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A microtheory of nonlinear scattering (NS) of light by crystal vibrations is developed. In the general
case of dipole-active transverse vibrations the NS intensity is determined, first, by the nature of the
mechanical phonon; second, by the interaction between the phonons and transverse electromagnetic

field, as a result of which the phonons change into polaritons, and third, by nonresonant processes of
crystal polarization by the exciting field. Accordingly, the scattered light flux can be represented as
the product of three factors—phonon, polariton, and nonresonant—which reflect the aforementioned

physical causes responsible for the nature of the scattering. NS by longitudinal phonons is also con-

sidered. A close relation between the intensities of NS by transverse and longitudinal phonons and
also by polaritons is established. It is shown that a very pronounced angular dependence of the
scattering intensity arises for relatively small scattering angles, for which NS by mechanical pho-
nons goes over to NS by polaritons. A relation is derived between the scattering cross section and
the respective optical detection tensor, the ratio of the intensities of large-angle scattering by
transverse and longitudinal phonons, and of the dispersion characteristics of the crystal is derived.
The general theory is illustrated in the case of GaP, ZnSe, and ZnO crystals.

WHEN electromagnetic waves of sufficiently high in-
tensity penetrate into a medium, they can experience
spontaneous nonlinear scattering (NS) in the medium.
In the elementary act of such a process, n photons of
the exciting field are annihilated, in the general case,
and a ‘‘Stokes’’ photon wg = w1+ w2+...+ wn — Wy, is
produced, where w, is one of the frequencies of the in-
ternal motion of the particles of the medium (in partic-
ular, it is possible to have w, =0). We shall call such
a process ‘‘scattering of n-th order.’”” Experimental
ob[sexivation of NS of light with n = 2 was reported

inf 131,

Nonlinear scattering has been theoretically investi-
gated earlier in a number of papers[H]. At the same
time, there is no microscopic theory of NS of light in
crystals. The development of such a theory is the main
purpose of the present article. In the case of crystals
there occur, naturally, a large number of specific
peculiarities connected with the difference between the
scattering by transverse and longitudinal phonons,
scattering by polaritons!'>*?! anisotropy, etc. In scat-
tering by mechanical phonons, n + 1 photons take part
in the elementary act of the process of n-th order scat-
tering, namely, n photons of the exciting radiation and
one Stokes photon wg. In scattering by a polariton,
which is in essence a quantum of the macrofield in the
vicinity of the infrared-active phonon frequency,

n + 2 photons are already involved in the elementary
act. As a particular case, the theory includes ordinary
Raman scattering (RS), in which, for example, wg = w1
- wy (n =1); a number of general results described
below apply concretely to this case.

We note that scattering by a polaritonat n=1 isa
particular case of parametric luminescence, and at
n = 2 it is the case of scattering of light by light; a
semiphenomenological description of these processes
is contained in!**»™), A microscopic theory of Raman

scattering by polaritons (n = 1) has also been de-
veloped in!** 1,

The presently available experimental data on NS of
light!*] pertain to liquids, although there are appar-
ently no obstacles, in principle, to the observation of
this effect in crystals at n = 2. As to cases with
n > 2, the difficulties of registering spontaneous NS
increases rapidly with increasing n. At the same time,
there exist more favorable prospects for the observa-
tion of stimulated NS with n = 2. The intensity and
the gain g in such a scattering (in analogy with the
case of stimulated Raman scattering, for which Igrg
= Isprsexp (gz)*®, where SpRS is spontaneous Raman
scattering) is determined primarily by the character-
istics of the spontaneous NS. Therefore a study of
stimulated NS must be preceded by an investigation of
the spontaneous scattering. In addition, it is advan-
tageous to represent the results in a form that admits
of a direct comparison for the most important cases

=1 and n = 2. In this connection, the general analy-
sis will be carried out below without specifying n con-
cretely.

1. NONLINEAR SCATTERING OF LIGHT BY
POLARITONS

Nonlinear scattering by polaritons is a process
whose elementary act consists of annihilation of n
photons of the exciting radiation (say from a laser)
(ky1, w1), (Ks, w2), ..., (kn, wn) and creation of a
Stokes photon (kg, wg) as well as of a polariton
(kp, wp). We use here a potential gauge ¢ =0; the
basis states are mechanical excitons!’®) and the per-
turbation is (in the dipole approximation)

= - [P(r)E(r)dv, where P is the operator of the
dipole moment, and E, is the operator of the macro-

DObservation of stimulated NS in water at n = 2 is reported in [7].
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field intensity in the medium, quantized in accordance
wi th[2° 21] 2)

The NS from a polariton, which is of interest to us,
is described in the (n + 2)-d order of perturbation
theory. We introduce into consideration a light beam
B(R), scattered in a unit solid angle near the direction
§ =kg/kg, for which, using the method described in(*®,
we obtain

B(Q) = (21)" Vhofoyuupn, | x [* T ( Ji )
c ' npVsYp | Us¥s — upcos b i \ nyy;
. " (1)
1, 1, 1
X= exsepp”isipilwi“ (— kpv — Op; klv 5. .. km ")n)l—[ glr-'
p=1

Here nj, uj, and Jj are respectively the refractive
index, the group velocity, and the intensity of the i-th
wave, ¥ is the angle between the wave vector kg and
up, yj is the cosine of the angle between kj and uj,
and k is the nonlinear-susceptibility tensor of rank
n + 2 and determines the generation of the sum fre-
quency wg = —wp + w1 +...+wn. Explicit expressions
for tensors of this type are known in principle!?*,

Formula (1) is valid for an arbitrary anisotropy
crystal. In cubic crystals, and also in uniaxial crystals,
in the case of observation along the optical axis, the
expression for B must be summed over two polariton
polarizations.

We denote by w¢ the frequency of an isolated dipole-
active mechanical phonon, in the vicinity of which w
is located. The phonon in question is assumed to be
also active in the scattering spectrum of the given
order. In the case of odd n, particularly n =1, this is
possible only in crystals without an inversion center.
The general expression that is derived from the
microscopic theory for k (without allowance for the
spatial dispersion) can be split into two parts: the
part «° which is nonresonant with respect to wf, and
the part ¥, which contains resonant frequency factors
wf £ wp:

% Op; 1. .. Op) = ”1pla‘i1 i (— 0g 0. . )

= A, (— 055 0. 0p) + 7‘1 iy, (— Og5 Op ... @y),

2)
> VN 5 20,2 o (
Higigtyin (— 003 01 .. 0p) = = Zm,z—’fﬂ oD i (0. 0,),
Iv -

gty iy (—

where Pg, = vi'dfy, and df, is the dipole moment of
the transition 0 — fv of one unit cell with volume v,.
The index v numbers the mutually degenerate vibra-

tional states with energy hwf; N = V/)vo.
fv

In the case n = 1, the tensor ., ’ is the usual

tensor of RS in crystals!!®*! describing the scatter-

2DWe note that the separation of the waves into “ordinary” and
purely longitudinal waves (for which the w (k) dependence is deter-
mined by solving the Fresnel equation of crystal optics and the equa-
tion det eap (k, ) = 0, resepctively), which is employed in [2'] in the
quantization of the macrofield, is actually unnecessary, since the purely
longitudinal waves constitute a particular case of the ““ordinary” waves
and are included among the latter, inasmuch as the Fresnel equation is
not connected with any limitations on the character of the wave polari-
zation. In anisotropic crystals, purely longitudinal waves can propagate
only along the principal axes of the tensor €afs and in arbitrary direc-
tions they are only “quasilongitudinal” [?>:2%], since, generally speak-
ing, there arises a transverse part that is proportional to the degree of
anisotropy. We shall henceforth confine ourselves to the approximation
of purely longitudinal waves.

(tv)

Si co ey ln
as will be shown below, determine fully the n- th order
NS by phonons, and we shall therefore call them the
NS tensors. In particular, when n = 2, we have

ing by mechanical phonons. The tensors N

a2 (01, 02) = /2 [¥i (01, 02) + Vibs (02, @1) ],
V- Z PP rmnP ot
h2yN o~ (om — 01 — 02) (0n — ®2)
P PrmiPyn? Prn’Ppo’Pgm®
(om+ 014 ) (0n+ ®2)  (0m+ 02) (0n — ©4)

Here m and n number the intermediate states whose
quasimomenta are equal to zero. Formulas (2) and
(2a) have been obtained in the nonresonant approxima-
tion with respect to the exciting frequencies.

In the immediate vicinity of the resonance, the term
(2) «° is negligible, but at a sufficiently large distance
from it, the role of «° increases. If the vibration f
lies sufficiently far, in the low-frequency side, from
all the remaining actual vibrations, then ° can be
identified with a tensor describing the optical detection
of the given order (i.e., the process of formation of the
static field in nonlinear interaction of fields with fre-

@
ik (01, 02) =

(2a)

+

n
quencies wy,...,wn and ® = ), wi), after subtracting

i
the contribution of the considered vibration wf. In the
particular case n = 1 we have Kfjk(-wL, wL)
= jik(o’ wL), where k' is the tensor of the nonlinear
electrooptical effect without allowance for the vibration
f.

Using the following formulas, which are valid for an
anisotropy crystal,

b
n2 = __eaeazeﬂ y Eop = Emﬂo + Z ( aﬂ) ::!22 ’ (3)
Yp of —
(baﬂfv)z BﬂVva“P/y (ﬁu);) -1,

where € in the vicinity of the isolated transition w¢
can be regarded as independent of wy,, using the rela-
tion nc(yu)™ = n® + Y,wdn?*/8w, and neglecting the fre-
quency dependence of yp and ep, we reduce (1) to the
form®

B (@)= (@)I(Q)K{" (2. 4)
Here
B N(_&)q(Zn)‘l n, s~$,) W .:.,‘2 (J,-)
p z v ]e(liliex el,‘l;ll an]_.
am:rzl(e;v, e;)a™ — effective NS tensor
v
L —"Z (eqv ep)2 (5)
Further
wy Onp @p Onyp -1
I =— np? 4 — e — npcosP| ,
73 dop P2 Jdop  usyyp ?

(epv‘Pno) . (6)
(ep, Pn)

®p () __

EP=[1+A4" 1—2)]2, zp=-2,
wf

fiog Sen
(7)
i [
n
% = Nu.il...inea’el L..e

@ .2 VN s zplv Uv) i ei'eil.

31t can be verified that the explicit form of formulas (5)—(7) is con-
served if one uses a Coulomb gauge for the potentials and Coulomb ex-
citons [!?] as the basis states.
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As is clear from (7) and (2), As is practically inde-
pendent of wy,.

Thus, the scattered light flux is represented in the
form of a product of three factors Bof, nf, and Ky,
which we shall call respectively the phonon, polariton,
and nonresonant factors. The polariton factor =g is
significant in the region where the phonon goes over
into a polariton; on the other hand, as seen from (3),
as wp approaches wf along the lower polariton branch
in the denominator of (6), the term %, wpanf)/awp be-
gins to dominate, and nf — 1. The form of expression
(6) for mf does not depend on the scattering order n,
but the wp( 6) and $(6) dependences (6 is the scatter-
ing angle in the crystal, i.e., the angle between ki,

n
= Eki and kg) is different for different n.

i

The factor Kf is due to the presence of a nonreso-
nant part «° in the tensor k. In the particular case of
dipole-inactive phonons xp = 1 and Kf = nf = 1. The
scattering intensity is then completely described by
the phonon factor of Bof. The same holds true in scat-
tering by polar phonons in the region of sufficiently
large scattering angles 6, when wp — wf. In the
general case Af can be either positive or negative.

We have considered above a light flux that is inte-
gral in the frequencies, with scattering of arbitrary
order from polariton or phonon excitations of the
crystal, It is also of interest to consider the line shape
of polariton scattering, which we shall now discuss
briefly (in the isotropic approximation), It is conven-
ient to investigate this problem within the framework

of the fluctuation-dissipation method, in analogy with*%,

The expression for the scattered light flux can be
represented in the form

B(Q)= [ B™(Q, 0)do = Bs” ()K™(@) [ (R, 0)do,  (8)
0 []
where the ‘‘spectral density of the polariton factor”’
(R, w) is defined by the relation

(2, 0) =2 220 ¢ (0)

b0 [ny2—¢ (0)]2+[e"(0)]2’
Sk

9
®p?

(9)

np'?t=

€’ and €” are the real and imaginary parts of the die-
lectric constant in the region of polariton frequencies.
Formulas (8) and (9) are valid if the distance from
the polariton scattering line to the phonon line greatly
exceeds the half-width of the latter. In this region, the
tensor x can be regarded as real. In addition, we dis-
regard the frequency dispersion of the quantities B,
and K, which are taken at the center of the line, since
it is usually narrow. Indeed, owing to the fact that €”
is small in the region under consideration, 7(92, w)
differs essentially from zero only in the vicinity of the
point w = wp(6), which is the root of the equation®

ni,z - ¢'(w) =0. Here

#This equation represents the quasimomentum conservation law, in
which, as we can see, it is necessary to take into account the real part of
the refractive index n, A\ /e'(wp) at the polariton frequency.

osp ap? dep’
(@, 0)= " 2 2 ! B= s
nopep” (0 — 0p)?+ ap; dwp
UpUs®pEp”
ap pUsWplp

—chp|us—upcos¢| ’

The index p denotes that the quantities that depend on
w are taken at w = wp. We see that the line has a
Lorentz shape with half-width 2ap and a peak value
wjB(Twpep )

2. SCATTERING BY LONGITUDINAL PHONONS.
CONCRETE EXAMPLES

The results obtained in Sec. 1, which pertain to
scattering by polaritons, can be directly transferred
to the case of longitudinal optical phonons. To this end
it is sufficient to replace wp by w! and e, by the unit
vector s, of polarization of the longitudinal wave, and
to set np ~ 0. Then 7 = wf/w}, and we obtain for the
integral intensity of the scattering line, in lieu of (4),

BAQ) = Bo/(Q) KA(Q) ™,
Ef=[1+ 401 —2) 15 A= (509" (s, )

z1 =o'/ oy,

(10)

The quantity B(I)If is defined by formula (5), in which
a(f) must be replaced by the effective tensor %(f') of
Raman scattering by longitudinal optical phonons. The
quantity AP, generally speaking, differs from Ag in
(7). In many cases of practical importance, however,
these quantities coincide (or differ only by a certain
geometric factor). Equality takes place if, for exam-
ple, the tensors &{f) and GU!) are expressed only in
terms of a single nonzero component of the tensor
a®) and the unit vectors eg and ey, are identical for
both cases. This circumstance can be used for an ex-
perimental determination of Af. It suffices to measure
the ratio of the intensities of scattering by the corre-
sponding longitudinal and transverse phonons (in the
region of large scattering angles), after which, using
the fact that Bf;f and B(')'f differ only by a certain geo-
metric factor, we can obtain
14z B %

f=1”2__1' z—[lllm] . (11)

To eliminate the ambiguity connected with the choice
of the sign in the numerator, it is necessary to use,
for example, a different set of exciting frequencies, or
else to measure additionally A; at least at one value
of 6 in the region of small scattering angles, or else
to make use of additional auxiliary considerations.

The quantity Af may also be connected with the
cross section for scattering by infrared-active pho-
nons. This connection can be easily found by using a
relation that follows from (7),

Ap= (ep, O =1, =y, s ePel .. e,
where Wjk .7 is the corresponding optical-detection
tensor. The differential cross section for the capture
of the i-th exciting quantum in the presence of the re-
maining exciting fields with formation of the quanta
hwg and hwf, when calculated for a single cell, is of
the form

2nvehomsp? H( J; )
nayavstb2[Am41]2 I \ngy; 10
(12)

ool? _ B) _ (o 2

aQ 7; e\
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where the constant bs is determined by expression (3)
and can be found from dispersion measurements. In
the most important case when n =1

do) s\t 2nwefimsns

aQ (T) nryysSbf[As 4 1]2
Ajjk is the tensor of the nonlinear electrooptical ef-
fect. Formulas (13) and (12), can be used for an in-
direct determination of the scattering cross sections,
and this may be necessary, for example, for the deter-
mination of the gain of the stimulated NS.

Let us illustrate the foregoing general results by
means of several concrete examples. We consider
first a cubic crystal with n = 1, assuming the tensors
Kijk and Kg-k to be symmetrical in the second and
third indices. Let, for example, the scattering by a
polariton and by longitudinal and transverse phonons
be registered at the following geometry of the experi-
ment: 1) polariton: ki, il [111], e, L eg (in accordance
with the experiments of(*)); 2) longitudinal and trans-
verse phonons: K1, Il X, €L, ks Il ¥, eg Il Z (the axes
X,y, and z are parallel to the edges of the unit cube).
In this case, as can be readily verified, Af = I,

Further, for each of the triply-degenerate states
fv (v =%, y, z) the tensor af¥) contains only one non-
zero component that is independent of v!*?!, Assuming
that ep, lies in the xy plane and that ep, Il z, we ob-
tain Blf = Bll¢, so that z = [XHB}'/Bolfj‘/z. In the case
of GaP (A1, = 6328 A), it follows from the results of!**’
that Ag = —1.89. In the case of ZnSe we get from the
results of!?"), where the angular dependence of the in-
tensity of scattering by polaritons was investigated,
that Af ~ - 3. The corresponding values of the scatter-
ing cross sections are: do‘Y/dQ =1.7-107% cm?® (GaP,
wt = 365 cm™), do'P/d =4.1+107%% cm?® (ZnSe, wg
=205 cm™).

Let us consider also scattering in ZnO (class Cgy)
at the geometry used in{!"): a) scattering by polariton:
k1, Il X, e, Il ¥, kg lies in the xz plane, eg is almost
parallel to the optical axis z; b) scattering by longi-
tudinal and transverse (symmetry type E) phonons;
ki, legl x,eL,ll 2, kglly (orkp il x, e, i ks Il y,
eg Il z). Using the known data on the structure of the
tensor kjjk in the approximation of symmetry in the

second and third indices, we obtain Af = A{, B}t =B);-

On the basis of the experimental results of'**} we get
Af~ 1.8 or Af~ 0.2. The choice between these values

(13)

(epieser*A jin)?,

8r 12°
2.5

2.0t
1.5
1.0

0.5

100 200 700 a0

FIG. 1. Dependence of the intensity on the frequency in a crystal:
a—GaP:n=1, wf=367 cm™!, \[ = 6328 A, Af=1.89;b—Zn0O: n=1,
wf=407 cm™!, A\, = 4880 &, Af=1.8;c—ZnO: n= 1, A[, = 48804,
Af=0.2.
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a”} w, (6)
1.5

7
8, deg

FIG. 2. Angular dependence of the intensity and frequency shifts of
nonlinear scattering of second order in a ZnO crystal (wf= 407 cm™?,
AL = 1.06 4, Ap(1) = 0.2, A(2) = 1.8). Two ordinary photons decay
into extraordinary ones (20 > € +¢).

within the framework of the existing data is difficult
at the present time.

Knowledge of Af and of the dispersion characteris-
tics makes it possible to plot B and wp as functions of
6 in the cases of scattering by polaritons. Figures 1
and 2 show this dependence in relative units for the
crystals ZnO (n =1, wg = wL ~ wp and n = 2, wg
= 2wL — wp) and GaP (n = 1). In the former case, two
variants are indicated, corresponding to two possible
values of Af, it being assumed that A{Y =~ A%Z’. The
experimental data needed for a reliable quantitative
comparison of theory with experiment are still miss-
ing®. Inl*®) we performed a numerical calculation of
the nonresonant factor, i.e., actually for the polariton
factor. We note that with increasing n, the interval of
angles in which the polariton effects can be observed
becomes narrower, roughly speaking, by a factor n.
However, nonlinear scattering has the advantage that
the appreciable difference between the frequencies
wsg, on the one hand, and w,, w2, ..., on the other hand,
facilitates the separation of the scattered light from
the incident light.
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