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The probability of the transfer of electronic excitation energy between impurities in a solid via the 
virtual phonon field is calculated within the framework of perturbation theory. The transition prob­
ability is W CZ> (0/~)2n/n2, where n (a multiple of the lattice constant) is the distance between im­
purities, 0 is the phonon band width, and ~ is the energy difference between the electron and pho­
non levels. This mechanism can be important for the transfer of low-lying electronic and electron­
vibrational excitations. 

V. R. NAGIBAROV and I. A. Nagibarova have treated 
the problem of the transfer of electronic excitation en­
ergy between impurities in a solid via the virtual phonon 
field.£ll However, their result, a power-law dependence 
of the transfer probability W on the distance R be­
tween impurities ( W CZl R-4 ), is incorrect when the 
electronic excitation energy exceeds the maximum 
phonon energy. We shall show that W CZl e-aR holds 
true in both the one-dimensional and three-dimensional 
cases, and that this result is directly associated with 
the analytic properties of the function w2(k), where w 
and k are the frequency and quasimomentum of the 
phonons. 

1. STATEMENT OF THE PROBLEM 

We shall consider two impurity atoms 11 a and b in 
a crystal lattice. The separation of these atoms is 
taken to be large enough so that any exchange interac­
tion between them can be neglected. Let the electronic 
excitation energy of the crystal differ greatly from the 
impurity excitation levels, so that energy transfer via 
virtual excitons will be ineffective.£2-41 We shall also 
neglect direct transfer of energy between a and b via 
inductive resonance[ll. 

The Hamiltonian of the system is 

H = ll"" (ra, R) +!feb (rb, R) +fit. (1) 

Here Hea(ra, R) and Heb(~, R), the Hamiltonians of 
the electron systems of atoms a and b, depend on the 
atomic electronic coordinate~ ra and ~ and on the 
lattice-atom coordinates R; Hf is the lattice Hamilton­
ian (i.e., the phonon Hamiltonian). We shall assume 
that the phonon spectrum and wave functions are inde­
pendent of the electronic states of the impurity atoms; 
we thus assume only a weak electron-phonon interac­
tion (for electrons of the impurities). We then have the 
conventional equation 

~ ~ I: i)Jf,l llc(r,R)=llc(r,R0)+ - 6Rp, 
1' iJltp Rp=R 1,' 

where R~ represents the equilibrium coordinates of 

1lOnly atoms are mentioned for the sake of simplicity, but these 
could be replaced by molecules. 

(2) 

the lattice atoms. The second term in the right-hand 
member of (2) will be considered a perturbation that 
induces transitions between the eigenstates of Ho, 
where 

Ho=llea(ta, R0) +Ileb(rb, R0) +If,. 

The perturbation operator is 

(3) 

V= E afi..(ra,Rp) I 6Rp + .E olieb(l"b,Rp) I 6Rp. (4) 
p oRp Rp~ll; p oltp Rp~n p' 

The initial state of the system is I i) = I Oa) l1b)nk), 
and its final state is If) = l1a) I Ob) Ink), where 
I Oa b) is the ground state of the impurity a or b, and 
l1a'b) is the excited state of a or b. (Assuming non-

' degenerate excited impurity states for simplicity). We 
shall consider the resonant transfer of energy ( Ei 
= Ef}; therefore the phonon populations nk will not be 
changed. Then the energy transfer probability Wab in 
second order of perturbation will be 

lFa' = 2n ~~ ~-~.[!~ll l'ji) 12 v(E·) 
u h ~ E't-Et '' 

I 

(5) 

where v(Ef) is the final-state density per unit energy 
interval. 

Expanding ORp in (4) in terms of the creation oper­
ators ak: and annihilation operators ak, we have 

~n ~ ( "kR f- :1- jkR ) ( fi ) '/• v p = ~ Ct,JL a.t,J.Le1 P- at,pe- P -"--

"·" ~llfw •. 1, 
(k is the phonon quasimomentum, J.J. is the phonon 
branch index, Wk,J.J. is the frequency, ek,J.J. is the unit 
polarization vector, M is the crystal mass); substi­
tuting (6) and (4) in Eq. (5), we obtain, after some 
elementary transformations, 

(6) 

W _ 2n \li" ~ v & \"'T (k ) cos(klln•nl \' ('<') (7 ) 
ab-- -QI...J«p·a J1~ v$ ,JL ~t 2 '' t=-t.· 

·li. P p·,v k,"" E -li'w.,,. 
Here 

6 _( 0 /BJi •• (r.~Rp) /1 ) v-( 1 1 aficb(i'b,Rv•) j· ) 
Up- a ~ a , Up•- br--8/i;,-.- \!.~ , 

Tvo(k, J!) = ev(k, J!)C6(k, J!), 

E is the impurity electronic excitation energy, Rp' p 
= Rp - Rp', 0 is the crystal volume, and p is the 
crystal density. 

(8) 
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2. CALCULATION OF THE TRANSFER PROBABILITY 

Let us consider in greater detail the quantity 

1 = _1_~ T. (k ) cos(kR,.,) 
I' Q l..! rs 'J.l E" "" • . k ~ - rt rok,..., 

Converting the summation into an integral, we obtain 

I = Re-1- ~ T, (k ) exp (ii<Rp·p) dk. 
~ ("-)a 'a ' J.l E• .. ., ~" l -tl.(l)k,p. 

(9) 

We shall assume E > Jiwk,J.L. We cannot integrate (9) 
in its general form, since the analytic function wM (k) 
is unknown. However, w~ (k) is a periodic function of 
k with the period of the reciprocal lattice, and is 
analytic for real values of k except perhaps at the 
branch points. Equation (9) gives essentially a Fourier 
coefficient in the expansion of a function 
T o(k, J.L)/[E 2 - Ji2 w~(k)j, which is periodic and ana­
lyric for real values of k. Then as n = R/ d increases 
the Fourier coefficient decreases exponentially. [2J 
Therefore when w ~ ( k) is replaced in (9) by any ap­
proximate expression we must be careful not to intro­
duce any additional singularities (see[eJ regarding this 
aspect). In[ 1 l w~(k) was replaced by a Debye approxi­
mation, leading to a discontinuity of dw~ (k)/ dk at the 
Brillouin zone boundary. The power-law dependence of 
W on R was derived in this way. 

We shall now attempt to evaluate IJ.I.. We select the 
axis x 11 Rpp', and assume that w~(k) has the period 
k~ ""' 2rr/ d in the x direction, where d is the lattice 
period, and can be expanded in a Fourier series: 

2 • • _ I: ( 'l.;r.nkx ) 
l>lu (-!.." ky, k,)-- A,~(lry, k,)co~ ----;--0- • 

II k:c 
(10) 

We now have 

( 1 ) 3 fr s exp [ikxR,,.] (11) Iv. = Re -;;- J dku dk, dl~, Tvo(kx, ky, k,,jl.) ,.2 -1i2 2 , 

"" • E Wu 

where w~ is given in (10). 
The integral in (11) is taken over one cell of the 

reciprocal lattice. With the aid of (10) it can be shown 
that all the poles of the integrand in (11) are sym­
metrically located with respect to the real axis in the 
complex kx plane. Shifting the path of integration into 
the complex kx plane and including the contribution of 
only the nearest pole, we obtain 

I v. ,= He 8~. ~ ~ dkudk, Tvs (ku, k., kx, !1) 

X CXjl (- kx• (k11, k,)R.pp' + ik/ (!.· 11 , k,)Rp,.•J 
-(E -- Ep.) lifJ<o (lru-;k, kx)f8k,!k -k 

x- x 

where .. J.I. is the average energy of the J.L-th phonon 
band, and kx(ky, kz) =K~ + ik~ is a pole of the inte­
grand in (11). We have, in order of magnitude, 

(12) 

(13) 

where I>J.L is the width of the J.L-th phonon band. Most 
of the contribution to (12) comes from the region near 
the minimum of k~(ky, kz) in the (ky, kz) plane. By 
the method of steepest descent .we obtain 

1 1 ( T. =A Tv~ cxp(- k"R)cos(k'R), 14) 
E•- ev.• d2R 

where A is a numerical coefficient of the order of 

2)It can be shown that if all branches of the phonon spectrum are 
included the contribution of the branch points in (9) will vanish. 

unity~ while k" and k' are the minimal values of k'" 
and k'. 

We emphasize that (14) is applicable to both optical 
and acoustic phonons, because IJ.L is determined by a 
pole of the integrand in (11) that lies in the complex kx 
plane for any phonon branch. For acoustic phonons k' 
is close to the boundary of the Brillouin zone, and for 
the optical branches k' varies, within the boundaries 
of the zone, depending on the energy-spectral structure 
of the particular branch. 

For the acoustic phonon branch in the one-dimen­
sional case [wk = 2cd-1 sin (kd/2) IJ we can calculate 
I exactly; if E » .. = 2Jic/d (where c is the velocity of 
sound) we have 

I= i_ _1_ ( .!_) 2R!d 

d E 2 E . 
(15) 

3. CALCULATION OF THE ELECTRON-PHONON 
INTERACTION AND THE FINAL FORM OF Wab 

The final form of Wab as a function of Rab depends 
essentially on the behavior of ap and ap' as functions 
of the separation distances Ra - Rp and Rb - Rp'. 
Let us consider 

6= (o I aii •• (r.,R,,) 11). a,, a 8Rp6 a 

After expanding Hea(ra, Rp) in a series of multipole 
interactions and retaining only the lowest nonvanishing 
multipoles (the l-th multipole for the (Oa I rll1a) 
transition and the s-th multipole moment for the lattice 
atom field), we obtain 

h'l•j.J+'/, d•+2 
a 6 -l'Jp~ 8 (16) 

" - (2rr) 1 +'1••'~• IR,- R.ji+'+2 ' 

where T/p is a vector having a modulus of the order of 
unity, ,\ is the wavelength for the transition I Oa) 
- l1a), Ta is the radiation lifetime of the l1a) state, 
d is the lattice period, and rs is the crystal-lattice 
field. 

If excitation energy is transferred between an ex­
change pair and an impurity atom (or ion), [l] we have 

x,y,z _ ~(R _ R) Rx,y,z 
Up - v P dR EoG,., 

(17) 

where R is the radius vector between the two atoms of 
the exchange pair and .. exch is the splitting of the pair 
level. 

It is difficult to sum exactly with respect to p and 
p'. However, since, according to (16), ap decreases 
rapidly as I Ra - Rp I increases, the summation in (17) 
will be limited to only the lattice atoms that are 
closest to the impurities. Then, inserting (16) and (14) 
into (7), we obtain [assuming Z = 1 in (16)] 

where 
atoms 

h5v(E) Na2Nb2 1 4 1 w b---------fl: -:-=::----::,-;. 
a - (2n)6 p• 't'a'tb (£2 -ev-2)2 

(18) 

_!_( ~) 6 exp(- 2k"Rab)cos(k'Rab) 
X d2 d Rab2 

Na and Nb are the coordination numbers of the 
a and b. 

The mechanism of transfer via virtual phonons can 
be important only when the electronic excitation energy 
is not too greatly different from the phonon energy 
l ( E - € J.l. )/ 6 J.l. ~ 1], in which case the argument of the 
exponent in (18) is not too large. In order to evaluate 
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the effectiveness of the energy transfer mechanism 
under consideration we now evaluate the ratio K be­
tween the probability of such transfer and the proba­
bility of inductive resonance transfer 

Y.=~ fi4(J'4d2."l0 2N1,2-·n• {-6-~-)2n 
m2E2(E- c~) 2 E- e11 

(19) 

where n = R/ d and m is the mass of a unit cell. For 
the usual electronic excitations amounting to a few 
electron volts and phonon energy of the order 10-1 eV 
we have K « 1 and the given mechanism is ineffective. 

However, our entire discussion is applicable to an 
excited impurity state that is equivalent to a local op­
tical vibration. In this case the impurity excitation 
energy and the energy of an optical (or acoustic) pho­
non are often close in actual practice, and the con­
sidered energy transfer mechanism can play a large 
role. Thus, for E = 0.1 eV, E - Ej.J. = ll. = 0.001 eV, 
i = 107 V/cm, m = 5 x 10-23 g, d = 3 X 10-8 em, and 
Na = Nb = 6 we shall have K RS n4 (0/t::..)2n, and for 
0/t::.. = 0.8 we shall have K > 1 when n < 10. 

We are extremely grateful for discussions with 
participants in the Theoretical Seminar of the Institute 
for Chemical Physics. 
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