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The main characteristics (intensity, dependence of frequency on scattering angle, line shape) of the
radiation scattered by a transparent crystal not possessing a symmetry center are calculated.
Scattering due to the quadratic and cubic terms in the expansion of the macroscopic polarizability

in terms of the amplitude of the incident light (which is assumed to be monochromatic) is considered.
It is shown that as a rule the efficiency of two consecutive three-photon processes is greater than the
efficiency of a four-photon process. The effect of the finite cross section of the incident light beam

is taken into account.

THE nonlinear dependence of the polarization of a
transparent medium on the amplitude of the light field
(P(NL) = yE® 4 y(9E®) causes a unique light scat-
tering, a distinguishing feature of which is an appreci-
able relative change of the frequency (on the order of
unity) and large coherence scales (equal to the dimen-
sions of the entire scattering region). The scattering
due to the cubic polarizability x‘® was investigated in
a number of works theoretically[H] and experiment-
ally'®), This phenomenon, called scattering of light
by light (SLL) or four-photon scattering, is best treated
as the result of elementary four-photon processes of
the form w; + w; — ws + wa, k; +k; — kg + kg. Un-
like scattering that is linear in the intensity S; of the
incident light (see, for example,[®!) and is due to x‘?,
SLL causes field fluctuations also at the anti-Stokes
frequencies.

As noted by Robl! ”, in crystals without symmetry
centers (in which y®’ = 0) there is an additional SLL
mechanism and, as will be shown below, x‘® makes in
some cases (particularly at small angles between k,
and k;) the principal contribution. This process is
described by second-order perturbation theory (with a
perturbation energy density EPNL [‘]), and can be
represented as the result of two successive three-pro-
ton processes, the ‘‘virtual’’ wave being either the
harmonic of the incident radiation (w;= 2w;) w; + w;
— wz + ws + wa (we consider for brevity only the case
w1 = wy, ki =k,;) or a difference wave (wo= w; — wg
=wa - W) W1— Ws + Wo, Wo+W; — Wa.

The process in which w, takes part was considered
by Giallorenzi and Tang[G], who emphasized that this
process limits the sensitivity of the infrared light re-
ceivers using parametric conversion of the frequency
(wo + w; — wgy) in the visible region (we note in this
connection that the Bloembergen quantum counter,
which can be regarded as a resonant frequency con-
verter with increased output frequency, should also
have a ‘‘noise’’ proportional to S3).

Processes quadratic in the intensity of the incident
pump light in crystals with large polarizability y‘® are
of interest also in connection with the problem of pro-
ducing sources of coherent light with a frequency ex-
ceeding the pump frequency. The threshold of excita-
tion of the parametric generators, in which such
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crystals are used, can be lower than in the case of
centrally-symmetrical media!™.

In this paper we consider SLL with account taken
of all the three principal mechanisms: via virtual
waves wo and w, and as a result of x®. We use the
following model: a flat nonlinear layer of thickness 2!
is contained in an unbounded anisotropic dispersive
transparent medium with homogeneous linear polariza-
bility. A plane (Secs. 1 and 2) or almost-plane (Sec. 3)
monochromatic pump wave with constant amplitude
propagates in a direction perpendicular to this layer.

In Secs. 1 and 2 we use for the sake of clarity the
classical calculation method, with the aid of a system
of equations for the slowly-varying Fourier amplitudes
of the field Ej(z)(i =0, 2, a, s), and the quantum un-
certainty of the input amplitude Ea s(-1) is taken into
account only in the next order. The starting point in
Sec. 3, where the correctness of such a calculation is
confirmed and the finite character of the cross section
of the pump beam is also taken into account, are the
Heisenberg equations for the operators Ek(t). The
employed approach is a generalization of the method
of Louisell et al.m, which makes it possible to treat
quantum-mechanically the stationary problems of non-
linear optics, and particularly scattering processes.

1. CONVERSION COEFFICIENTS IN THE CASE OF A
PLANE PUMP WAVE

Let E(r, t) = ZejEi(z)exp (ikir - iwijt) +c.c. and
let the amplitudes of the scattered waves be much
smaller than the pump amplitude; then the interaction
of the waves in the nonlinear layer is described by the
following system:

dE; [ dz = Baie’®=E,,
dEo/dZ — ﬁOseiA‘zE,g. + ﬁOa»e_iAazE‘ly (1)
dE; [ dz = Bse™s?Ey" + (Bas’e™® + Bas"e?) E,”,
dE, /dZ = ﬁﬂﬂeiA“zEO - (ﬁas/eiAlz + ﬁas”eiAZ)Es‘,
where
b @B B @ Vi@
Bij i E1, Bif = lbqu Es, B = Lbixij E_2,

pa— 4
bi = 2nw; /cen/, ny = n;cos a;cos 0,

As=ly — ke — ko, Aa= ky — ko, -+ ko,
N = ko, — ky; — ko,

Ay = 2k — ky.,
A=A+ Ag= A+ A%
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xij is the contraction of the nonlinear susceptibility
tensor with the corresponding vectors ej, n is the
refractive index (with allowance for a correction pro-
portional to x'®|E,|?), a is the angle between the ray
and the wave vectors, and 6 is the angle between the
ray vector and the z axis (the scattering angle).

In an infinite layer, stationary interactions are pro-
duced only between waves satisfying the laws of con-
servation of the frequency and the transverse momen-
tum, so that specification of the frequency, direction,
and polarization of the observable wave (for example
wa, ka, and ey) and of the pump wave at a known dis-
persion law w) (k) leaves the polarizations and the
signs of the longitudinal momenta of the remaining
three waves undetermined. Usually, however, the
wave detunings A are minimal for the forward waves
(6 < 7/2) and for a definite combination of polariza-
tions (for example 2k? — k? — kg + kg in a negative
uniaxial crystal). We have therefore left out from (1)
the polarization indices, and did not take into account
the coupling with the backward waves.

According to (1), the harmonic is independent of the
remaining waves:

Ey(s)= Py | de'eid. )
-1

To find the amplitude of the spontaneously scattered
field, for example at the frequency wg, it suffices to
find the conversion coefficients Kgi connecting the
output amplitude Eg(l) with the positive-frequency in-
put amplitudes Ej a(~1). Putting therefore Ei(-1)=0,
we obtain the following amplitudes that differ from
zero in first order in E;:

EP(2)=puEy (—1) [ ds'eiv, (3a)
5

Eé”(z) = BosEs" (— 1) j; dz’eibs?, (3b)

Eo ) (2)= BoEa’ (— l)J; dz’ eida?, (3¢)

Substituting (2) and (3) in the right sides of (1), we ob-
tain, accurate to terms of order Ej,

E,(l) = K«Eo' (—1) + Koo' (—1), Eo(l) = KoEs* (1), (4)

Ko = Buo2lf(Ad), f(z) =2-'sinz, (4a)

Kus = BooBoaPf (A, Adl)+ Boa'BuBf(AL, Asl)+ Bua”21f(AL), (4b)

Kas = ﬁaOﬁOSle,f(Aaly Aal) + 6uslﬁ212l2f( A’l, Azl) + ﬁas”Zlf(Al), (40)

1 z
Hz,y)="/ [ dseis [ da'etn? = i[f(a)e-iv = [(y) ']/ (z + ).

Formula (4a) determines the amplitude of linear scat-
tering (parametric luminescence—see, for example,[a’*’]
and the references given therein).

The function |f(x, y)| has in the general case three
resonant maxima, near which it is equal to |f(x)/y| if
|y 1> Ix|, to |#(y)/x|if |x|> |y|, and to |f(x +y)/x]|
if x~ -y and |x| > |x +y|. Thus, the connection
between the frequency and the scattering direction in
the case of coherent SLL is determined by the condi-

_ 4=p
As kg
A £,
&, £, 4 )
44= 4=0

4s iy j;j

Four arrangements of the wave vectors k, at which the scattering is
maximal (the indices 1, 2, s, a, and 0 pertain respectively to the incident-
radiation wave, its harmonic, and to the Stokes, anti-Stokes, and differ-
ence waves).

tions Ag =0,A3 = 0V, A" =0, A =0, and all three
aforementioned mechanisms contribute to the last
resonance {which can occur also in isotropic sub-
stances). These conditions specify four synchronism
surfaces in k-space (see!®°®1), The arrangement of the
wave vectors for different types of spatial synchronism
is explained in the figure. The largest SLL effect as a
result of x'® is reached in the case of double resonance
(£(0,0)=1), when A, =A’" =0 or Ag = Az =0.

Let us compare with the aid of (4) the contributions
of the different processes to the scattering amplitude
at resonance, when f(x) = 1, f(x, y) = +i/Ail (Aj—wave
detuning of the corresponding non-synchronous inter-
action, see the figure). The ratio of the amplitude of
quadratic scattering due to x'® to the amplitude of
linear scattering is of the order of 3/Aj (or Bl in the
case of double resonance when Aj = 0). In a lithium
niobate crystal, the parametric gain factor g is equal
tolcm™ at S; 10 MW/cm? (the last figure is de-
creased by four orders of magnitude if the polarization
vectors of all three waves taking part in the non-
synchronous process are parallel to the symmetry
axis of the crystal). For waves of the same polariza-
tion, Aj reaches 10° cm™; when the polarizations are
different, on the other hand, Ai can be much smaller
(at a definite orientation of certain crystals, as is well
known, A, = 0; in addition, Aj = 0 on the line of inter-
section of the synchronism surfaces Ay and Ag).

The ratio of the SLL amplitudes at the anti-Stokes
frequency when A =0, due to x'® and x'®, has accord-
ing to (4c) the order of magnitude (47%/noAa,)
(x(z)z/x(s))_ Let x(a) =108 (cma/erg)l/z, x(s) =10°1
cm?®/erg, Ag = 10° cm™, A, = 21, and n, =2; then this
ratio is equal to 10%

2, INTENSITY OF SCATTERED LIGHT

To take into account the quantum fluctuations, we
replace the slowly-varying amplitudes Ej and Ef by
the operators Eg and Ej, which are proportional to
the annihilation and creation operators and are deter-
mined by the relations

E(r, t)=j'dkEk(z)exp i(kr — ayt)+ h.c., (5)
(B (=) B (1) = [exl2 (k =), (6)
cx = i (Aogux [ 4nleny cos ax)',

DScattering at A4 = 0 determines the limiting sensitivity of a step-up
frequency converter.
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where the angle brackets denote averaging over the
initial vacuum state and uk = 9wk /9k is the group
velocity.

Let us fix k =k, and denote by k = kg the vector
complementing k and defined by the equations

op=20, — o, k| =kj, 0y <7J2; 7)

It then follows from a comparison of (5) with the defi-
nition of the amplitudes Ej that

Ex=Ebd(k—ki), Ex/EJ= (Ea|E)dk.[dk, = Eote, [ Eu,,,
so that we have in place of (4)
Ex(l) = (taz | us:) KasBE (—1)
and when (6) is taken into account
(Exct () B (1)) = | Kasts|2(ta: / u) 8 (k — K'). @)

The factor preceding the § function determines the
intensity of the fluctuations to the right of the non-
linear layer:

S= SdkSk, Sy = (21) ~tenq cos aa(Ext (1) Ex (1)) /6 (k — K').

In comparison with experiment, it is more convenient
to use the concept of the spectral brightness of the
radiation, i.e., the power per unit area, frequency, and
solid angle (at a fixed direction k):

Soq (k) = Spdk / dodQ = Skk?* / uk cos ax, ©)

Soe (ko) = Iy |Kas lz‘ﬂsnal / @alts’,

where the quantity I = Hwakj /87° cos aa can be de-
fined as the spectral brightness of the vacuum fluctua-
tions of the one polarization in the medium at the fre-
quency wa.

We now assume that the pump beam has a Gaussian
field distribution in the transverse cross section:

Ei(z, y) = Erexp[— (22 + ) [w?];
then
J.|E1(x,y)|4dzdy= |Ey|44/2,

where A= 7w?/2 is the effective cross section of the
beam, so that the power radiated in unit angle and
spectral intervals (the spectral strength of the light)
is equal to

Pyea (ka) = §Smﬁ (ka)COS 0. dz dy = 1/ZA €os eala | Kaslz(l)sna,/(x)ans,. (IOa)

Analogously, the power at the Stokes frequency is

ny (o ®q
ng(ks)zAcos@sls—u-)s—(—n%leolz-i—zn |Kal?).  (10b)

The first term in (10b), which determines the power of
parametric luminescence, coincides with the formula
obtained by Kleinman'®! (and in the case of aog =0 it
coincides with the result of!*'), provided | E,|* is ex-
pressed in terms of the pump power (P,
= en,cos’a,A| E;|%/27) and it is recognized that we are
using double the defined value of x'®.

In experiment one usually measures integral power
(integrated over the area of one of the resonance

curves)[m], for example the light intensity
- J'ng do = Poa(A;=0)80", (11)

where Ow is the effective frequency band. For exam-
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ple, for anti-Stokes resonance at A =0(Az = 0) we have
80 = 1| 9A [ Bwg |~ = ml~* cos 0|25t — 11,1 cos ugka/cos aa|~t. (12)

As will be shown in the next section, formulas (10)
and (12) are valid separately only if the cross section
of the pump beam A is sufficiently large, and at the
same time (11) remains in force in many cases of
practical importance for arbitrary values of A.

3. INFLUENCE OF BOUNDEDNESS OF THE CROSS
SECTION OF THE PUMP BEAM

According to (10)—(12), the nonlinear scattering
power is P ~ P3l/A, and to increase it it is neces-
sary to focus the pump beam. This, however, de-
creases the length of the coherent interaction and
simultaneously increases the width of the resonance
(for waves with nonzero scattering angles #i). Let us
examine the joint influence of these factors, using as
an example a Gaussian pump beam with a plane phase
front (i.e., under the condition k,w® > 1):

Ei(r) = Eif(r), [(r) = exp {ikiz — [(z — wz)> + y?] /w?}. (13)

A. We consider first scattering by x‘®’, described
by a perturbation energy

1=~ 1/, [ dk iy ECEErt exp {i(o + o — 201) 1} fo(k + K) +h.Co,

1 o0
Fra (k) = j dz jdx dy exp {— ike}fm () (14)

1
= mnu? exp {— (k.* + k,?) w/4m} j dzexp {iz(mk; — k, — aiks) }.
'}

The slowly varying operators E{; are connected here
with the Heisenberg-representation creation operators
a(t) by the relation E{{el‘"t = ci';af{(t), so that

[Ek, Eg’] = | ck |?6(k - k') and the Heisenberg equa-
tions take the form

dEy/dt = ity PE2 [ AR Eycixpr ettoro—200f, (k 4+ k7). (15)

We fix k = kg; then, since f, has a sharp maximum at
k' = 2k, - kg ® kg, it follows that w’ = wg + ug(k’ - kg),
so that in first approximation we have

B = B4 omift | o |2y | dieEnitfo(k+K) 0 (us(K —ks)). (16)
Let the initial state at t, be the vacuum state; then
(BPTEDy =2m(t — to) |catesyis Et/h|2

X [ | fo (ko + K') |2 (us (K — k).

(17)

The energy in the “mode” k is equal to (Hy )
= hw{Ex Ek)/| ck |?, and the radiated power is Pk

= d(Hg)/dt, so that
Pog (ka)=1/54 cos 0alababs | xa2 Ei2|224 (A), (18)

where the line shape is determined by the function
8a(8) = (uax/2124) [ ') fo (liu + ) [ (ws (K’ — K,))
; z—2z"\2
= (dzaz iA(z — 2)—
le zexp[lA(z z’) ( . )], ws
_ u?
- (uux/usz it al)z + (usu/usz)Z ’

(19)

We note that when we make the substitutions w?
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— 2w” and A — Ag, Eq. (19) describes the line shape
of linear scattering at frequency w,, and therefore the
subsequently discussed properties of the function g(A)
can be readily transferred to this case (seel®®)), At

A =0, the maximum value of g(A) takes the form

Yrd(E) 1—e¥ g
ga(0)=4zz[—~§——~ = |=4(1—%+.).
where ®(&) is the probability integral and £ = 2I/wg.
When £ 3> 1 we have ga(0) = 2lwgV 7, i.e., the at
large scattering angles of the additional wave coherent
interaction length is equal to wgv@, which is the
dimension of the scattering volume along the direction
of this wave. From (20) follows the condition for ap-
plicability of the model of the plane pump wave to the
calculation of Py in the case of scattering by ‘¥
namely wg > ! (at @, = 0 this condition takes the form
tan 8s < w/l ~ vA/1).? It is important, however, that
the integral of g(A) does not depend on w:

(20)

[ 0(8)doo = 4|8/ 304 |+ = 4200, (21)
Thus, we actually have Pg ~ A™! in this case. We
note that the expressions that follow for Pg from (18)
and (21) coincide with those following from (4c), (10a),

and (11). The ratio of (21) to (20) determines the ef-
fective line width; in particular, at £ > 1 it is equal
to £6w/ V.

B. We now turn to scattering at the anti-Stokes fre-
quency via the difference wave, which is described by
the perturbation

€3] .,
H = — | dk dK EsBycte@- o0 [ /g Eute' y (k + K')
+ 2@ Eve-tf, (k—K)]+ h.c., (22)

The first term yields we omit (Eg’(0), since we are
interested in the vacuum initial state)

(k" + k”)exp {it (0’ + 0" — w1)}
(o' +0”"—w)+o (2;})
where k' ko, k” kg, and we introduced a converg-

ence parameter o = +0. Substituting (23) in the second
term of (22), we get

f
EL = it co| 2xPE j' dk7 BT

2) (2
E® = — 2n|cacoEitit IZX:(zo) x

70+ fi(ke — k,)h (k’ + k")
dkEk” i(m,"'—m”—(‘)i)“l‘ﬂ
Just as in the derivation of (18), we obtain

% J'dk’ 8(0a+ 0" —201). (24)

Poa(ke) = A c0s 8ala| BaoBos|? (@520’ [ ©unts) ga(Aa; As),

ooy B) = 222 [ i (u, (6 — k) | | ¢ filka — K) fi (K + &) |z

(2n)*4 g (k" —ko)+ o
L (25)
=4iﬂz-j.dqexp{— w;qz }ljdzj‘dz’exp{iz (Aa—}— p;q )
B
e o) - (CZEY . @

where q is a two-dimensional vector, p; are two-
dimensional vectors with components ujx/ujz and

ujy /uiz, and wo= wv2/tan 6, (in the derivation of the
last expression for g we have assumed for simplicity
that a, = 0).

DIn [3] we wrote IA/A in error. In addition, formula (2) of that
reference contains an extra minus sign.

Let us examine the resonance gg at A = Ay + Ag
~ 0, Let |Agwo + 1| > 1/w,; then
J.ga(Aa,As)dma:ﬂ _""9_,"
A2 | da,
and we get for P a value that coincides (apart from
the factor 2 connected with the non-additivity of Pg in
this case over the cross section of the pump beam)
with the results of the preceding section (see formulas
(10b), (11), and (12)). If the inverse inequality holds
(small beam radius w or large angle #,), then

(27a)

J' 2a(Ag, As) dog = n2wel | 9A /0, |, (27b)
so that Py does not depend on A. Results similar to
(27) are obtained also for the areas of the other reso-
nances (Ag = 0 or Ag~ 0).

C. Finally, in the case of scattering via a harmonic
(at @, = @z = 0), the line shape is described by the func-
tion (26) with the substitutions Ag — A, Ag — A’
and 6,— 0, so that we get for P expressions that
are likewise independent of A at sufficiently small A.

The foregoing calculations can be extended without
difficulty to the case of ‘two-beam’’ experiments(*
when k; = ki. At large angles ¢ between k, and ki,
second-order scattering by x‘® does not play any role
(since the transverse momentum should be conserved
with exponential accuracy in the production of the
virtual waves ko, and k;), and the interpretation given
in{* for the experiment (in which ¢ = 90°) is correct.
At the same time, the estimate given at the end of Sec.
1 shows that in many non-centrally-symmetrical
crystals, at ¢ ~ 0, the intensity of the SLL due to x‘®
should greatly exceed the scattering due to the cubic
nonlinearity.

In conclusion we note that the foregoing calculation
method, which uses Heisenberg’s equations for the
amplitude operators, has apparently certain advantages
(e.g., compactness and parallelism with the classical
methods of nonlinear optics) over the scattering~
matrix method!®l,
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