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The derivation of the three-index (quadratic) fluctuation-dissipation theorem is improved by apply-
ing a theorem which permits one to interchange the operators in the equilibrium moment functions.
Analogous relations are obtained for the four-index (cubic) theory and the arbitrariness which re-
mains in the theory in expressing the fluctuation characteristics (nonlinear susceptibilities) is in-

vestigated.

1. INTRODUCTION

THERE is no need to discuss the great role played in
contemporary statistical physics by linear fluctuation-
dissipation thermodynamics (the results of Nyquist,
Callen, Welton, and Onsager!"®!). The number of
papers in which it is applied to electric and other
systems is extremely large. Meanwhile, fluctuation-
dissipation and non-equilibrium thermodynamics is not
yet exhausted. An important and even more voluminous
part is concerned with nonlinear theory. The number »
of papers touching upon the latter is very much smaller
(c£.'*71). Interest in nonlinear theory is warranted
from the point of view of both theory and application,
since nonlinear systems and effects are playing a large
and expanding role at the present time.

Linear thermodynamics is applicable also to non-
linear systems, but is inadequate for a more or less
complete account of them. For a more exhaustive
analysis of the fluctuations in nonlinear systems it is
advisable to use additional relations from nonlinear
theory, which have (e.g., in the framework of the
three-index theory) the same degree of generality as
the relations from the linear theory, and also, possibly,
to use other relations with a lesser degree of general-
ity.

Different variants of the unified (linear-nonlinear)
theory are possible: Markovian and non-Markovian,
quantum and non-quantum; transitions from one variant
to another are possible. In this article only one prob-
lem will be considered: the derivation of relations of
the fluctuation-dissipation theorem type (' Sec. 127)
for the three- and four-index cases in the quantum
non-Markovian variant. In this variant, as in the other
variants investigated by the author, the three-index
theory displays complete similarity to the two-index
theory, i.e., to the usual linear theory. The results
concerning this case given in the article have a close
bearing on the results obtained by Efremov!”!. The
formulas (3.9), (3.10) and (3.18), absent in!”, rein-
force Efremov’s results. The method of derivation is
also improved.

In the four-index theory, the position is more com-
plicated; in it we can establish a number of general
thermodynamic relations, of which, however, there are
not enough to establish completely the fluctuation
characteristics from the dissipation characteristics

(without additional reasoning which reduces the extent
of the generality). In the variant of the theory under
consideration, generalized admittance functions are
taken as the dissipation characteristics and correla-
tion functions are established in terms of them. Thus,
the result of the investigation has a partly negative
character. In Sec. 4, the degree of arbitrariness which
remains in establishing the theory in the framework of
the four-index quantum non-Markovian theory is stud-

led.

In this paper, the following simple and useful
theorem (cf.!®, p. 18) concerning the interchange of
operators in equilibrium moment functions is used. It
states that, if the averaging corresponds to the equili-
brium Gibbs density matrix exp (8F - Bs) (% is the
time-independent Hamiltonian), then

(B(t)D) = (DB(t + iph)) = e »(DB(t)) (1.1)

for arbitrary D and B(t) (the subscript B in pp
= 8/8t denotes that the time-differentiation refers to
B).

This theorem enables us to improve the derivation
of the basic results. This improvement is especially
important in the nonlinear theory, where the calcula-
tions are of necessity more cumbersome than in the
linear theory. Application of an analogous method to
the linear (two-index) case gives an extremely simple
derivation of the usual fluctuation-dissipation theorem,
which in our notation (explained below) is written as:

{F'Fk L FrFl) = —if ——-f i : (G — G, 1.2)
L = eibhp,
The object of this article is to obtain nonlinear general-
izations of this theorem.

2. THE CONNECTION BETWEEN THE COMMUTATOR
FUNCTIONS AND THE ADMITTANCE FUNCTIONS
OF THE NONLINEAR THEORY

The goal we shall set ourselves is the derivation of
relations between the fluctuation characteristics of an
equilibrium process, i.e., moments of the internal
parameters, of the type ( Fa(tn)...Fq,(t1)), and the
dissipation characteristics of a non-equilibrium pro-
cess, i.e., the generalized admittance functions

Gag,, .8, (8 tny ..o sth).
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First (in the present section), the question of the
connection between the commutator functions and the
generalized admittance functions will be considered.
Admittance functions are introduced in connection with
the study of the response (in the general case, non-
linear) of a system to varying external forces hg (t)
(cf., e.g.,!»"®)), Let the external forces hg(t) act on
the generalized coordinates, i.e., on the internal
thermodynamic parameters Fg, a =1, 2,.... This
means that the system is described by the perturbed
Hamiltonian:

%per—_—%—zha(t)F“E%—h(t)F’ (2‘1)

where 5 is the unperturbed Hamiltonian,

The presence of the perturbing forces hy(t) leads
to the fact that the average perturbed values A, (t)
={F, ex,(t)) of the internal parameters, (the response
of the gystem) differ from the corresponding unper-
turbed values { Fy(t)), which are constant because of
the stationarity of the system and which, without loss
of generality, can be assumed to be equal to zero.
Representing the response in the form of an expansion

o 1
(Fa(t)per) = ;_ﬂ.‘. GGt t) (2.2)
X hﬂnk(t") Lohp () dt, .. dEy,
we introduce the admittance functions G, satisfying the
causality condition
Gap ...p,(ttn,...,t)=0 for ¢ <max(dy,..., ). (2.3)

Below we shall denote the pair (8,, t;) by one index k,,
with similar notation for other pairs. Since the admit-

tance kn.. K1 jg equal to the variational derivative of
( Fl;{)er> with respect to h¥n, ..., hK! at the zero-point

h= 0, it is a symmetric function of kp,...,k:.

As is known, (cf., e.g.,!""®)), application of nonsta-
tionary perturbation theory gives the following expres-
sion for the admittance functions:

Gihy b= (( [ B)?P,{[[... [F*, F*a],...]1F4])
XN =t} (tn — tnt) ... (t2 - 11),
where the averaging is performed over the equilibrium
state;

(2.4)

1n(r) =1 for t> 0,n(1) =0 for+ < 0,

P, indicates summation over the permutations of the
indices 1,...,n (n! terms). We introduce the notation

Vi bt = [ Lo [P, Frmss], ], PRD), (2.5)
in which the equalities (2.4) take the form

Ghi = (] R)YV*em(t — b)),
Gh = (1] R)2[ VAR (¢ — ta)0 (2 — 1) + VPR (2 — t)n(t — t) ],

Grhhsks = (i | )3PsVRhsRRn (8 — o) (ta — BN (B2 — 1) (2.6)

We do not need other values of n.

Below it will be useful to use the symmetry condi-
tions for the functions (2.5) with respect to time re-
versal t — —t. We shall assume that the quantum
variables FB(t) are eigenfunctions of the time-
reversal operator, i.e., they transform to eﬁFﬁ( -t),
where €g = 1 for quantities which are even in the time
and €g = — 1 for quantities odd in the time. The equili-
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brium moment <Fﬁm(tm) ... F,gl(tl)> is assumed to be
invariant on time reversal in the following sense:

(Fpm(tm)...Fpl(tl))=spm...85.(Fﬂm(_tm)-uFﬁx(—tl))'- (2.7)

For this it is necessary that the unperturbed Hamilton-
ian possess the property of invariance. It follows from
(2.7) and (2.5) that the function VKm--Ki has an analo-
gous property:

—t). (2.8)

Consequently, if the behavior of the function yEm-. ks
is known, say, in the region ty, > ...>t;, it is not
difficult to find its behavior in the region t;, >...>tmy
also.

The complex-conjugation operation occurring in
(2.7) and (2.8) is a specifically quantum effect. The
transformations corresponding to time reversal were
studied in'®l,

me...5,(tm,...,t1)=sgm...eg,V"gm...ﬁ,(— [

3. RELATIONS IN THREE-INDEX FLUCTUATION-
DISSIPATION THEORY

By direct inspection it is not difficult to see that the
function

Vit = ([[Fm, F1], Fk]> = (F7FUFE — FUFmph — FRFmPL_{ prEIEmy

(3.1)

has the obvious properties:
Vmikh = __yimh, (3.2)
ymik | Ylm | YRml o= (), (3.3)

Hence it is clear that there are only two independent
functions V.

We shall relate the above commutator functions to
correlation functions. Applying formula (1.1), we have

(FRFIFm) == eibhpy(FIF™Fk), (3.4)
Using (3.4), we write (3.1) in the form
ymik = (1 — K) (FmFF* — FIEmF?), (3.5)
Here and below we use for brevity the notation
K= [ g0 pp o oy, (3.6)
By virtue of the stationarity of the fluctuations, the
relations
PrAtpr+ pmo= 0, KLM =1, (3.7)

“are fulfilled. From (3.5), by cyclic permutation of the

indices, we obtain
Vhmi = (1 — L) (F*FmFt — FmphrELy

or, if we use relations of the type (3.4), but with per-
muted indices,

(3.8)

We shall regard the equalities (3.5) and (3.8) (divided
by 1 - K and 1 — M) as a system of equations for the
two unknowns ( FOF{FK ) and ( FIFMFK), Solving it,
after a series of transformations performed using
(3.6) and (3.3), we shall have

(FmFIFk) —_ (1 __M—l)—l[(1 —_ K)—i'lek + (1 — L—l)—leml]
p— (M.._ 1)—1(L_ 1)—1(K__ 1)—-1[Mlek + Vkml +K—1Vlhm]'

VEml = (1 — L) [KFmFUFrY — L (EFmFR)].

(3.9)

Using this basic result, it is not difficult to find the
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symmetrized correlation functions also, e.g., the
cyclically symmetrized function

Rtk (i iy 4 (REmEY 4 (FIFRFm) = (1 - K + M=) (P FIF®).

For it we obtain

Rtk = (M — 1)~} (L — 1)~/ (K — 1)~ ZP(M + L)y vmie, (3.10)
®

where the sum extends over the cyclic permutations P
and contains three terms. Further, the symmetrization
rmlk 4 plmk gives a completely symmetrized corre-
lation function. It is also easy to obtain some partially
symmetrized correlation functions, e.g., the function
([Fm,[F!, FK],],), calculated in!"), and also the com-
mutator function ([ F®, [ F!, FK|_],), in terms of
which the variational derivative

8C[Fm, F']4) | 8R* (3.11)

at the zero-point is expressed; this function was also
found in!"",

In order to obtain the three-index analog of the fluc-
tuation-dissipation theorem (1.2), it remains to ex-
press the functions ymik occurring in the right hand
side of the derived formulas (3.9), (3.10), etc., in
terms of the admittance function GM/K  using the
second of the formulas (2.6).

We shall introduce the functions gM/k alkm,
pkml . each of which possesses the property: /K
= 0 outside the region ty > t] > ti; the functions are
taken to be equal to —VM!K/h? inside the region in
which they are non-zero. Then, obviously, the function
-vMIK/5? ig written in the form of a sum with six
terms:

—h2Ymk = gmlk + alkm _I_ brmi + clmk + dkim + emkl,
Using the symmetry property (3.2), half the functions

introduced can be eliminated from this expression by
expressing them in terms of the remaining ones

(3.12)

—A2ymik — gmlh + alkm + bhmt glmh — gmkl — pkim,

Further, because of (3.3) the equality gk + amlk
+ bMIK = 0 is fulfilled, i.e., (3.12) takes the form

—A/2Ymk — gmlk + alkm ghml — ghm! __ glmk — gmkl
+ ghlm + ahl‘m.

We now use the time-symmetry property (2.8). Intro-
ducing the time-conjugation operation

(3.13)

Vs e (B )= V'gm coi B (— tm,

m

c—t), (3.14)

we can write the equality (2.8) for m = 3 thus:
ymk — ymik,
Putting (3.13) into this, we obtain
gklm _[L ahkim — g"mlk, —amkhl — glkm,
Consequently, (3.13) is transformed into the equality
ymk — —f2 (gmlh J— glkm + g’mkl —_ glmh — glmh + gmkl (3‘15)
— g’lhm + gmlh).

Putting this expression into the second of the equalities
(2.6) and taking into account only those terms which are
non-zero in the region considered t > max (t,, tz), we
have

GMmik = gmlh + gmkl (3.16)

for any relationship between the times. Therefore,
(3.15) takes the form

ymh = —p2(Gmk — Gm 4 time conj.)- (3.17)

Putting (3.17) into (3.10), we obtain

Gkm + Glhm Gmlk _+_ Gmlk
MEIFRY — — A2
(FmEE) h [M E—)M—1) " (L—1)(E—1)
kal+ Chml
—1

+K VBT EE (3.18)

In an analogous way, we can express other correlation
functions and also the function (3.11), in terms of
GMUK  In this way, the results ofl™ are easily derived
from the more general formulas given above, but not
vice versa.

In the formulas obtained one can of course trans-
form to the spectral representation. In this the opera-
tors pm, pj, and pg occurring in (3.4)—(3.10) are re-
placed by iwm, iw; and iwk. Because of the station-
arity, the relation wpy + wy + wk =0 is fulfilled, so
that we can write out only two independent frequencies.

Thus, all the three-index fluctuation characteristics
can be completely expressed in terms of a dissipation
characteristic such as the three-index admittance
function. Consequently, the same program as in the
usual (two-index) fluctuation-dissipation theorem is
carried through completely in the framework of the
three-index theory.

4. THE FOUR-INDEX RELATIONS

We shall try to fulfil the above program in the four-
index theory. We shall consider the function (2.5) for
m = 4:
yrmik = ([[[F", F7], F1], F*]). (4.1)
It is not difficult to see by direct inspection that the
following symmetry relations are fulfilled

Ynmik + ymnk — 0’ (4.2)
Ynmik | ymink 4 Yiemk = 0, (4.3)
pamik 4 ymakl 4 Yiknm 4 Vhimn — (), (4.4)

If we take the set of 24 functions V obtained by all the
possible permutations of the indices, the relation (4.2)
reduces the number of independent functions to 12, then
(4.3) reduces it to 8, and (4.4) reduces it to 6.

Because of (1.1), the operator elPBPK jeads to a
cyclic permutation of the indices:
CF* F"F™FY — ¢ (pn ™ Lty (4.5)
As a result of this we have
[[[F", Fm], F1], F*] = (1 — K) [[F~, F™], F']F*
(we are using the notation (3.6)). Writing out
[[ ¥, FM], F!] in detail and using the notation
(1 — K)-1pnmik — Wnmie Qumin — (Frprpipe),  (4.6)
consequently we shall have
Wrmik —= Qnmik 4 Qimnk — Qmnik _ Qinmk, (4.7)

As a consequence of relations of the type (4.5), the
number of linearly independent functions Q is reduced
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to 6, which is the same as the number of independent
functions V or W. The equality (4.7) establishes the
correspondence Q — W. It is clear from the following
treatment that the correspondence between the inde-
pendent functions Q and W is nondegenerate and it is
possible to establish inverse formulas for the trans-
formation W — Q, i.e., to solve (4.7) for the functions
W, i.e., for V also. To do this, we add to (4.7) the
following equations, obtained from (4.7) by the inter-
change (n, m) (1, k) and the interchange (n, ) (m, k):

Wm'nhl f— Q'm.nhl + th‘ml . Qn'mhl —_ kanl,

Wlhnm j— thn’m + anlm o th‘nm — inhm
(the remaining interchange (n, k), (m, ) of the normal
divisor of the group because of (4.4) does not give an
independent equation.) Going over to the cyclic factor
group of three permutations, corresponding to the
symmetry (4.3), to (4.7) and (4.8) we add the analogous
equations, obtained, say, by the permutations (nmi)
and having the form

(4.8)

Wmink — Q'mlnh + inmh — lenk —_ Qnmlh’
Wimkn — lehn + thln — lekn —_ thmn,
Wnkml — an'ml _+_ kanl — anml — ankl'

4.9)

The remaining permutation of the above three indices,
because of (4.3), gives nothing new. By using permu-
tation relations of the type (4.5), all the functions Q
occurring in (4.7)—(4.9) can be converted to the un-
known functions

= 0nmlk7 Iz = lenk, y = anmk’ y — anlk’

z = lenh’ 7 = inml-z_

(4.10)

After this the above equations take the form of a sys-
tem of equations

1 1 —1 —1 0 0= ‘ Wk
K LU —I K 0 0|z jwm
LK NK —K —M* 0 0|y e
—1 -1 0 0 1 1| g7 |wmme|r (4.11)
— N1 K 0 0 K Ntz wimen
— K — Lt 0 0 NK MK|z wremt
(NMLK = 1),

This is found to be nondegenerate and permits us to
express x = ( FAFMFIFKY jn terms of W or V. The
solution of this system is given in the Appendix. It is
obvious that the result obtained there enables us also
to calculate the symmetrized correlation functions.
We recall now that our basic problem is to express

the correlation functions in terms of the admittance
functions. For this it is necessary to use the third of
the formulas (2.6), which takes the form

GhRhskaky — psghh;hgk.,
with the notation

gk = (i h)3VIhhhi (t — ta)m(f — t2)M (82 — 81).  (4.12)

It is consequently not difficult to see that the function
GgKkakoK, uniquely determines the function (4.12) and
vice versa.

To express the function VMK in terms of GRMIk
or gnm we shall introduce certain (so far undeter-
mined) functions alMK pnmlk  “each of which goes

o
to zero outside the region tp > tm > t; > tk, like fmlk

8617

Using the symmetry properties (4.2) and (4.3), we shall
have
(i / h)3V"’"l”' = gnrmik — gmnlk + pmink __ pnimk
— (alnmh + bln'mh) + (almnk + blmnk) + cnmkl __ emnhl
+ dmikn __ dnlkm __ (clnhm + dlnhm) + (clmhn + dlmkn)
+ enkml _ gmhnl + fmkln —_ fnhlm —_ (elknm + flhnm)
+ (elhmn + flkmn) -+ hhnml __ phmnl + qkmln _ qh'nlm
— (RMInm 4 qhinm) 4 (phimn  ghimn) (4.13)

Here eight undetermined functions appear. The proper-
ties (4.4) establish two additional relations between
them

b+c+dt+e—qg=0, (4.14)

Using the time-symmetry property (2.8), we obtain
the relations:

a4+b+d—f+h=0.

e=¢+d, f=—d, h=a+5b ¢g=—b (4.15)

(the time-conjugation notation (3.14) is used), which
enable us to write (4.14) in the form

a+b+d+a+b5+d=0, (4.16)

It remains to use the relation (4.12), which determines
a, and consequently also3 (a = g).

Now all the available relations have been exhausted
and the arbitrary functions introduced remain incom-
pletely determined. After (4.15) and (4.12) have been
used, there remain three arbitrary functions, say, b,

c and d. The relations (4.16) connect their time-even
parts, determining, as it were, one more function (a
half plus a half). In all, two functions remain undeter-
mined and the function V™K can be set arbitrarily in
two regions out of 24. This arbitrariness is not for-
tuitous and has its analog in the non-quantum Markovian
theory. It is possible to remove this arbitrariness only
by going beyond the bounds of the theory described and
using some additional assumptions which reduce the
degree of generality. We recall that, up to now, the
generality of the treatment has been exactly the same
as in the usual fluctuation-dissipation theorem.

From the results given it is possible to obtain vari-
ous consequences, e.g., (making i — 0) the formulas of
non-quantum fluctuation-dissipation thermodynamics.

Thus, in the four-index theory we have found a linear
transformation V — Q of the commutator functions V
into the correlation functions Q which is inverse to the
transformation Q — V. In contrast to the transforma-
tion Q — V, the transformation V — g of the commu-
tator functions into the admittance functions ghmik
cannot be inverted since it is found to be degenerate.
Therefore, arbitrariness remains in seeking a trans-
formation g — V; as the investigation has shown, the
correlation functions were, roughly speaking, one-sixth
undetermined.

The negative answer to the question of the existence
of a linear transformation form g to V is not fortui-
tous. To be convinced of this, it is useful to apply the
theory to the particular case of a linear system, for
which all the admittance functions g, apart from the
two-index one, are equal to zero. If a linear transfor-
mation g — V existed, the vanishing of g would imply
the vanishing of V, and then, because of the proven
transformation V — Q, the fourth moments Q would
consequently also disappear, which is absurd.

It is of interest to seek nonlinear formulas by which

atd=c+c¢.
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the moment QMUK would be expressed not only in
terms of g"™M!K byt also in terms of other admittance
functions, say, two-index functions. In favour of such
formulas is the fact that for a purely linear system (in
which the fluctuations are Gaussian), the moment
QK s expressed bilinearly in terms of glk. 1t is
easy to see this if we use the usual (two-index) fluctua-
tion-dissipation theorem and the simple formulas for
the Gaussian case, which in the non-quantum variant
have the form Qumlk = gnmglk | gnigmk , gnkgmi
In conclusion, however, we shall give another solu-
tion of the problem of surmounting the arbitrariness
remaining in the four-index theory. We shall express

the function VP in terms of g™k and the function

B ([ [Fone Fome] . Fy at
Yﬂmlh=76<[[ per, ";‘}EkF*’“D for h(t)= 0.

(4.17)

Using in the differentiation the usual methods which led
to (2.4), we obtain

ynmik = ([[Unk, F], F'] + [[Fr, Umk], F!] + [[Fn, F™], UR]), (4.18)
Unh = [Fn, Fr]n (tn — ). '

Transforming the last term by means of the formula
[[4,B],¢] + [[B,C],A] + [IC,4],B] =0,

and putting in it A = F?, B =F®_and C = UK, we
write (4.18) in the form

Yrmik — Vnkmln(tn —_ th) _ thnl-n(tm —_ th)
+ (Vlhmn —_ Vlhnm)n (tl — th)-

If into this we substitute (4.13), we shall have

(i/ﬁ)ﬁYnmlk: (C+€+f—h—-q)""‘”‘—(c—}—e-{—d—q)"ll"k
+(d__f+h)lnmk+anmhl_(a+b+e+h)mlhn+(b+e+h)1nkm
+anhml__cmhln_ (a_c)lknm_inter_

(where “‘inter’’ denotes the analogous expression with
the indices n and m interchanged) or

(i / h)SYnth j— gﬂmlh + pmink — (g + b)lnmh + gnmhl -+
+ (d —_ E)mlku _(g + d— ’c")lnk.m + gnhml — cmkin _(g —_ Clhn‘m)
— inter.

by virtue of (4.12) and (4.14)—(4.16). Hence it is clear
that, knowing the behavior of the function YPMUK jp the
regions tym > t] > tn > tk, tyy > txk > t; >ty and ty

> t; > tg > ty, we can uniquely determine the functions
b, ¢ and d, i.e., completely remove all the arbitrari-
ness.

APPENDIX
Writing Eq. (4.11) in the form
Dt = [De1, Des]E =W,
where Dgs is a 6 X 5 matrix, we have
z = det [WDes] / det D.

To calculate the determinants in this expression it is
convenient to transform them by combining columns.
Adding the third column to the first and subtracting it
from the fourth, then adding the fifth column to the
second and subtracting it from the sixth, and, for the
determinant D, first adding the fourth and sixth col-
umns to the first, we shall have, after factoring out K*
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z=A"/A,
W, 0 1 0 0 0
W, 0 Lt MN—1 0 0
, W, N—1 K 1—LA 0 0
A —
W, 0 0 0 1 o |’
W 0 0 0 K LM —1
We NA—M) 0 0 NK M—N
0 0 1 0 0 0
0 0 LY MN—1 0 0
A=K|[LA—N) N—-1 K 1_Lv o 0
0 0 0 0 1 0
0 0 0 0 K LM —1
M—1 N1 —M) 0 0 NK M —N

We shall represent the first column as a sum of two
columns, the first of which has three zero lower ele-
ments and the second three zero upper elements. After
this A’ and A are decomposed into a sum of two deter-
minants, each of which is equal to a product of two
simple third-order determinants. In this way we ob-
tain easily
AN=N{1—M)yLM —1)[(K—=N)W,+ (LN —1)W,y + (MN — 1) W;]

— (N—=1) (MN — 1) [(EM — 1) Ws+ (N — M) W5 + (LM — 1) Ws];

A=K —M)(1 —N)(LM —1) (MN — 1) (LN — 1),

Introducing the expression

02 = — (1 — N)2(1 — M)2(1 — L)2(1 — K)>(NM — 1) (ML — 1) (LK — 1)
X(EN —1) (NL — 1) (MK —1) = [(1—=N)(1— M) (1 — L) (1 — K)]?K>
X (NM — 1)2(ML — 1)*(NL — 1)?,

i.e., ' =(1 = L)(1 - K)A, which is invariant with re-
spect to the cyclic permutations (N, M. L, K) and
taking the first of the formulas (4.6) into account we
have, consequently,
Tz=N(1—L)(1 — M) (LM — 1) (K — N) Vnmik
+N(1—K) (1 — M) (LM — 1) (LN — 1) Vmakt
+N(1 —K)(1 — L) (LM — 1) (MN — 1) Vtknm
+ (1 —L)(1—N)(MN — 1) (KM — 1) Vmink 4 (1 — L) (1 — K) (MN — 1)
X (N —M)Vimkn (1 — K) (1 — N) (MN — 1) (LM — 1) Wnmi,

Because of the relations (4.2)—(4.4), we can put our
result into a different and, in particular, more sym-
metric form. Thus, subtracting the expression

‘/gN(LM—— 1)1 —K)(1 —M) (LN . 1) (Vnmlk + Virnm
+ anhl+ Vk.lmn) +i/2(1 —_ L) (1 — N) (MN —_ 1)
X (KM — 1) (lenk + Ynkmi + Yimhkn + V}mlm)7

which vanishes by virtue of (4.4), and taking (4.2) into
account we obtain

[{FFmFFry = [K-t(1 — M) (KN — 1) (N + LK) Vnmin
+ (1 —L)(MN —1) (M + KEN)Vm*n 4 N(1 — K) (LM — 1)
X (L + NM) Vienm 4 MN (1 — N) (KL — 1) (K 4+ ML) Venmi]
—*o[K~(1 — M) (NK— 1) (1 + K) (1 + NL) V- +
+ (1 —L)(MN —1) (1 + N)(1 + ME) Vmitn 4 N(1 — K) (LM — 1)
X (1 + M) (1+ LN) Vitnm 4+ MN(1 — N) (KL — 1) (1 + L) -
X (1 + KM)Vim] 4 4[N (1 — M) (1 — K) (ML — 1) (NL — 1)
5 (Vmnkl _ Phimny 4 MN(1 — L) (1 — N) (LK — 1) (MK — 1)
. (Vlmnh — Vnhlm)]‘

Here, each expression in square brackets is con-

structed in a cyclically symmetric way and has a
property of the type (4.5).
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