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Multiphonon Raman scattering of light by longitudinal optical phonons is considered for the case when
the photon frequency is close to the width of the forbidden band. Either exciton levels or impurity
electron levels {(donor impurity) are considered as intermediate states. The scattering cross section
is calculated. It is shown that if the exciton levels are regarded as the intermediate states the Raman
scattering cross section depends on the parity of the scattering order. If the impurity levels are re-
garded as the intermediate states the Raman cross section does not depend on parity of the scattering

order.

A.S is well known, the cross section of multiphonon
Raman scattering of light is, generally speaking, much
smaller than the cross section of first-order scatter-
ing. Therefore Raman scattering of light of order
higher than the second was not investigated until most
recently either experimentally or theoretically. How-
ever, if the frequency of the incident or scattered light
is closer to the natural frequency of a transition of the
medium, for example to the exciton-absorption line["'”,
then the cross section of Raman scattering of light of
any order increases, and it becomes possible to ob-
serve Raman scattering of higher orders. 1t is pre-
cisely under these conditions that the experiment
in!"*! was performed. However, there is apparently no
more or less detailed theoretical analysis of such ef-
fects.

The present paper is devoted to a theoretical analy-
sis of multiphonon Raman scattering of light in the
case when the frequencies of the photons are close to
the exciton or impurity absorption lines. The scatter-
ing cross section is determined. Itis shown that the cross
section for scattering with participation of the exciton
levels as intermediate states can be essentially differ-
ent for different approximations, values, depending on
the parity of the number of excited phonons. This fea-
ture is simply the consequence of the momentum con-
servation law, i.e., the requirement that the total
quasimomentum of the phonons produced in scattering
(the Stokes process) be of the order of the photon mo-
mentum, accurate to the reciprocal lattice vector. In
the case of Raman scattering with participation of im-
purity levels as the intermediate levels, the total
quasimomentum is not conserved, and the scattering
cross section is independent of the parity of the num-
ber of resultant phonons.

It is well known that the Raman scattering cross
section is given by
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where w,; and w, are the frequencies of the incident
and scattered light with polarizations e, and e,, P is

the summary momentum of the electrons, v, is the
volume, wkm is the difference of the terms, k is the
initial state of the system (which we shall henceforth
assume to be the ground state, i.e., we consider the
case of zero temperature), [/ is the final state of the
system, and the summation in (1) is over all the final
states with equal energy. Since wigm < 0, it follows
that if @, is close to any frequency wm’k, one term in
(2) becomes the largest, and the remaining terms can
be neglected. This is precisely the case considered in
this paper.

The interaction of the electrons with longitudinal
optical phonons will be described by a Froelich Hamil-
tonian. The matrix element of the operator of the
electron-phonon interaction contains as a factor the
matrix element exp(iq-r). To obtain an estimate of
the magnitude of the interaction, we expand the expo-
nential in powers (q-r) up to the first nonvanishing
term, and find that for interband transitions the elec-
tron-phonon interaction operator is proportional to the
lattice constant a,, whereas for transitions between
exciton levels or levels of the weakly-bound impurity
electron, the electron-phonon interaction operator is
proportional either to the exciton radius a,, or to the
radius of the first Bohr orbit of the impurity electron
a,. For a Wannier-Mott exciton, or for shallow impuri-
ties, we have a; > a, and a, > a,. We shall hence-
forth consider therefore only the interaction of the
phonons either with excitons or with impurity electrons
(a donor impurity is assumed throughout).

By calculating the wave functions of the system in
the (n - v)-th and v-th approximations of perturba-
tion theory, we obtain for Mji the following expression:
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where V is the operator of the electron-phonon inter-
action and the matrix elements are taken over the un-
perturbed wave functions of the non-interacting elec-
trons and phonons; in addition it is assumed that
| wyr + wk, mo| K wy.

Let us consider first Raman scattering of light with
participation of exciton states as the intermediate
states. We shall assume the excitons to be of the
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Wannier-Mott type and use the effective-mass approxi-
mation, Introducing the coordinate of the center of
gravity of the exciton R and the relative distance

p =r, - r,, where r, and r, are the radius vectors of
the electron and of the hole with effective masses m,
and m,, we represent the exciton-phonon interaction
Hamiltonian in the form!*!
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where wq is the frequency of the phonon with wave
vector q, and €, and €, are the dielectric constants
for high and low frequencies. An obvious consequence
of (4) is the fact that the 10ng1tud1na1 optical phonons,
in contradiction to the results of[5 contribute to the
cross section of the Raman scattermg even in the
simple semiconductor two-band model.

In a number of semiconductors, the frequency of the
optical phonon is larger than the frequencies of the
transitions between the exciton levels, so that we put
approximately in (3) |wmm, | ~ wq, and also neglect
the dispersion of the optical phonons, obtaining as a
result?
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where wo =~ wg and the indices 0, m, and t number the
electron wave functions; in particular, &, is the wave
function of the system of electrons in the ground state,
In (6) we took into account the momentum conservation
law, i.e., in the dipole approximation

i q;i=0. 7)

The summation over all the final states in (1) re-
duces to summation over all the directions of the
emitted phonons when the condition (7) is satisfied. We
replace the summation by integration up to qni, where
gqM is the maximum wave vector for which it is still
possible to neglect the dispersion of the optical phonons,
and we take (7) into account, approximately, by inte-
grating only with respect to q»...qn. We get
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DWe have retained in (6) only terms with » = 0 and »-= n, which
give the largest contribution to the scattering cross section. As a result
of the momentum conservation law, the phonon momentum should be
equal to the exciton momentum, and it is necessary to sum over all the
wave vectors of the exciton. In this case there appears in the denomina-
tors of the terms with v # 0, n a large frequency, equal, accurate to
Planck’s constant, to the kinetic energy of the exciton on the boundary
of the Brillouin zone. In the terms with » = 0 and n, only transitions to
the intermediate exciton states with zero wave vector are possible, and
there is no need for summing over the Brillouin zone.
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Here vm(r) are hydrogenlike wave functions.

At first glance expression (9) diverges, but when the
integral in (9) is calculated it is necessary to replace
the divergent terms |r, + ry|™ by 7 qp, and then (9)
becomes finite. The matrix elements of the operator
P between the ground state and the exciton levels have
different values for transitions to the s- and p-states
of the exciton, and also decrease strongly with increas-
ing principal quantum number (see, for example,[sl). In
particular, the matrix elements for the transition to
the s-state are larger by ag'a, times than for the
transitions to p-states. Since two of the four states m,
m’, t, and t’ in (8) and (9) should be p-states in the
case of odd n, this leads to alternation of the scatter-
ing cross section as a function of the order of the
Raman process, namely

0o®-1/do - ag*do®/do
96 /0 a)*de@t0/go

if it is assumed that the resonant denominator (8) does
not change appreciably when the order of the scattering
changes. The superior indices denote here the order of
the scattering (the number of appearing phonons).

Let us consider the case of even n. In this case one
can take the 1s state of the exciton as the intermediate
state m, m’, t, or t’. Calculating the integral in (9) by
expanding the integrand in spherical harmonics and
using the explicit expressions for the matrix elements
of the operator P, we obtain

(10)
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Here pgy is the matrix element of the momentum op-
erator for transitions between valence and conduction
bands at k =0, N is the total number of electrons,

o is the volume of the unit cell, Eg is the width of the
forbidden band, and E, is the energy of the exciton in
state 1s, reckoned from the bottom of the conduction
band. When n is odd there is an additional small fac-
tor of the order of a]zag, and therefore we do not pre-
sent the explicit expression for the Raman-scattering
cross section for this case. However, relation (10) is
valid only if wo > wexc, Where wexe is the frequency
of the transition between the exciton levels; this condi-
tion apparently is rarely satisfied. In the case when
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wo > wexe We can obtain for the scattering cross sec-
tion a much larger value at odd n > 1, by expanding
“’;rllml in (3) in powers of wslwequand confining our-
selves to terms proportional to wo wexe,

i (Pezt)lm(Pel)m'h
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where

Vy==2C, sin (ﬂi)fj_) exp(— iqyR — iaqvp),
M‘i’k is given by formula (6).

Calculation of (13) for arbitrary n is a complicated
matter, and we therefore consider only the case n = 3.
Using the explicit expression for the derivative of the
operator with respect to the time, and also summing
over the final states in (1), we obtain the following
expression for the scattering cross section:
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where p”!'=m3i' + m;'. We see that compared with (11),
there have appeared additional factors of the order of
1%/4p’alwd ® wige /ws; in addition, there is an addi-
tional factor proportional to the mass difference of the
electron and hole.

Let us consider now scattering with participation of
impurity electron states as intermediate states. In the
interaction between the phonons and weakly bound im-
purity electrons, the momentum conservation law is
not satisfied, since the impurity atom is rigidly bound
to the main matrix. This makes Eq. (7) no longer
valid, and the number of final states in the summation
of (1) increases. It turns out as a result that the scat-
tering cross section has an appreciable magnitude even
at not very large impurity concentrations. The scatter-
ing cross section is likewise independent of the parity
of the order of the Raman process.

Under the same assumptions as made in the deriva-
tion of (6), we get

s Cq..Cq, &
My = WZ

]
v=0

—84) _2 ""D, ( exp [i Ri—r)(t —8.) Y ""Dm,,‘Pe‘)”"

[(—nv (I Y ®eo (exp [i(Ri —na

t,m,p

m \ =
1 Vv

X T e o [“ qu]] s)
<

where Rj is the coordinate of the impurity atom and
6ji is the Kronecker symbol. Substituting (15) in (1)
and summing over all the impurity atoms, and also
over all the final states, we obtain

DHowever, all the terms in (3) with » # 0 or n are taken into ac-
count.
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where Ny is the total number of impurity atoms, and
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The matrix element of the transition of the momen-
tum operator between the Bloch wave function of the
valence band with quasimomentum k and the wave func-
tion of the localized state is equal to

pc,,vo_llz 5 v(r)dr (18)
when ka, < 1. In the opposite case when ka, > 1 the
matrix elements become small, since the wave function
of the localized state is constructed of wave functions
of the conduction band with k < a;'. We shall therefore
consider only transition to the 1s state of the impurity
atom in accordance with (18), and the summation over
the Brillouin zone will be carried out only up to kM

= a;'. After performing other calculations, we obtain
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E;n is the energy of the impurity level, reckoned from
the bottom of the conduction band. The large numerical
coefficient 8*7® is a consequence of the fact that

j v1s (v) dr = 8 (na®) s,

!
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The expression Rmhs,is,fn’(”’ v') is normalized in

such a way that if m and m’ are 1s states, then

!
s,m’ m,s 1 . .
R LALIS (4, y)~ Y, when v > 0. We note in this
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case that the divergent expression |r; =r,|™ must be
replaced in the calculation of (17) by Zﬂ'lqM.

It follows from the uncertainty principle that
h%a;?mi'~ E}. Putting in (11) hw, - E, + E,~ E; and
comparing with (19), we find that the ratio of the Raman-
scattering cross section with allowance for the exciton
states as intermediate states to the cross section of
Raman scattering with allowance of the impurities has
at n = 4 the following order of magnitude

£ N Q

S Ny af

It is assumed that qpqa, = 1 and a,; = a,.
In{%?) there was observed multiphonon Raman scat-

e (21)
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tering of light up to ninth order in CdS, and further-
more under conditions when the frequency w; fell in
the region of exciton absorption. For CdS the calcula-
tions performed in!"} show that one can choose for

qile a value on the order of a = 30 A. In this case we
get

2¢? 1 1

“rhoo, (E—'»'—g) ~ 1, (22)
so that the dependence of the scattering cross section
on the frequency should be determined by the Lorentz
curve (Rw; — Eg + E,)? for even n. For odd n there
is an additional small factor of the order of 107!, This
peculiarity is apparently not observed in the experi-
ment. We note that in the case of scattering with im-
purities taking part we have

e? 1 1 1

nhooas (:_ -s_o—) =y
when a, ® a,, and the scattering cross section de-
creases with increasing n more rapidly than in the
case of scattering with excitons taking part. However,
for impurities the scattering cross section does not

depend on the parity of the number of resultant phonons.

For CdS we have y =3 X 10°°Ng'N at n = 4, so that
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in order for the scattering cross section with partici-
pation of impurities to be comparable with the scatter-
ing cross section with participation of excitons, the
impurity concentration must be of the order of

3x 107 em™,
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