become large enough:

Y a2 = a2 =112 a0 + )

[the quantity |f|c is defined by Eq. (2.3)].

When Eq. (2.18) is satisfied we have a v wave in the
medium with wave vector k, composite u waves, and
a time-independent state which consists of a set of dis-
crete waves. The equations for the time-independent
amplitudes are the same as those given by Eq. (2.4)
provided we replace f and A, with (aj)*g and A, on
the right-hand side of Eq. (2.4a). The solutions for the
amplitudes ap differ from those given by Eq. (2.6) only
by a constant factor:

(2.18)

@un = Chyn(2), (2.19)
and for the amplitude |b°| we obtain the following
equation:

__|2sinam
|]n(z)-’~n(z)|—l pope ‘ (2.20)

In these expressions h.p, z, and n are the same as in
Eq. (2.6).

The constant C in Eq. (2.19), and also €, are de-
termined by Eq. (2.9) with ajf* on the right-hand sides
replaced with (ad)’g*.

Equation (2.20) may have a number of solutions. In
fact, when

n— 0, Jun(z) — Jo(z), sin in — an

we have from Eq. (2.20)
[Tn(2)T-n(2) | = 2|n/gl.

The solution of this equation is shown graphically in
Fig. 1. Each of the roots defines a time-independent
amplitude |b®| which in view of Eq. (2.19) determines
the values of the time-independent amplitudes ag.
Therefore, each of the roots of Eq. (2.20) defines a
time-independent state. It is readily verified that the
time-independent states corresponding to the roots in-
dicated in Fig. 1 by the open circles are stable, whereas
those indicated by the crosses are unstable against
perturbations in the amplitudes ap and b.

It is clear from Eq. (2.9) that the constant C in-
creases with increasing |b®|. This means that the
sum of the squares of the steady-state amplitudes of the
u waves increases with increasing |z |. Therefore, it
may turn out that all the time-independent states, ex-
cept for the first, which are stable against perturba-
tions of the time-independent amplitudes an and b,
are unstable against perturbations of the amplitudes of
other waves, for example, the v waves with wave vec-
tors k' # k, and u waves with wave vectors kpm =kp
+ mg’. It is obvious that the time-independent state
corresponding to the smallest value of |b°| is stable
in this sense.

3. EXCITATION OF COUPLED LANGMUIR AND
ION-ACOUSTIC PLASMA OSCILLATIONS BY A
MONOCHROMATIC EXTERNAL FIELD

As an example, let us consider the excitation of
plasma oscillations by an external longitudinal electric
field of frequency w, close to the electron plasma fre-
quency wp = (4mme*/ m)¥? (e is the charge, m the
mass, and n the mean density of electrons). We note
that the parametric excitation of plasma waves by a
hi%h—frequency external field was first discussed
in!®®1, Our example is convenient in that the theoreti-
cal predictions for it can be compared with experi-
mental results!®! and the theoretical conclusions re-
ported elsewhere(&8]

The questions for the Langmuir oscillations in an
infinite plasma placed in the field of a longitudinal
electric wave, taking into account three-wave interac-
tions, can be written in the following form (see, for
example,™):

It 6__’ - iy
\aez ! k,
. dewp® (kE,) e L — eop’ o (k, k—2x)
T %2 ko—k T P} T2

x

%ive, (k
+ ————W"’;( e Sk, @

~ Egeientd (k — k)

9 )
2y 5 F ol (k) ' =

Phx Vi

(3.1a)

5 2
(g 20 g+ 22 e = B 36 k=) ()" o
where (pl and (pf‘ are the Fourier components of the
potentials, and y and I' are the damping coefficients
of the Langmuir and ion-acoustic oscillations; E, is
the amplitude, w, the frequency, k, the wave vector of
the external field, T the electron temperature,

Q2(x) = v, 02(k) = 0 + Yowek?, (3.2)

vj is the velocity of ion sound, and vg the thermal
velocity of the electrons.

The last term on the right-hand side of Eq. (3.1a)
describes the nonlinear damping of the Langmuir waves,
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|7 q(2)(2)]
g

107}

275
4950}

s.25}
l27/9] —

whereas the second term represents the interaction
between the external field and the Langmuir and ion-
acoustic waves. However, in the case of resonance
excitation of Langmuir waves by the external field
[wo ® w](ke)] this term can be omitted because the
field strength of the Langmuir wave is much greater
than the strength of the external field: ko ‘Pk{,
~ Eowp/'y > E,.

We shall seek the solutions of Eq. (3.1) in the form

T o = V=R,

where ug and vy are slowly-varying functions. If we
normalize these functions so that

1 /ew, \V eQy Ve
”"2““7?( Tp> : U":b”(nfmz
P

then Eq. (3.1) will assume the form of Eq. (1.7) in
which

, kk') e 7eQ,\'?
Vi, k) = g (T )
. , ke [eQ,\"
Val 0 = o ()

1/ Ta, ',
f=g (=) te

Consequently, the threshold amplitude of the ex-
ternal field is determined by Eq. (2.3) in which
q = 2(kok)/ko, Vi =(eQK/m)1/2e/2T.In particular,
¥ > T and q > Vp, which is usually the case, we
have
(O ) (47 7).

[fl2= (3.3)

The amplitudes of waves excited in the plasma by
the external field before the threshold, near the
threshold, and after the threshold are given by Egs.
(2.2), (2.5), and (2.9)—(2.12),

In the experiment described in!®! the Langmuir os-
cillations were excited in mercury plasma filling a
glass tube of external diameter 0.8 cm and placed in &
waveguide at right angles to the waveguide axis. A
transverse wave with frequency wo = 2.75 X 10'° sec”
close to the plasma electron frequency (wo~ wp)
propagated through the waveguide. High-intensity oscil-
lations were excited in the plasma and the absolute am-
plitudes of these oscillations were determined. For
microwave amplitudes E, <12 V/cm, the plasma was
found to execute oscillations of frequency w, and am-
plitude a, proportional to E, (Fig. 2a). For E, = Eqc
~ 12 V/cm there were ion-acoustic oscillations of
frequency £ = 7.5 x 10° sec™ and composite oscilla-
tions of frequencies w, = £ (Fig. 2b). As the amplitude
E, increases there is an increase in the amplitude of

1

w” 0
Iﬂwl
b
i
Wy w
Tle

FI1G. 2

the ion-acoustic oscillations and, at the same time, in
the number of waves at the composite harmonics. The
spectrum of the high-frequency oscillations for E,
=15 V/cm is shown in Fig. 2c.

Moreover, the following approximate values were
obtained in the experiment:

!y~ 12-10°cm/sec v, = 7.5-10' cm/sec

r/e<t. (3.4)

T'~1eV =6 cm"
v/ op ~ 1072 — 1073

Before we compare the above theoretical results
with experimental data, we note that, in contrast to the
case of the homogeneous infinite plasma considered
above, the experiment was performed with a bounded
inhomogeneous plasma whose proper oscillations are
not plane waves. This fact cannot, however, modify the
form of the equations for the amplitudes or the order
of magnitudes of their coefficients whose exact calcula-
tion is not easy.

We shall use the above expressions, and in the
formulas for the coefficients we shall replace the wave
vectors by quantities which are reciprocals of the
characteristic inhomogeneity scales for the proper
oscillations. As regards the longitudinal component of
the external field, whose strength and distribution in
the plasma are unknown, we shall assume for the sake
of simplicity that the spatial distribution is close to
one of the Langmuir modes.

In order to be able to use Eq. (3.3) to estimate the
threshold amplitude of the external field, we must first
estimate the quantity k which was not measured in the
experiment. This can be done by using experimental
data on near-threshold values of the amplitudes of the
composite waves ay; (Fig. 2b). In fact, in view of Eq.
(2.10), near the threshold

|a]/avl|z 14q/ Ve =~ 14 %/ k.
It is clear from Fig. 2b that |a,/a_;| ~ 1.1 and, con-
sequently,
ka~ 10x ~ 60 cm™* (3.5)

and

q ~ 10~ Vg (3.6)
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Since resonance excitation was carried out in the ex-
periments, it follows that the detuning A, is of the same
order as vy, i.e., Ao~ y. We then have

3vet 1

A= ok + %) — (k) — Qs (%) & 5 —kx ~ 10° sec” (3.7)

®p

By substituting Eqs. (3.4)—(3.7) in Eq. (3.3), we ob-
tain the following estimate for the threshold amplitude
of the external field: Eq,c ~ 1 V/cm. This value for the
critical amplitude of the external field is in satisfactory
agreement with the experimental result Eqc ~ 10 V/cm.

We note that the estimates of Eoc given in!®"!are
higher by several orders of magnitude than the experi-
mental result. This discrepancy is due to the fact that
the possibility of resonance excitation of proper oscil-
lations in plasma by the external field was not taken
into account in'®"), This type of excitation ensures that
the amplitude of the Langmuir oscillations is much
greater than the amplitude of the external field, and the
excitation of the ion-acoustic oscillations occurs as a

result of the presence of high-intensity Langmuir oscil-
lations.

The time-independent amplitudes of the Langmuir
oscillations behind the threshold in the zero-order ap-
proximation in x/k are given in accordance with Eq.
(2.6) by the formulas

lax®] ~ [nin(@) |, n= (8o + iv) A,

Unfortunately, there are no experimental data which
could be used to obtain an independent determination of
the parameters 1 and z.

However, if we carry out a comparison of Eq. (3.8)
with the relative amplitudes |ap| shown in Fig. 2¢, and
assume that z = 2,7 and n < 1 (which is not inconsist-
ent with the above estimates), we obtain

2= V'A%, (3.8)

[an®] ~ |72 (2.7)]

which is in adequate agreement with experimental data.
The results of the comparison are shown in the follow-
ing table:

el
ag experiment,
rel. units

If we take terms ~k/k into account in the equations
for the time-independent amplitudes, we can find the
expressions for afl which may be in better agreement
with experimental data.

The value of z found from the comparison with ex-
perimental data enables us to estimate the amplitude
of the ion-acoustic oscillations for E, = 15 V/cm:

eQ,.
2

mw,

> _ 278 0

" 5107 V/em.
7 \_mmpg) 51071 V/

ES:mpS:u[b|<

Finally, the amplitudes of the Langmuir oscillations
can readily be estimated if we know the estimated
value for the threshold amplitude of the external field
(3.8). Infact, E; ~ Eolwp/y ~ 100—1000 V/cm.

We thus see that the above theory is in good agree-
ment with existing experimental data and can be used
to estimate quantities which have not as yet been
measured.
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