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The probability of the transfer of electronic excitation energy between impurities in a solid via the

virtual phonon field is calculated within the framework of perturbation theory.
where n (a multiple of the lattice constant) is the distance between im-

ability is W o (6/4)%/n2,

The transition prob-

purities, & is the phonon band width, and A is the energy difference between the electron and pho-
non levels. This mechanism can be important for the transfer of low-lying electronic and electron-

vibrational excitations.

V. R. NAGIBAROV and I. A. Nagibarova have treated
the problem of the transfer of electronic excitation en-
ergy between impurities in a solid via the virtual phonon
field.!"! However, their result, a power-law dependence
of the transfer probability W on the distance R be-
tween impurities (W o R"‘) is incorrect when the
electronic excitation energy exceeds the max1mum
phonon energy. We shall show that W < e~ @R holds
true in both the one-dimensional and three-dimensional
cases, and that this result is directly associated with
the analytic properties of the function w?(k), where w
and k are the frequency and quasimomentum of the
phonons.

1. STATEMENT OF THE PROBLEM

We shall consider two impurity atoms® a and b in
a crystal lattice. The separation of these atoms is
taken to be large enough so that any exchange interac-
tion between them can be neglected. Let the electronic
excitation energy of the crystal differ greatly from the
impurity excitation levels, so that energy transfer via
virtual excitons will be ineffective.[?*! We shall also
neglect direct transfer of energy between a and b via
inductive resonance!!!

The Hamiltonian of the system is

H="H.(re,R) + H(rs, R) + H;. 1)

Here Hea(ra, R) and Hep(rp, R), the Hamiltonians of
the electron systems of atoms a and b, depend on the
atomic electronic coordinateg ry and rp and on the
lattice-atom coordinates R; Hy is the lattice Hamilton-
ian (i.e., the phonon Hamiltonian). We shall assume
that the phonon spectrum and wave functions are inde-
pendent of the electronic states of the impurity atoms;
we thus assume only a weak electron-phonon interac-
tion (for electrons of the impurities). We then have the
conventional equation

f[c(r,

(711
= 1o (r, R - 2‘ 01‘”]“ OBy, )
P = r

where Ri’) represents the equilibrium coordinates of

DOnly atoms are mentioned for the sake of simplicity, but these
could be replaced by molecules.

the lattice atoms. The second term in the right-hand
member of (2) will be considered a perturbation that
induces transitions between the eigenstates of H,,
where

:HO"——f{m(ra, RO) -+ I;'eb(l'b, RO) -+ ]i]. (3)
The perturbation operator is

. — Oﬁeu(ra, Rp) 071eb(l'bynp)
— e e th) SR IO TR
v Ry R n pt Zp: o,

. SRy (4)
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The initial state of the system is |i) =|04)|1p)nk ),
and its final state is |f) = |13) [Op)|nk ), where
{04 b> is the ground state of the impurity a or b, and
|13 b) is the excited state of a or b. (Assuming non-
degenerate excited impurity states for simplicity). We
shall consider the resonant transfer of energy (Ej
= Eg); therefore the phonon populations nk will not be
changed. Then the energy transfer probability Wyp in
second order of perturbation will be

. Givwaioe.
L e =TT 'Z‘ L‘/-—El b (5)

where v(Eg) is the final-state density per unit energy
interval,

Expanding 6Rp in (4) in terms of the creation oper-
ators ap and annihilation operators ak, we have

h fa
2Mox ./

GRP =2 ek,p(ak,p,eiknp -+ a.ﬁ',‘,‘e“"“p) ( (6)
kop

(k is the phonon quasimomentum, p is the phonon

branch index, wg , is the frequency, ek, is the unit

polarization vector M is the crystal mass) substi-

tuting (6) and (4) in Eq. (5), we obtain, after some

elementary transformations,

2 a0 \
apad, Vir

SR Y]

cos (xR,, ») P

Tos (ky p) — ~ hal \'\’(El)' (7)

PP k 0
Here

o= (o el ., <.i >

Tys(k, p) =ey(k, p)es(k, p),
E is the impurity electronic excitation energy, Rp’p
=Rp - Rp’, Q is the crystal volume, and p is the
crystal density.
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2. CALCULATION OF THE TRANSFER PROBABILITY

Let us consider in greater detail the quantity

Iu_—z T (k, )_cﬂ‘;:g_v) .

Converting the summation into an integral, we obtain

1 exp(rkR p)
I, = Re—— \ Ts(k, -——~———~—‘—"
3 P(Zn):’ S vs (K, 1) T — e

We shall assume E > fwg ;. We cannot 1ntegrate )
in its general form, since fhe analytic function w“(k)
is unknown. However "’Il-(k) is a periodic function of
k with the period of the reciprocal lattice, and is
analytic for real values of k except perhaps at the
branch points. Equation (9) gives essentially a Fourier
coeff1c1ent in the expansion of a function

5(k, u)/[E? - h®w} (k)], which is periodic and ana-
ly{ ic for real values of k. Then as n = R/d increases
the Fourier coefficient decreases exponentlally.m
Therefore when w,i(k) is replaced in (9) by any ap-
proximate expression we must be careful not to intro-
duce any add1t10na1 singularities (seel® regarding this
aspect). Int" wj, (k) was replaced by a Debye approxi-
mation, Ieadmg to a discontinuity of dw#(k)/ dk at the
Br1110u1n zone boundary. The power-law dependence of
W on R was derived in this way.

We shall now attempt to evaluate I;,. We select the
axis x I Rpp’, and assume that w(k) has the period
kg ~ 2m/d in the x direction, where d is the lattice
period, and can be expanded in a Fourier series:

LA,M(/.I,, Jeos (3’:—) ) (10)

d/t. 9)

2 (s by, Ky
We now have
143, kR

To=Re (2 ) [ faky b [k, Lot by oy ) S22 L = ”’;], (11)
where wf, is given in (10).

The integral in (11) is taken over one cell of the
reciprocal lattice. With the aid of (10) it can be shown
that all the poles of the integrand in (11) are sym-
metrically located with respect to the real axis in the
complex kx plane. Shifting the path of integration into
the complex kyx plane and including the contribution of
only the nearest pole, we obtain

1 ~
Tp= Re g S% dhydle: T (ky, bz, ko ) (12)
% exp [ 'Zx” (Rey, ko) B -1- ii;x’ (R ) Rpy)
(L —&y) koo (K, kl, k)] 0k, [k —F, !
where €, is the average energy of the u-th phonon

band, and kx(k kz) =Ky + iky is a pole of the inte-
grand in (11). We have 1n order of magnitude,

NP k0 (13)
d 2eud

where & is the width of the p-th phonon band. Most

of the contribution to (12) comes from the region near

the minimum of kx(ky, kz) in the (ky, kz) plane. By

the method of steepest descent we obtain

Juz==ATy — cxp(— k"R)cos(K'R), (14)

1 1
E2 [ 2 d?H
where A is a numerical coefficient of the order of

DIt can be shown that if all branches of the phonon spectrum are
included the contribution of the branch points in (9) will vanish.
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umty& while k” and k' are the minimal values of K"
and k',

We emphasize that (14) is applicable to both optical
and acoustic phonons, because I, is determined by a
pole of the integrand in (11) that lies in the complex ky
plane for any phonon branch. For acoustic phonons k’
is close to the boundary of the Brillouin zone, and for
the optical branches k' varies, within the boundaries
of the zone, depending on the energy-spectral structure
of the particular branch.

For the acoustic phonon branch in the one-dimen-
sional case [wk = 2cd™'sin (kd/2)|] we can calculate
I exactly; if E >> e = 2hic/d (where c is the velocity of
sound) we have

=)™ i

3. CALCULATION OF THE ELECTRON-PHONON
INTERACTION AND THE FINAL FORM OF Wap

The final form of Wy as a function of Ryp depends
essentially on the behavior of ap and a@p’ as functions
of the separation distances Ra — Rp and Rp - Rp’.
Let us consider

Mea(r0, Ry) l 1 >
o).
ar,p

After expanding Heg(ra, Rp) in a series of multipole
interactions and retaining only the lowest nonvamshmg
multipoles (the I-th multipole for the (04 |r ]la)
transition and the s-th multipole moment for the lattice
atom field), we obtain

A ds+?
(2,,() H-'/;T‘(/‘,l ]Rp —_ Ra I Hst2

(16)

0 =mnyp°

where 7p is a vector having a modulus of the order of
unity, A is the wavelength for the transition |0y )

«—— |13 ), T4 is the radiation lifetime of the |15 ) state,
d is the lattice period, and & is the crystal-lattice
field.

If excitation energy is transferred between an ex-
change pair and an impurity atom (or ion),[” we have

G bRy — R g, )
where R is the radius vector between the two atoms of
the exchange pair and €gxch is the splitting of the pair
level.

It is difficult to sum exactly with respect to p and
p’. However, since, according to (16), ap decreases
rapidly as lRa - R,| increases, the summation in (17)
will be limited to only the lattlce atoms that are
closest to the impurities. Then, inserting (16) and (14)
into (7), we obtain [assuming I =1 in (16)]

Bv(E) NN 1 gy 1 (18)
(2m)® p? T (E?—eu?)?

1 6 exp(— 2k"”Rap) cos (k' Rap)

X_d?(_) Ry’

where Ny and Nj, are the coordination numbers of the

atoms a andb.

The mechanism of transfer via virtual phonons can
be important only when the electronic excitation energy
is not too greatly different from the phonon energy
L(E - €u)/oy 2 1], in which case the argument of the
exponent in (18) is not too large. In order to evaluate

I’Vab =
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the effectiveness of the energy transfer mechanism
under consideration we now evaluate the ratio x be-
tween the probability of such transfer and the proba-
bility of inductive resonance transfer

L BEENINE S5h oy 20 (19)
o m2E2(E - C;L)2 " (E_ En )

where n = R/d and m is the mass of a unit cell. For
the usual electronic excitations amounting to a few
electron volts and phonon energy of the order 107! eV
we have k¥ <1 and the given mechanism is ineffective.

However, our entire discussion is applicable to an
excited impurity state that is equivalent to a local op-
tical vibration. In this case the impurity excitation
energy and the energy of an optical (or acoustic) pho-
non are often close in actual practice, and the con-
sidered energy transfer mechanism can play a large
role. Thus, for E =0.1eV,E — €, = A = 0.001 eV,
&=10"V/cm, m=5x10*g,d =3x 10% cm, and
Na = Np = 6 we shall have k ~ n*(6/4)™, and for
6/A = 0.8 we shall have ¥ > 1 when n < 10,
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