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We determine the conditions under which electromagnetic fields specified at the boundary of half-space
become self-trapped into fields that are distributed periodically in one dimension in a transparent non-
linear medium. Both weakly-nonlinear fields and fields with a nearly exact one-dimensional distribu-

tion with finite amplitude are studied. It is shown that on violation of the conditions of ‘‘self-trapping”’
to a rigorously one-dimensional distribution, proper non-one-dimensional fields are excited in the me-
dium at a sufficient distance from the boundary. In a number of cases these fields are the same as the

non-one-dimensional fields investigated previously.

l. IN this communication we consider the boundary-
value problem for a half-space filled with a medium
having a nonlinear dielectric constant. The bulk of the
paper deals with a clarification of the conditions under
which a distribution of the electromagnetic field speci-
fied at the boundary causes some type of steady-state
proper distribution of the field in the medium far from
the boundary. It is obvious that this boundary-value
problem is directly connected with the analysis of the
phenomena called ‘‘self-trapping’’ of the electromag-
netic field in a nonlinear medium.,""?

We note that it is shown in £%*1 that besides the
previously known types of one-dimensional steady-state
distributions of the electromagnetic field in a nonlinear
nondissipative medium,t*! there exist non-one-dimen-
sional distributions that are close to the one-dimen-
sional ones and possess a periodic structure in one or
two spatial dimensions. The properties of such field
distributions in unbounded space were considered in
detail in the aforementioned papers.!? 3! It will be
shown that these very same properties play an import-
ant role in the problem of establishment of the self-
trapping of the field.

Using as an example a medium that is transparent
in the linear approximation, we show that self-trapping
of the field specified on the boundary of a half-space
into a strictly one-dimensional proper distribution of
the field in the medium is an exceptional event. As
shown by an analysis of the boundary-value problem,
the transition to a strictly one-dimensional proper dis-
tribution is possible—in the case of weakly nonlinear
field distributions—only if a definite connection exists
between the basic parameters characterizing the field
on the boundary. On the other hand, in the case when the
field specified on the boundary of the half-space has a
distribution close to an exact periodic distribution with
finite amplitude, the condition of self-trapping into a
strictly one-dimensional distribution makes it neces-
sary to satisfy several relations that limit the type of
admissible perturbations on the boundary in each order
of the asymptotic expansion (in terms of the amplitude)
of the solution of the boundary-value problem charac-
terizing the perturbation of the field on the boundary.
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It is shown further that proper two-dimensional field
distributions are excited in the case when the self-trap-
ping conditions are satisfied for weakly nonlinear dis-
tributions far from the boundary. On the other hand, if
the self-trapping conditions are not satisfied for bound-
ary fields that are close to the proper one-dimensional
periodic distributions with finite amplitude, then there
are excited, in some order (in terms of amplitude) of
the perturbation, far from the boundary, proper two-
dimensional periodic distributions with the amplitude of
the fundamental non-one-dimensional mode of the same
order of smallness.

Finally, we note that at certain values of the param-
eters characterizing the field on the boundary of the
half-space, far from the boundary, there are excited
proper non-one-dimensional distributions with a more
complicated structure (compared with those investi-
gated in [%°7),

2. Let us consider the conditions for self-trapping of
the periodic distribution of a field specified on the
boundary of the half-space, to strictly one-dimensional
and periodic distributions, for the case of a medium that
is transparent in the linear approximation.

The system of equations determining the amplitude E
and the phase ¥ of the electromagnetic field in the me-
dium with nonlinear dielectric constant ist*'™*

AE + [ko? — %2 — (grad W)2 + (xE [ E;)2]E =0, (2.1)
div (E2grad ¥) = 0. (2.2)

Let the half-space z > 0 be filled with 2 medium, and
let the amplitude and the normal derivative of the phase
be specified on the boundary:

o

E(z,z=0)=E, k — = k.
(2,2=0) ocosk,z, e FN o

(2.3)

Relations (2.3) determine the field energy flux density
on the boundary of the half-space. We stipulate further
that at z — » a one-dimensional periodic distribution
of the field is produced in the medium, in the form

(2.4)

lim E(z,2) = Exex (z), —lim . = koo

Z—>00

Here e, (x) is a known!?™*! periodic solution of the
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equation
ie:—k[kw2——u2-km2—F(uEm/EcV&mﬂ€w==0- 2.5)
X

If k S 0, Eq. (2. 5) admits of a weakly non-

lmear solution w1th known!? *! expansion of the trans-
verse wave number k; in terms of the small parame-
ter po = (Ew/Eg)™

k_L =km ——%2

(2.6)

Assuming that the problem of self-trapping of the
field (2.3), specified on the boundary of the half-space,
into the strictly one-dimensional periodic distribution
(2.4) has a solution if the transverse wave number k)
is conserved, we arrive at the conclusion that it is nec-
essary, when constructing the solution, to determine the
connection between k; and the amplitude E, at z =0,
and also the amplitudes of the fundamental modes Eo
and E, at z = «,

The substitution E = Eg e(x, z) enables us to rewrite
the system (2.1) and (2.2) in the form

— ke g (00) 4 et (00) = o

Ae + [ko? — %2 — kotle = —uone® + [ (grad ¥)* — ke?]e,
2.7
div (e2 grad ¥) =0 2.7)

and when 1, = (Eg /E¢)?<< 1 we can seek the solution
of the boundary-value problem in the form of the asymp-
totic expansions

e =¢e® + poe® 4 pofe® + .. .,

W = —koz -+ poph + o .. (2-8)
Kyt = ko — 2 — ko? + pord + noad + .
The linear approximation admits of the solution
eO(qp,, 2) =cosk,z=cosqy, YO=—key, (2.9)

which satisfies the required boundary conditions. In the
next higher approximation, putting

1
60 = e (z) cos gL + es” (z)cos gy,

(2.10)

Yy cos L= si) (z)cos gy + " (z)cos 3L,
we obtain a system of equations for the functions that
depend only on the longitudinal variable z:

1 1 1 1
dzel( ) %% dsl( ) ) 3 d2 o de(1 )

—_— —_ 2 —_ = {(:
g T = — o = 2D =0 (2.11)
220 25
5 Bkt — 22— ho?) el 4 g —— L
dz dz 4 (2.12)
a2 [0} O}
S 8(ky?— —kZ)sé)—zkod"s =0.
dz?
The system (2.11), under the condition x° 1 = Y4x?,

which is connected with the requirement that the solu-
tion be bounded at infinity, admits of the trivial solution
el = ds{"/dz = 0, and the system (2.12) admits of a so-
1ut1on in the form
O S
32 ko? — u2— ko

where v is the solution of the equation

Fae, s = xide:, (2.13)

V2 T 2ikgv — 8 (ko? — %2 — ko) =0, (2.14)

Thus, the first terms of the asymptotic expansion of
the solution of the weakly nonlinear boundary-value
problem for the half-space are of the form

e (Z, (P_L)

919

Mox? a [ 1— cos(koz 4 6)

1
TR e'“]cos&p_j_—i—...,

=cosqL +

. C()S:%g (2.15)
0
G e T ey
sin(koz +8) . _1 1
X_—_—cosé e [COS2(PJ_ 2]+--'1 (2.16)
k)2 = ko? — %2 — ko® + 3/apon® + 2.17)

We have used here the notation

tgd=ko/A, A= 8(k? — x?) — Oke.

It is obvious that the behavior of the solution at in-
finity required for self-trapping, namely degeneracy of
the solution at z — « into a strictly one-dimensional
periodic distribution of the field with a plane front, is
realized only if relation (2.17) is satisfied together with
the inequality

kot < Yo (ha? — 52). 2.18)

3. For a more complete elucidation of the structure
of the weakly-nonlinear solution of the boundary-value
problem for a half-space, as well as of the conditions
of self-trapping to strictly one-dimensional periodic
distributions of the field in the medium, it is necessary
to investigate the higher-order approximations. We find
that the solution of the system of equations of the next
higher approximation can be written in the form

e (z, ch)-—el (z)cosqu_—f—es (z)cos3(pJ_+e§?) (z)cos S5y,

(3.1)

P (2,9, )c0s 9. = sl(z) (z)cos@y + 83(2) (z)cos 3, + s (z)cos Dy .

In particular, the system of equations for the fundamen-
tal mode is given by

d2 & dS @ (2) 3 ) dS;(gl) 2
2k =y P2 e [ ]
g Tk =l e |
It w dsi”
+ 8(ku? — o? — ko®) [s3]* — 2hoes” ——, (3.2)
d281(2) d61(2) IO (1) dsg)
— 2k =y - [ ]. 3.3
dz? 2ko dz [ - dz e dz (3.3)

The solution of the system (3.2), (3.3) must satisfy at
z = 0 the zero boundary conditions for the amplitude
and the normal derivative of the phase, and must cor-
respond at z — « to self-trapping to a strictly one-
dimensional field distribution. Equation (3.3) has a
first integral and leads, when the boundary conditions
are taken into account, to the solution

ds l('l)
dz

= 2koe; P+ ko[es ]2 — 265 (3.4)

1
1) dS:s( )
dz

It can be shown that in all the higher approximations
the equations for the fundamental mode, resulting from
the divergent form (2.2), also have first integrals sim-
ilar to (3.4). This circumstance is connected with the
conservation of the energy flux through any plane paral-
lel to the boundary of the half-space (see below).

Using relation (3.4), we find that e{®(z) satisfies the
equation

d261

a
3 1 d.S‘3 2
= nze” [ ———-]
4 z

—%4k2‘” 1= :

+ 8(ky? — %2 — ko?) [53 ]2 + 2koes — 2ke2[es ]2 (3.5)

wdss”
dz
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The latter contains the free parameter x‘f’ , Which is
determined by the boundary conditions corresponding to
the assumed self—trapping. The solution of (3.5) is

e® (z)=e? (oo)-{--i% — 5[4 cos (Roz + 8) + Busin (koz + 6) J e~
1

RERTYA 1024 ( cos §

) [Az2cos 2(koz + 6)+ Basin 2 (koz + 6)]e-2, (3.6)

(2)
XL

- ux2+ (ako)2+4k02 e (o). (3.7
Here o =%k, —k® —-ko) and A; and Bi, for example,

are the solutions of the system of equations
(A2 4 3ko?) A — 2koAB) = 3x2 + Y/4(ako)?,

2kohA; + (A2 + 3ke?) By = Y/4koh.

Thus, if the normal derivative of the phase on the
boundary satisfies the inequality (2.18), and the ampli-
tude of the field E; on the boundary and the transverse
wave number k; are connected by the relation

k2= ko? 4 3/ 4 pox?

e[ 0 o Yana (o) + hhote® (o)., )
there is excited in the medium, as z — =, a strictly
one-dimensional periodic distribution of the field with a
plane front and with a fundamental-mode amplitude

(3.8)

km2 — 2 —

=[1+ po?el® (00)+. .]Eo.

Consequently, self-trapping to strictly one-dimen-
sional proper distributions of the field in the medium,
as shown by an analysis of the asymptotic solution of the
weakly nonlinear boundary value problem, is possible
only upon satisfaction of a number of strong conditions
superimposed on the main parameters of the field at the
boundary of the half-space.

In the absence of an energy flux through the boundary
of the half-space k, = 0, and the asymptotic expansion
takes the form

e(z,91) = [1 — 31024(poa)2(1 — e=2) +...] cos @
+ woa[/s2 (1 — spoar) (1 — e72) + 3/asepoaZe2] cos 3,
+ Y1024 (o) 2[1 + Y/2(e™V%2 — 3e=2) 4+ .. J cos5q, + ...

, Z =V8Az, and finally

(3.10)

2

Here a = (k/A)?, A% =K%, —k

ki 2= ko — %2+ 3/4pon® + 3198 (pox)2a 4. . . 3.11)

Consequently, in this case the expansion coefficients
x" and x‘® coincide in terms of the parameter u,
with the coefficients x‘"”(«) and x‘¥’(«) of the expansion
of the wave number Kk, in the parameter u.. However,
xl ~ (ka)? already differs from x‘ () by a numerlcal
factor. A similar difference takes place also for the
higher-order coefficients. The latter circumstance is
connected with the difference between the amplitudes of
the fundamental mode cos ¢ | at the boundary of the
half-space and at z — =, Indeed,

= [1 - 3/1024(”1)(1)2 + . ]Eo (3.12)

Thus, in the plane {k, E,/E.} the conditions for
self-trapping to a strictly one-dimensional distribution
are realized on the curves shown in Fig. 1. The points
lying above this curve correspond to the ‘‘opacity’’ re-
gion, since the solution of the weakly nonlinear bound-
ary-value problem leads to lim e(z, ¢)) =0 as z — =,

Before we consider the region lying below the afore-
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mentioned curve, we note that the conditions of self-
trapping to strictly one-dimensional distributions can
be investigated also for the case when the field on the
boundary is represented in the form of the asymptotic
expansion

e(pL,z2=0)=cosq, + Z‘em;+1 (0)pom cos(2n +1)py, (3.13)
n>1
which degenerates, when p, — 0, to the boundary con-
dition considered above., Calculations show that when
z — < the amplitude of the fundamental mode cos ¢ |
is of the form

Eow = [1 — % 1006(10a) ? 4 %323 (0) auie? + . . .] Eo. (3.14)
The condition for self-trapping to a one-dimensional
distribution is then realized on the surface in the space
of the parameters {k’,E,/Ec, €,(0), ...}, which char-
acterize the field at the boundary

4, In the investigation of the boundary-value problem
for a half-space in the case when the conditions of self-
trapping to a strictly one-dimensional distribution are
not satisfied, and the point of the plane {k’ , E,/E.},
which characterlzes the field on the boundary, 11es be-
low the curve shown in Fig. 1, we confine ourselves to
an analysis of flux free f1eld dlstrlbutlons —(3¥/0z)z-0
=k, =0. Let kl < k , and then the nonhnear ap-
prox1mat10n has a solut1on

e® (@, z) = cos ¢ cos kyz = cos @, cos gy

(4.1)

(where kj = kzw - k® —k?), satisfying the boundary con-
dition and the condition of being bounded at z — =, For
an unbounded space, such a choice of the fundamental
non-one-dimensional mode leads to the two-dimensional
periodic field distributions investigated in ! 23 1tis
natural to assume that when the condition k? 1< k K?
is satisfied, or more accurately, in the region lymg
above the curve shown in Fig. 1, proper non-one-dimen-
sional distributions are excited in the medium at z — =,

.

@l

Fa=blE
FIG. 1

Assuming that the wave vector (k |, k) depends on
the amplitude Eo, we find that in the approximation fol-
lowing the linear approximation the solution takes the
form

(4.2)

In this case the dependence of the functions e;”’ and eg”
on the longitudinal variable is determined by the system
of equations

(i) cos 3.
(1

m )
(oL, pr)=er (Qi)cospr + es

dze," 3
= 12 (Az 2) el(l) — _E__”z cos 3(9“'
. . (4.3)
d ea 2 M __ L 2
5+ (A2 — 9k, %) es -E-x cos 3@ TR cosqu
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If the inequalities

YoA2 < k)2 < A2 = ko? — o2 (4.4)

are satisfied, the asymptotic expansion of the solution
of the boundary-value problem for a half-space takes

the form
A

2
EEWES Yoo

1 %®
Tamhe (K) cos 3¢, cos 3¢ + 128 Ho

e(pL,2)= [1

» \2
(— ) cos @ cos 3q
kl|

3 ® \2
+— (—) Mo €OS 3@, CoS @
ki

128
2
~m (%) +3

Elimination of the secular terms leads to the relation
ki kg = ko? — %2+ 1epox? 4. .. . (4.6)

The latter shows that, accurate to terms of order uZ,
the connection between (k |, k) and E, coincides with
that established earlier.!? 3! However, by virtue of the
fact that the amplitude of the fundamental non-one-
dimensional mode at z — =

Euw= [1—1—28—po(-:—”-)2+...]E0

differs from E,, a difference between the corresponding
expansion coefficients in (4.6), compared with the case
of non-one-dimensional distributions in all of space,
arises already in the next higher approximation. Indeed,
analysis shows that

% \2 —_—
(k_.L) ] po cos 3p, exp(—Y9%k, 2 — A%). (4.5)

(4.7)

9
of = ¥+ pon

27 (nox?)?
1024 kg2

ki 2+ k=

3
+ 2048

1 9 9
(”0%2)2[ ko2 — %2 +7€F+ku2 ] (4 )
8

Thus, if the parameters of the fields on the boundary
correspond to the region of the plane {k?%, E,/Ec}
bounded from above by the solid lme of Flg. 1, and
bounded from below by the line k% = % (kw ~k%) shown
dashed in Fig. 1, then the solution of the boundary-value
problem for the half-space shows that proper non-one-
dimensional periodic field distributions are excited in
the medium at z — «, These distributions are charac-
terized by a wave vector (k;, k) that depends on the
amplitude. The propertles of the latter were investi-
gated in detail in [%2,

However, when k% < 1/,;(k —«?), non-one-dimen-
sional f1e1ds with a more compllcated structure are ex-
cited far from the boundary. Indeed, in this case, even
in the approximation that follows the linear one, there
arises a two-dimensional mode of a new type

4.9)

Moreover, it can be shown that in all the succeeding
approximations the presence of this mode leads to the
occurrence of secular terms which cannot be eliminated
by assuming that the wave vector (k |, k;) depends on
the amplitude of the fundamental mode CoS ¢ COS @y
We note that when k% < (k -k%)/@n + 1)% n > 1, there
will be excited in the next hlgher approximations modes
of the type

cos 3¢ cosvap, vai= (ko2 —x2— 9k, 2)/k2<<1.

ko? — %2 —(2n4-1)%
k?

2
cos(2n 4+ 1) g1 €os Van19), Vont1 = L . (4.10)
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Consequently, when k; — 0 the field distribution in the
space z > 0 will have a more and more complicated
structure.

5. We have investigated above the conditions of self-
trapping to strictly one-dimensional weakly nonlinear
field distributions. It is also possible to investigate in
similar fashion the boundary-value problem in the case
when the field distributions are close to the exact solu-
tions corresponding to a plane wave of finite amplitude.

We turn, however, to a case when the field distribu-
tion specified on the boundary of the half-space is close
to an exact one-dimensional periodic distribution with
finite amplitude. We confine ourselves to a current-
free distribution in a transparent medium (k* — k2 > 0).
The exact one-dimensional solution of Eq. (2.1) ist{®

E(2z) = Ecens(z) = EAocn [EV1 + ado?; #1]. (5.1)
Here ¢ =x" kfu —-k2; cn(y; X |) is the elliptic Jacobi
cosine with modulus
m——é—v‘““’
Y2 VY14 ado?

Putting e(x, z) = e (x) + ase(x, z), where the amplitude
ao << 1 characterizes the deviation of the field on the
boundary of the half-space from the zero boundary con-
dition, we arrive at the equation

Ae 4 [1 4 3aex?(z) ]e = —3aacew (2) €2 — aag?e’ (5.2)
with the boundary condition e(x, z) ‘z o = e(x, 0). In the
linear approximation the solution is given by

(5.3)

ea»_Z P &y (8)cos( —ru)+2cn En(E)en(l)-

Here I, and T'; are the negative and positive eigen-
values of the Lame operator, &, and &, are the cor-
responding eigenfunctions, 35! en(t =exp (=VI'h ),
and

cnv=[dE&n,(5)e(5,0). (5.4)

It is known!® ®) that in this case the Lame equation
leads only to three non-positive eigenvalues

[3

Ty =0, —%:ade2 1 — [4 + 6ade? + 30244 .

Thus, in the linear approximation the condition for
self-trapping of the perturbed field on the boundary to
a strictly one-dimensional distribution at z — = re-
quire that c‘® = 0 for all non-positive eigenvalues of
the Lame operator. In the opposite case there are ex-
cited in the medium non-one-dimensional modes of the
type &,(£) cos (V=T,¢), and at ao << 1, far from the
boundary, there are excited proper non-one-dimension-
al distributions close to the exact one-dimensional dis-
tribution (5.1). Several properties of the latter were
considered in [%°7,

Let us assume that the field on the boundary satis-
fies the self-trapping conditions in the linear approxi-
mation. The next higher approximation in the parame-
ter a, leads to the equation

Ae) 4[4 + 3aew? (E) ]e® = — 3aew (£) [ PIRSE NN ]2 (5.5)

with zero boundary condition or, after expanding e‘’ in
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terms of the system of eigenfunctions of the Lame op-
erator, to the system of equations

a2
( e - I‘m) enl= —3q me(n n”

where
By, (0 1) = [z ealnEn sy, en’= [dEEne(,).

0) 0!
) @ en (L) en(

z). (5.6)

For positive eigenvalues I'y
the form
en () = &n(8) ],

) © ©
— — 3a c", cnr [enr(8)
E ‘Fn +Yr71 ]2 (5 7)
provided only [V Ty, + VD ]2;6 I',. However, no essen-

tial complications arise also in the opposite case. For
negative eigenvalues I';, we obtain

the solution of (5.6) takes

eP= ¢ cos Y—Iv0)

R, (', n")
— 3 - —
‘ Z [T+ VEmls— T

e Y W)
Z [V + Yo7 —

Thus, in order for the conditions for self-trapping
to be satisfied not only in the linear approximation but
also in the next higher approximation it is necessary to
satisfy the conditions c{” =c{"” = 0 for all the non-
positive eigenvalues of the Lame operator. Otherwise
there are excited far from the boundary non-one-dimen-
sional distributions with the fundamental mode 8’,/(5)

x cos (V=T ¢) and with amplitude ajc(", which at a,
<1 are close to the exact one- d1men51onal fields (5.1).

Consequently it is possible to distinguish among
types of boundary fields satisfying the self-trapping
conditions with accuracy up to n-th order of smallness
in the amplitude of the perturbation on the boundary.
Far from the boundary, there are excited in this case
non-one-dimensional fields that are close to strictly
one-dimensional fields with the amplitude of the funda-
mental non-one-dimensional mode of (n + 1)-st order of
smallness (in terms of the characteristic amplitudes of
the perturbation on the boundary).

6. In conclusion we note that a number of properties
of the boundary value for a half space can be revealed
in the analysis of the exact integral relations that re-
sult from the local conservation laws (divergent forms)
of the nonlinear nondissipative electrodynamics. In-
deed, in the case of a plane geometry the system (2.1),
(2.2) leads to the following divergent forms:

© ©)

Cn Cnvens (L) enn (8).

(5.8)

Here

© ©)
n’ Cn”.

(5.9)

0T, | 0T
— ==,
0z + oz (5_1)
0Txx | 0Tx,
ox + 0z =0
Here
2 2 2
T,zzL(E’i) L Ap (ﬁ) _i(ﬁfi) _im (i‘li)
2\ 0z 2 0z 2 2 ox
1 1 7 % \2
o (k2 =) B (=) B 6.2
g (ke =) B () E (6.2)
1 [ 0E\? 1 oY\ 2 1 (0E 1 oW\ 2
e ) (5 ) ()
2\ 0z 2 0z + 2 + 2 oz
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1 1/ % \?
+5 (k=) B+ (=) &

E.
oE
Tom=T,=2E9E | 0¥ 0¥
0z 0z 0z oz

In addition, Eq. (2.2) is a divergent form. Integrating
(2.2) and (6.1) with respect to the half-space and as-
suming that when z — « there is realized a strictly
one-dimensional distribution with a plane front (for ex-
ample, a plane waveguide layer is excited''™!), we ob-
tain the exact integral relations

—fdzEﬁ(x,O) (%) = kwjdzEz(x,oo)ESv (6.3)

Jor [0 (22) e (22),(39) ] 0. @

ox 0z
Joul () s Ao (20) - (0
— 2B @0 (Z2) 4 et =B @0+ () B0 |

=2 jdx ["2("”2“”2)E2(1‘°°)+Zi (—Z-) EA( x,oo)] (6.5)

In the derivation of (6.3)—(6.5) we used the assumptions

lim E(z,2z)=0,
X—>+00
and also the explicit form of the first integral of the
one-dimensional equation for E(x, «).

For the case when the amplitude E(x,0) and the nor-
mal derivative of the phase (E)\Il/az)o are specified on
the boundary, the integral relation (6.3) determines the
normal derivative of the phase at z — «. The unknown
quantities in this case are (8E/9z), and ¥(x, 0). We
can, however, consider a different formulation of the
boundary-value problem, in which the amplitude E(x,y)
and the phase ¥(x, y) are specified on the boundary. In
this case the known quantities are the normal deriva-
tives (0E/9z), and (0¥/dz),. Assuming that the field at
the boundary is characterized by a plane front, we find
that (6.4) leads to orthogonality of the tangential and
normal derivatives of the field amplitude, and (6.5)
leads to the obvious relation

}?d:c[— (%) —(k,,, —x?)E2(1,0)+—cE ) E'(z 0)]

<2 J‘dz{_;- (ko? — x2) E2(z, oo)—i—-% (E"-c)zm(z, oo)] . (6.6)

¥
lim—=0, —lim— =k,
1200 O

z>00 02

The latter, at a specified value of the energy flux
through the boundary S, determines in the space of the
parameters characterizing the field at the boundary
E(x,0) a region outside of which the self-trapping to a
plane waveguide layer is impossible. For example, if
the field on the boundary is given by

E(z,0) = Eoexp[—(z/21)?]
then the allowed region in the plane {h, 7 | }, where
%2 (Eo 2

(g bR

is designated by the shaded area in Fig. 2.

h=
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N\

FIG. 2

It should be noted that an analysis of the exact inte-
gral relations, and also of inequalities similar to (6.6),
is, in our view, of undisputed interest in connection with
the fact that the results of the investigation are not con-
nected with any particular form of the asymptotic ex-
pansions in terms of a small parameter.
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