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The nonlinear dynamics of a medium containing high-intensity plane beams of electromagnetic waves
is investigated within the framework of geometric optics. A broad class of exact analytic solutions of
the equations of nonlinear geometric optics is indicated. It is shown that, as the solution develops,
singularities appear in the intensity and angular distributions of rays in the beam, and the situation is
similar to the development of a simple wave in the hydrodynamics of an ideal compressible fluid. A
classification of the singularities is given and three basic types are indicated.

1. INTRODUCTION

THE field of a high-intensity electromagnetic wave may
give rise to very considerable disturbances in a med-
ium. In particular, it may change the permittivity. This,
in turn, leads to a change in the propagation conditions
for the waves producing the disturbance, so that the
wave propagation process becomes nonlinear. The
corresponding nonlinear phenomena are described by
the Maxwell equation and the constitutive equations for
the medium. In general, these constitute a very compli-
cated system and have been investigated by a number of
authors. %!

We shall restrict our attention to effects arising dur-
ing the propagation of a weakly inhomogeneous wave
beam, for which the characteristic distance R over
which there is a substantial change in the amplitude of
the field E is much greater than the wavelength, i.e.,

kR

where k is the wave vector. This ensures that we can
use the geometric optics approximation. The wave field
can then be represented by a beam of rays having a
definite direction of k and definite intensity I at each
point. The most interesting case is that of narrow beams
for which it is possible to isolate a mean direction of
beam propagation (z axis). The deviation of the different
rays from this mean direction is small and is charac-
terized only by the vectors k| lying in the plane ortho-
gonal to the z axis. If, moreover, we confine ourselves
to plane beams, i.e., beams whose intensity in the y
direction is constant, then the equation of nonlinear
geometric optics can be written in the form
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In these equations w(x, t) = I/I, is the dimensionless
intensity, u(x, t) = B"/zkx/k is a function which is a
measure of the extent to which the direction of a given
ray deviates from the mean direction of propagation of
the beam. The variables x and t will also be considered
as dimensionless, i.e., x — x/a, t — t/a, where a is a

characteristic transverse size of the beam, which is de-
termined by the boundary conditions.

The derivation of Eq. (1) was based on the assumption
that the permittivity was

e =g + &1,

where ¢, is the permittivity of the undisturbed medium
and €.l is the perturbation proportional to the wave in-
tensity. The second term takes into account the effect of
the wave field on the medium. The above expression for
€ is valid for isotropic nonabsorbing media, provided
the wave intensity is not too high, so that [e.I| < ¢, i.e.,
B << 1. The form of the medium and the nature of the
interaction with the waves affect only the coefficients ¢,
and €;. These two coefficients, in fact, disappear from
the equations after transformation to the dimensionless
functions u and w (only the signs of ¢, and €, are impor-
tant; we shall consider transparent (eo > 0) and focusing
(e2 > 0) media). We note also that if we omit the last
term dw/ox from Eq. (1), which represents the effect of
the waves on the medium, we obtain the usual equations
of linear geometric optics (for a narrow plane beam
propagating in a homogeneous medium). A detailed
derivation of Eq. (1) is given in reviews ™!,

The boundary conditions for Eq. (1) are specified on
the t = 0 plane:

w(z, 0) = wo(x), u(z, 0)= uo(2).

@)
In other words, the problem is formulated as follows:
suppose that the intensity and angular distributions of
the rays, wo(x) and uo(x), are specified for the beam
propagating along the axis on the given plane t = 0
(z = 0). It is required to find w(x) and u(x) for any z.
The equations given by Eq. (1) are analogous to the
hydrodynamic equations for an ideal compressible fluid
with y = 2. There is, however, the essential difference
between them which is connected with the change in the
sign of the “‘pressure’’. In hydrodynamics pressure
always expands the flow, whereas in the case of the
focusing medium considered here, nonlinear pressure
tends to contract the beam. The change in the sign of
the pressure makes Eq. (1) into an elliptic system in
contrast to the hydrodynamic equations which are, of

DWe have confined our attention to time-independent or, more
precisely, frequency-averaged perturbations of the permittivity.
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course, hyperbolic. In spite of this fact, the overall
similarity between the equations enables us to use
hydrodynamic methods for some aspects of the solution
of problems in geometric optics.

The analytic solution of Eq. (1), corresponding to a
number of special conditions, was found by Talanov'™,
whereas another special solution has been given by
Lighthill*°! and Akhmanov, Sukhorukov, and
Khokhlov.”®? In the present paper we shall investigate
a broad class of analytic solutions which will enable us
to investigate some general properties of nonlinear
beam dynamics.

2. SELF-SIMILAR SOLUTIONS

The set of equations given by Eq. (1) can be reduced
to a linear form by a suitable transformation of the
variables. We shall regard w and u as the variables and
x and t as the unknown functions. To transform Eq. (1)
to the new variables we shall follow Landau and Lifshitz
(see'®’, Sec. 98) and write the partial derivatives in Eq.
(1) in the Jacobian form

aw, r)

a(t, x)

af(t, w)
a(t, x)
ﬂ(t u)
oy )
If we now multiply Eq. (3) by a(t, X)/3(w, u) and evaluate
the Jacobians we obtain

'0(1, u)
Yo 1)
(t w)
(7(! x)

— Y

@)

a(u, x)

ar at at

9r _p %L, 4
Ju uau T Jw ( )
g + it__ix_zo. (5)

au ow dw

These equations for the function x(u, w) and t(u, w) are
now linear, and their use simplifies the derivation of
the class of solutions in which we are interested.

In fact, it is readily verified that Eqs. (4) and (5)
are homogeneous in w and u®. Their special solutions
can therefore be sought in the form of polynomials
which are homogeneous in powers of u* and w. We shall
assume, to begin with, that x is an even function of u:

a5, (u,w) == Xu,,,u"’"w" -kt (u, w)

2 boguttwnt.  (6)
=0

Substituting these expressions in Egs. ]((\3 and (5), and
equating terms with equal powers of u? D-X ' we obtain
recurrence relations between the coefficients a and
bk. Substituting a, =1 and b, =0, we successively
find the functions x;, and t,;, which are special solutions
of Egs. (4) and (5):

n

L =u; (M)

o
ty = 2uw — % u’; (8)

6

3 ut
g = 0 — _2 win? — o wut fl.: , t3=3u (102 —wu? 4 10) %)

The boundary conditions of Eq. (2) are specified on the

the t = 0 plane. The condition t = 0 determines the rela-
tion between w and u for each solution. In particular, it
is clear from Egs. (6)—(9) that the conditiont = 0 is
identically satisfied for any pair of x, and t, in the case
of a plane parallel beam (u = 0). In this case, each of
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the solutions describes the change in the beam intensity
near its boundary. In fact, consider the edge of a plane-
parallel beam, i.e., assume that whent =0

z, x>0

wy () == 10, 2< 0’ ug(z)==0.

(10)
1t is readily seen that the solution x,, t, satisfies the
boundary conditions given by Eq. (10). Consequently, it
is also valid for any t. From Eq. (7) we have

T— 122, e >0 x>/
w':{ 0 e T {f~l'i2—2f' e < 22 2> 0(11)
0, <0

We have taken account here of the fact that the trivial
solution w = 0, u = ug(x — ut) will also satisfy Eq. (1),
and that Eq. (1) admits of weak discontinuities. The
change in the boundary of the beam is shown in Fig. 1
for different times t in accordance with Eq. (11). The
solution given by Eq. (11) is self-similar and can be
written in the form

we=1f(x), w=:1thL(1); v=2a/%

It is readily verified that, for an arbitrary n, the solu-
tion x;,, t; given by Eq. (6) is also self-similar and can
be written in the form

W= [2(271—E\Jf1“ (T) , = tl/(2n—l)f2” (T) ;

; (12)
= e
We shall consider the case where x is an even func-
tion of u. The situation where x is an odd function of w
can be considered in a similar way by writing

n

n
3 ., \ 1 _
T, =u Eﬂlflnhuﬁw"“)', ty=Y" b, uwnt (13)
k=0 h==0

and substituting these expressions into Eqs. (4) and (5)
to find the coefficients api and bpi for each n. The final
result is

. 2, R
T =uw+--ud, 1 =—w+u’
9

5 2 3 4 14
7'2:1'105'—}——1—u3w—£;, 12:_3___‘__”1”_”_; (14)
2 S 4

These solutions also represent self- similar functions
w(x, t) and u(x, y):

wir, t)=tfi (1), u(z, 1)=("a(v): == o) N

3. APPEARANCE OF SINGULAR POINTS

We have derived a set of special self-similar solu-
tions of Eq. (1). It is important to note that Eqs. (4) and
(5) for the functions x(u, w) and t(u, w) are linear. This
means that not only the functions x, t, but also their
arbitrary combinations

:rv—‘)_ C,xy(u, ) t-—s C.t. (u, w)

n- l n_—l

(15)
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will satisfy Egs. (4) and (5). The resulting class of
solutions is characterized by an infinite set of constants
Cy, Cz ..., C, or an arbitrary function which can be
expanded into a series.

In fact, consider a plane-parallel beam, i.e., assume
that whent =0

u(z, 0)=0, w(x, 0) = o).

(16)
According to Egs. (6)—(9), we have x" = w® for u = 0.
Therefore, if we expand the function x¢(w), which is the
inverse of wo(x), into the Taylor series

had n
n=1 w=0

i Cowr an
we can determine the constants C,. In other words, the
formulas of Eq. (15) with the coefficients Cj, determined
in accordance with Eq. (17), give the solution of Eq. (1)
in an implicit form which satisfies the boundary condi-
tions of Eq. (16). The above class of solutions of the
equations of geometric optics is equivalent to simple
waves in the hydrodynamics of an ideal compressible
fluid.*’ A combination of self-similar solutions, Eq.
(15), is no longer a self-similar function. In this sense,
we again have an analogy with simple waves in hydro-
dynamics. We shall show that, as in the case of a sim-
ple wave, the development of the solution given by Eq.
(15) leads to a gradual sharpening of the front and the
appearance of singular points.

As an example, consider the simplest case when

. ]/az//i—}—x—-—'u/i! for z>0 B 18
w(z,O)_{ 0 for <0 u(z, 0)==0. (18)

In these expressions, a is an arbitrary constant (¢ > 0).

The function w(x; 0) is shown in Fig. 2. The inverse
function x4(w) = aw + w® and, consequently, the solution
of Eqs. (4) and (5) satisfying the boundary conditions of
Eq. (18), is in this case a combination of only two self-
similar solutions x;, t; and x,, t,:

:c:a(w-}—‘gi)-}-w?—};, t=u[a+2(w—~’?)] v =0. (19)

The dependence of w on x for different t, which is de-
fined by Eq. (19), is shown in Fig. 2. It is clear that the
beam boundary shifts in the direction of increasing in-
tensity and w(x) becomes increasingly steeper. At some
value t =t the slope of the gradient 8w/8x becomes
infinite and we have a singularity. The condition for the
appearance of the singularity on the beam boundary is

FIG. 2

DThe class of simple waves is, strictly speaking, broader because it
includes functions which cannot be expanded into series. However, it
will be shown in Sec. 4 that the family of self-similar solutions discus-
sed here can be extended so that it will be characterized not by a dis-
crete series but by a continuously varying parameter X. Accordingly, a
linear combination of these solutions will be characterized by an arbi-
trary function C(Q).
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("’x) =0 w=o. (20)

ow

Differentiating Eq. (19) with respect to w, we obtain
dzy\ [ oa _6—u‘

( )[_.a+qzz(zl—}~)t+2w ._u(a )',

ow w
du du . 0
«(5) T2 ze () —me(5) =

Using Eq. (20), we find that at the singular point w = 0,
u® = /2. Consequently, the boundary singularity ap-
pears if @ > 0. From Eq. (19) we obtain the explicit
coordinates of the singular points: x; = a?/8,
te = v2o3%2/3. 1t is readily verified that the derivative
(9u/#x), becomes infinite at the same point.

The above singularity is analogous to that found in
the hydrodynamics of an ideal compressible fluid on the
boundary of a simple wave and a stationary gas (see el
p- 454). We note also that the above analysis of the
boundary singularity (‘‘quadratic’’ singularity, w ~ x"/ 2
u ~ x'?) is quite general, since near the beam boundary,
i.e., for w — 0, we can confine our attention to the first
terms in the expansion of xo(w) into a series of powers
of w: Xo(W) = aw + bw®. Consequently, & = a/b'%,

X, = a2/8b, tc - 2‘/2a3/2/3b3/“.

The reason for the appearance of the singularity can
be readily understood. Thus, in the case we are con-
sidering, @ > 0, and the slope dw/6x is a maximum on
the beam boundary, w — 0 (see Fig. 2). At this point,
the ‘‘pressure’’ of the nonlinear medium is therefore
also a maximum. It shifts the rays and gradually
‘‘presses’’ the beam against its boundary.

There is, of course, another possible case when the
initial slope dw/8x is a maximum not on the boundary
but at some internal point of the beam. Here, the
‘‘pressure’’ ensures that the slopes dw/dx and du/ox
will also increase and will become infinite at some time.
Here the singularity is “cubic”’ (w ~ x'%, u ~ x'/®) and
appears inside the beam and not on its boundary. This
is analogous to the usual spillover of a simple wave in
hydrodynamics (see'®’, Sec. 94). Let us illustrate this
by an example.

Suppose that the intensity distribution in a plane-
parallel beam on the initial plane t = 0 is defined by the
cubic curve (for w > 0):

2o(w) = aw — Pw? -+ wd

(21)

The condition for the absence of spillover on the initial
curve (8xo/0w > 0) is satisfied if @ > g%/3. The inflec-
tion point is w, = 8/3 and at this point the slope dw,/8x
of the initial function is a maximum.

The solution of Eqs. (4) and (5) which satisfies the
boundary conditions given by Eq. (21) is given by
Eqgs. (7)—(9) and (15)

2 4 3 3 6
x:a(w—i—i%)—ﬁ(wz—-»%) +(wa——;:wgu2—-2—lzlzz4—l—% ),

(22)

u?
a9
o

=qu—2pu (w - ) +3u(w?—wu2+%) .

The variation of the intensity w(x) defined by these
equations is shown in Fig. 3. The conditions for the ap-
pearance of the singularity in the function w(x, t) are

0z \ 0%z
i — ( ) =0.
( w ) { ow? /4

If we now use Eq. (22) to find (8x/8w) and (8°x/0w’); we
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obtain the following algebraic equations which determine
the values of u and w at the singular point

(¢ —2pw + 3uw? — Juwn® — 3u*)2 4 u*(3u — 6w + 2B) [2a
+ 2fu* — 2w — 9wu3] == (),
— A2 — Ow - 3u?)— A2 (w0 4 u?) (2 — Gw -+ 3u?)
-6 (0 - 200t — 3wt — Gwu® + 3ut ] 2) ]+ Au(2p — Gw - 3u?)
(28 - 6w -+ 3u?) (0 4 6uz — Sw* — 18wu? + 1¥/ou)
+ 2(2f — 6w + 9u2) (a + 2pu — 3w — bwu? 4 3ut/2)]
— 204 (26 — Gw + 3u?)2(2p — Ow -+ 3u®) (a4 2pu? — Sw?
— Gwu? 4 3ut/2) =0,
A = a— 2pw -|- 2pu> 4 3w — Jwu? - 3/out,
The analytic solution of this equation is readily found
for A = o — g%/3 < a when the slope of the initial front
is large. In this case, w, = 8/3 + A/28, u%, = A/ and
the coordinates of the singular point are x, = 63/27,
t.= 2A%2/3 312, The functions w(x, t) and u(x, t) are
single-valued up to the singular point t = t,. Therefore,
they are triple-valued in the region x ~ x,.

The third essential type of singularity involves singu-
larities appearing at maximum beam intensity. In con-
trast to the other two discussed earlier, these singulari-
ties have no analogs in the hydrodynamics of simple
waves in an ideal fluid. They are described by self-
similar solutions of the second class given by Eq. (13).
Figure 4 shows the functions w(x, t) and u(x, t) near the
beam maximum described by the solution x = x, — ax,,

t =t, — at, [see Eq. (14)]. When t < o?/2 the intensity w
is a smooth function of x:

—2 e T
(Bwo—20) 2% wo(t)=a—Yau®— 21.

W= wy— ————
0 2w (o — wo)?

When t = @®/2 we have a singularity on the axis (x = 0):
near this singularity w;_ ,2 /9 = @ — o 4|x|"2. The
function u(x) has a singularity at the same point: when
t< a%/2, u™ x/wo(wWo — @); whent = a%/2, u(x)
=—a"|x|'"*sign x. The physical significance of this
singularity is that the rays begin to cut the beam axis at
the point t = @®/2. The conditions for the appearance of
the singularity on the beam axis are
dx az
=0 (5) =0 (), =" (23)

Thus, as the smooth initial distribution develops, we
find singularities connected with the possible intersec-
tion of rays propagating through the nonlinear medium.
The main types of singularity are: quadratic (w ~ xl/z,
u ~ x'®) on the boundary of the beam, cubic (w ~ x5,
u ~ x') inside the beam, and axial singularity at maxi-
mum intensity on the beam axis (w ~ |x|'/%,
u ~ |x|"?sign x). The multiray regions and strong dis-
continuities in the intensity and angular distributions of
rays in the beam appear after the singular points. Equa-
tion (1) is, of course, invalid in these regions.

4. ARBITRARY PLANE BEAMS

Let us now consider the general problem of propaga-
tion of an arbitrary plane beam of electromagnetic waves
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through a slightly nonlinear medium. Equations (4) and
(5) which describe the propagation of the beam, can be
reduced to a single linear second-order equation as in
the case of hydrodynamics.'*®? Consider the function
(cf.®®!, sec. 98)

Y=S8—ur4-1(a¥/s2—w), S=\|udx,

where S is the eikonal. We shall look upon ¢ as a func-
tion of the two variables u and w. It follows from the
definition of ¥ that

(dp = —zdu -+ td(a* [ 2 — w) = —~tdw -+ (ut — z)du.
If we compare this with
&P ayp
A = ———dw - ——
P ™ dw - 50 du
we find that

P L uﬂxp_aq:
w’ T ow  du

(24)
If ¢(u, w) is known, then Eq. (24) defines in an implicit
form the dependence of u and w on x and t. The equation
for ¥ is obtained by direct substitution of Eq. (24) into
the continuity equation given by Eq. (4) [Eq. (5) then be-
comes an identity]
”y 18 u
o e 3 (29)
The boundary conditions of Eq. (2) are specified on the
t = 0 plane in the form of the initial intensity distribution
wo(x) and the angular distribution of rays in the beam,
up(x). In our case, the conditions

>=O, p=Yw, v=

p? = wo(z), v=ug(z)/2

(26)

define in an implicit form an axially symmetric surface
S in the p, v space. On this surface

(Z) =0 (ZL),=—2m00,

- - 27)

where xo(w) is the inverse of wo(x).

The function ¥ is described by the Laplace equation
(25). There is, therefore, a direct analogy between
problems on the propagation of arbitrary plane beams
in a nonlinear medium, on the one hand, and the
boundary-value problems of electrostatics, on the other.
The conditions given by Eq. (27) signify that the radial
component of the ‘‘field’”” E  =—28y/dp is zero on the
axially symmetric surface S, whereas the component
along the v axis, namely, E, = -8y /8v is a given func-
tion of p and v.
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Let us take a plane-parallel beam uy(x) = 0 as an ex-
ample. Here, the surface S is a disk of unit radius lying
on the v = 0 plane. To find ¥ from the Laplace equation
it is convenient to transform to oblate spheroidal coor-
dinates € and 7 defined by

+H) =)

The Laplace equation assumes the form

T leengt g d-mg]=e

The coordinate 1 ranges from 0 to 1 and € from 0 to «.
The € = 0 surface is a disk of unit radius in €, 7 space

on which the boundary conditions of Eq. (27) are satis-

fied. In terms of €, n they take the form

(30)...

In these expressions xo(w) is the inverse of wo(x).
The solution of Eq. (29) is naturally sought in the

form of a series in terms of the oblate spheroidal

harmonics of the first and second kind, P, and Qy:

pr= (&

v = gy,

(28)

(29)

=0, (i“'-’) = 2=, (30)

de

--L {On(n) [42Qu (i€) + BuPn (ic) |+ Pn(n) [CoQn (ie) + DuPu (i) ]}.

(31)
The coefficients Ay, By, Cpy, and Dy are determined
from the boundary conditions, Eq. (30).
Let us take the initial profile wo(x) = cosh™(x) as an
example. In this case,
An=D,=0, Bi=Co=2i, Bpy=0 (k51),

Ci=0 (k+0).

The function ¥ is of the form

1+
=-——snln1_~

1 + 2¢ 4 2urctg—1—.
1 €
From Eq. (24) we now find the explicit formulas

R o S
1—.—'(]

2ne? _ e .
-+ —n)’ (e t—m)’

where € and 71 are related to w and u by Eqgs. (28) and
(25). It is readily verified that this solution is the same
as that given in‘ ©). The smooth initial beam profile is
rapidly deformed and an axial singularity appears for
t = 1/2. In fact, the appearance of the axial singularity
is determined by Eq. (23). From Eq. (32) we find that
these conditions are satisfied for e = 1, n = 0 (i.e., for
x=0,t=1/2); w=2,u=0.

Consider now the parabolic beam profile

(32)

__f1—a? for |z] <1
wie)= {7 for |z|>1"

Here, the inverse function is xo(Ww) = v1 —w = 1, and the
coefficients are Co = 2i/3, D2 = 7/3, C = —2i/3;

(33)

Ap=B,=Cj=Dg=0; i#0.2; k= 2. Consequently,

2 1 S?—1ra@Be+1) 341 1 3e
vmg foe g = SR 7wt}
If we evaluate the derivatives in Eq. (24) we find that

B LN LA L
Ere T [ b ade T 1»1-52]' (34)

It is important to note here that ¢ is a function of t only.
If we use the last equation to find n = x(1 + €°) and sub-
stitute in Eq. (28), we find that

A. V. GUREVICH and A. B. SHVARTSBURG

n 1 —,1;2 . o dlnf
v (1) wemme ket =—a 5

1

=T

(35)
It is clear that the initial parabolic beam persists for
all t. Bearing this in mind, we can readily find the solu-
tion given by Eq. (35) d1rect1y from Eq. (1), which was,
in fact, done by Talanov. 77 An important property of
the parabolic beam is that it is focused down to a point.
It is clear from Eq. (34) that as t — 7/4 we have € —
and f(t) — 0. When t — 7/4 the intensity on the beam
axis increases without limit.

The behavior of beams with near-parabolic initial
profiles is therefore of considerable interest:

wo(z) =1 —22+azt, J|e|<1.

(36)

For the inverse function x,(w) we obtain, retaining the
only linear term in a,

=VT—w+al —w)h/2.

From the boundary conditions of Eq. (30) we find the ex-
pansion coefficients in Eq. (31):

zo{w)

2i 2i
Coz—é—, Co==——

7 3ia. 3n
=" =2 =——q (37
3 D, 3 Cs y Dy T (37)

35

The remaining coefficients are all zero. If we now
evaluate the derivatives of ¥, we find the required solu-
tion in an implicit form. We shall reproduce it only for
the region of high intensities (e > 1)

1 9naed 5
ol =S )

1-¢? 32 3
tem ir= g 1 + € 9nas Inae? 4 52 (38)
’"?[2 e T+e 82 ")]'

The departures of the beam profile from the parabolic
form for small t are unimportant. On the contrary, for
t — /4, i.e., near the focal point, they play the dominant
role. As a result, we have singularities on the axis

(@ > 0) or on the beam boundary (for o < 0). In par-
ticular, when o > 0 we find from Eqs. (23) and (38) that
the maximum beam intensity at the axial singularity is

wm = (32 9mxa)™.
The distribution of w and u with x near this point is

] Wi 5U:37sgy’ho

Y, m B Y i
Wy — v, w2 ] signs,

A

A=

The shift of the ray intersection point is t, — /4
= 5/3w'3/ ?. The behavior of w and u near the ray inter-
sectlon gomt constitutes an axial singularity (w ~ |x|*/2,
~ |x|'” sign x), in accordance with the classification
given in Sec. 3. If we expand the solution given by Eq.
(38) near the singularity into a series in powers of
Wm — W and u, we can express them in terms of the self-
similar solutions of Eq. (14): x = A*(Xo — WpX1),
t =477 + A*(t, — wpt,). In precisely the same way, by
expanding the solution given by Eq. (32) around the
singularity we obtain x = Yj(x, — 2x,), t = Y4(tz — 2t,).
Therefore, the behavior of the solution given by Eqgs.
(14), (32), and (38) near the axial singularity is des-
cribed (to within a factor) by the same functions.
Equation (25) will, in general, admit of the self-sim-
ilar solutions

O == P P(T),  T==v/p, (40)
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where F, is described by
2F, dar ,
(4 +20) S (@ v et M0, (41)

By substituting F) = (1 + 72*?t and changing the varia-
ble so that z = %(1 — 7/V1 + 72), we can transform Eq.
(41) to the hypergeometric form:

’(EL i 2z —1 (i__h(l-’r‘i) =0, (42)

dzt  z(z—1) dz  z(z—1)
For integral values A = n the solutions of the last equa-
tion are Legendre polynomials, so that

Fo(t) = (1-}-v) 2Py (v [ V1 + 7).

These solutions were discussed above in Sec. 2. When
X =n— % the function f can be expressed in terms of
the complete elliptic integrals of the first and second
kinds. For arbitrary A the solution of Eq. (42) is given
by the hypergeometric series f = w(a, 8, ¥; z), where
a=(1+v1+4x(1+2))/2, B=(1—-V1+4x(1+1))/2,
y = 1. The series converges for all 7 since |z]|

=Y%N-7/VNTT+1|< 1.
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