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Coupled longitudinal and transverse quantum electromagnetic waves in metals located in a strong mag-

netic field are investigated. It is shown that waves with velocity close to the helicon phase velocity are
elliptically polarized in a plane perpendicular to the constant magnetic field. Waves whose velocity dif-

fers significantly from that of the helicon are longitudinal and their electric vector is polarized along
the wave vector. Explicit expressions for the velocity dispersion of the waves are derived for slow

waves.
1. INTRODUCTION

A number of recent theoretical papers predict the ex-
istence of specific quantum electromagnetic waves in
metal in quantizing magnetic fields."™® These waves
are low-frequency oscillations of the electron-sound
type in the degenerate-hole plasma of the metal. The
frequency of these waves is much lower than the char-
acteristic cyclotron frequency of the conduction elec-
tron. The quantum-wave dispersion law is linear, just
as for ordinary acoustic oscillations, and the velocity
of the quantum waves is determined by the quantum
values of the longitudinal component (relative to the
magnetic field) of the carrier velocity on the Fermi
surface. The number of these quantum waves coincides
with the number of the Landau levels on the Fermi sur-
face (or differs from them by unity). McWorter and
May, " and also Ginzburg, Konstantinov, and Perel’*!
analyzed longitudinal quantum waves propagating along
a constant magnetic field. These longitudinal waves
are analogous to longitudinal plasma oscillations of the
acoustic type, which can exist in a degenerate plasma
with strongly differing electron and hole masses (Pines
and Schrieffer m). In B! we considered transverse quan-
tum waves in an isotropic metal with one group of car-
riers. Such transverse quantum waves should be ob-
served also in compensated metals (with identical elec-
tron and hole concentrations) in the case of wave propa-
gation along a magnetic field.'® Transverse quantum
waves, in the case of an isotropic metal, take place in
the case of propagation at an angle to the magnetic
field.™ In compensated metals, the transverse quantum
waves can propagate also along the magnetic field, if the
Fermi surface is anisotropic and has many sheets.
Zyryanov, Okulov, and Silin'® found quantum spin waves.
The physical cause of the quantum electromagnetic
waves in metals is the presence of collisionless absorp-
tion of the waves as a result of the Landau damping. If
the conduction electrons have a large mean free path,
then their interaction with the electromagnetic field can
be regarded as direct absorption of quanta of an electro-
magnetic wave. In a strong magnetic field H, the states
of the electrons are described by the magnetic quantum
number n, the projection of the momentum p, (the z

axis is parallel to the external magnetic field H), and

by the coordinate of the center of rotation of the elec-
trons. We shall not take into account the spin splitting
of the energy levels and the Fermi-liquid interaction

of the conduction electrons. In the simplest case of a
spherical Fermi surface (alkali metals), the conduction-
electron energy levels are determined by the well known
formula

en(p:) = AQn + p.2 [ 2m, (1)

where © = eH/mc is the cyclotron frequency, e is the
absolute value of the electron charge, m is the effective
mass, and c is the velocity of light. For simplicity, we
shall not take into account the displacements of the en-
ergy levels by h /2. On the Fermi surface, the longi-
tudinal velocity of the electrons v, can assume only
discrete values

)

where ef is the Fermi energy. When a quantum is ab-
sorbed, the waves should satisfy the energy and momen-
tum conservation laws

sn'(pz + ﬁkz) — &n (Pz) = ﬁm, (3)

where w and k are the frequency and wave vector of the
electromagnetic wave. In the limiting case of long waves
and low frequencies, when

|v.| = vn = [2m~(er — nAQ) ], n=0,1,2,...,

R=vr/Q, (4)

the conservation laws (3) are satisfied only for transi-
tions without a change of the magnetic quantum number:
n’ = n. It follows from (3) that absorption takes place if
the following condition is satisfied

ER<1, o0<<Q,

(®)

The quantity w/k; will be denoted by u and will hence-
forth be called the phase velocity of the wave. At abso-
lute zero temperature, the wave can be absorbed only
by those electrons, whose longitudinal velocities lie in
the interval from v, — fik;/2m to v,. If the phase ve-
locity falls in this interval, then strong (giant) absorp-
tion takes place. Outside this interval, the absorption
is small. These are indeed the quantum oscillations of
the Landau damping, first predicted for ultrasound by

o/ k, = vp+ bk, [2m.
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Gurevich, Skobov, and Firsov.!® The plot of the damp-
ing against the phase velocity u reveals an aggregate
of narrow and high maxima, separated by intervals in
which the absorption is small. If the inequalities (4)
are satisfied, the distances between the maxima are
much larger than their widths, and their height in-
creases with decreasing temperature and with increas-
ing mean free path. In the limiting case of absolute
zero temperature and infinite mean free path, these
maxima can be regarded as 0-like. From the Kramers-
Kronig relations it follows that the nondissipative part
of the corresponding dielectric constant has infinite
discontinuities where the absorption has 6-like singu-
larities. In the intervals between them, the nondissipa-
tive part of the conductivity (i.e., the dielectric con-
stant) changes from — « to + . Such sharp changes

of the dielectric constant lead to the existence of quan-
tum electromagnetic waves.

The present paper is devoted to a theoretical inves-
tigation of coupled longitudinal and transverse quantum
electromagnetic waves. We show that if the angle ® be-
tween the wave vector and the direction of the magnetic
field differs from zero, then there exists a connection
between the longitudinal™ and the transverse®®! quan-
tum waves. It turns out that the quantum waves, whose
velocities are close to the phase velocity of the helicon
w, are transverse and their electric vector is polarized
in a plane perpendicular to the magnetic field H. Those
quantum waves whose velocities greatly differ from w
are in the main longitudinal and their electric vector is
polarized along the wave vector k.

2., FORMULATION OF PROBLEM

The spectrum and polarization of the electromag-
netic waves are determined from Maxwell’s equations.
Eliminating the alternating magnetic field and neglect-
ing the displacement current, we write these equations
in the form

k*Eoq — kokpEp = 4niwc204pEp, o, B =1z, ¥, 2, (6)

where oaB(k, w, H) are the Fourier components of the
conductivity tensor with allowance for the quantization
of the electron states in the magnetic field. We choose
a coordinate system such that the z axis is parallel to
the vector H and the x axis is perpendicular to the vec-
tors k and H. Then ky =0, ky =k sin @, and kg

=k cos ®. In the absence of scattering, the Fourier
components of the conductivity-tensor elements are
determined by the expression

R fo— fa (alja
1% fware

a’a

)1a) <a’|js(—k) Ia>

af k» 1H=
oat (K, @, H) 04 i(®aa — ©)

(7

Here a denotes the set of quantum numbers n, pz, and
X, characterizing the state of the electron in the mag-
netic field; hwy’y = €5/ — €3 is the energy difference
between these states. The eigenvalues of the energy
€3 = €p(pz) do not depend on the coordinate X of the
center of rotation; fy is the Fermi function of argu-
ment (eg — €F)/kT; in the case when T — 0 the func-
tionfy =1 for €5 < € and f3 =0 for €5 > €f; Vis
the volume of the crystal; the coefficient 2 takes into
account the spin degeneracy; & — 0. The quantity
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(elity |a? =Ljd3re_ih{qr“'(l‘) (“‘ v +%Ao) Wo'(r)

—‘P‘a(r)( v—Za) v} (8)

is the Fourier component of the matrix element of the
current-density operator, and ¥4(r) is the electron
wave function in the state a:

Wo(r) = (LyL;) " exp [i(zp: | B — yXy) ] Pn, x (2),
®n, x () =y exp [—1/2v(z — X)2 ] Hn [y (z — X) ],
vy = eH | hic. 9)

Here Hp(x) is a Hermit polynomial normalized to unity;
Ly and Ly are the dimensions of the crystal along the
axes y and z. The gauge of the vector potential A, is
chosen in the form

Apy = Ao, =0, Aoy=zH. (10)

3. CALCULATION OF THE CONDUCTIVITY TENSOR

Let us calculate the elements of the conductivity
tensor o3 in the limiting case of long waves and low
frequencies (4). The effect of giant quantum oscilla-
tions is described by those elements of the conductivity
tensor, in which there are non-vanishing matrix ele-
ments of the current-density operator which are diago-
nal in n. These terms do not contain the large cyclotron
frequency  in the energy denominators. It is easy to
verify that only the components jx and j, have non-zero
matrix elements that are diagonal in n, and that the di-
agonal matrix element jy vanishes identically. The non-
zero matrix elements jx and j; are determined by the
formulas

Kt po X|je(K) |1y py A Tikyy X — 77y

oo

= % S dI(lJn’X (z)—aé);(bn,x_y-.;(u (x), (11)
ny po Xz (K)| By pot-Poky, X — 17y
nk,
==(r: + 7) S A, x (2) D x. o (2)- (12)

We substitute here the expression for @y, x(x) from (9)
and use the formula

faetue + 0 et yexp {— +L+ 1)+ + 29

=2m=m2(y —z)n=m Ly [ (y — 2)%/2]exp[—(y —2) /4], n=m,
(13)

where L& (x) is a generalized Laguerre polynomial,

normalized to unity. We then obtain for the matrix ele-

ment (12) the expression

<7, poy X[72(K) |7, pe + Py X — vk
= (e/m) (p: + s/ 2) Lo (v, [ 2) exp (—y~k,2 [ 4)  (14)

To find the matrix element (11), we express the deriva-
tive of &p, xX(x) in terms of other Hermit functions

©,, x(z)=1" []/ O x(a ]/?mm,x(x)]. (15)

Substituting (15) in (11) and using (13), we obtain
{n, pry X |jx(K) |1, pz + hks, X — y~1ky)

(16)

f —
=i%ky[}/nL; (V1R 2/2) 4+ Vr 1 Lt (v ky2/2) Texp(—y-! ky2/4).
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In the quasiclassical approximation, the quantum num-
bers n are large and therefore the Laguerre polynomi-
als can be replaced by their asymptotic expression

(2)=zm=—mize=x2],_ [Y2(m + n+1)z],

where J,(x) is the Bessel function. Then the matrix
elements (14) and (16) can be represented in the form

{n, p;, X\jx(Kk) |0, p, + Fikz, X — yk,)
= ie—,:(Zn'y) W], (V2ny~ky) = ienk,/m,
{n, pzy Xjz (k) |0, pz + biko, X — 1K)
= = (s R/ D)o (VY ) (e s/2).

The last terms in formulas (18) and (9) constitute the
asymptotic expression for the quasiclassical matrix
elements at small values of kyR.

We neglect the elements oyy and oyz = 0zy of the
conductivity tensor 04g. Since they do not contain
terms with current-density matrix elements diagonal
in n, the quantum oscillations in these elements are
not giant, and can therefore be disregarded in the lim-
iting case (4). We retain, however, the Hall conductiv-
ity oxy = — oyx, which is relatively large even though
it does not contain spatial-dispersion terms. In the
region of low frequencies and large wavelengths con-
sidered by us, the spatial inhomogeneity of the field
has practically no influence on the Hall conductivity,
which is determined by the well known classical ex-
pression

n—m

n=m,

amn

(18)

(19)

Oyx = Noec | H, (20)

where N, is the electron concentration. The quantum
corrections to the Hall mobility (20) are in the quasi-
classical case of the order of (hQ/eF) . In the re-
maining elements of the conductivity tensor (0xxs 072,
Oxz = — Ozx) We retain only the matrix elements (18)
and (19) which are diagonal in n and which describe

the effect of the giant quantum oscillations. As already
indicated above, the dissipative parts of these elements
of the conductivity tensor differ from zero only in nar-
row intervals of the magnetic field or of the phase ve-
locities. Obviously, the presence of strong absorption
makes it impossible for electromagnetic waves to ex-
ist inside these intervals. In this connection, we pre-
sent expressions only for nondissipative parts of the
conductivity-tensor elements oxx, 0xz, and ozz:

Im _ e,zquz N nz[ln (Un+ﬁk2/2m)2_u2
Oxx = 272mok; — (vn— hk,/2m)? — u2
vn + hk:/2m I
—21n 21
prerwe | 1)
_ e2yky (vn+ﬁkz/2m)2—u2|
Re 0, — nznkzzzo’”“ i @)
Aymo N | | (vat hk:/2m)2 — w2
fmon=— b | s
mo Z (Un '—‘ﬁkz/zm)z——— u? ( )

2n2h2k;?
n==0

In these formulas N is the maximum Landau number on
the Fermi surface.

Strong absorption of the wave takes place inside the
intervals of the velocity u in which

lu — vn| << Bk, /2m.
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Therefore the spectrum of the quantum waves can exist
only outside these intervals. To simplify further calcu-
lations, we assume that the following inequality holds

(24)

In this case, the logarithms in (21)—(23) can be expanded
in powers of ik, /2m. As a result we obtain

bk, [ 2m <€ |u — va|.

e2Qk 2N? ni\2u u? |\t
PP ) Y S LA i
10 O m2mou Zo N Uy vy ( 5)
n—
e2Qk, N N onom u? \~1
i W RN 1~_) 2
et = e 2 (1-—=) (26)
I _ e20mu o u 1 u? -1 (27)
00z = 22w Z un( Unﬁ')
0

=t

4. INVESTIGATION OF THE DISPERSION EQUATION

Let us write down the dispersion equation from
which we should determine the spectrum of the quan-
tum electromagnetic waves. This equation is the con-
dition for the vanishing of the determinant of the sys-
tem of homogeneous Maxwell equations (6). If we neg-
lect the elements oyy and oyz, then the dispersion
equation assumes the form

(ke)t — 4driok?c®[0xx + (tg POwy -+ 0x2)2 [ 622] = 0.

(28)

This dispersion equation differs from the corresponding
equation in B in the presence of a term with

(tan dogy + oxz)?/0zz, which describes the coupling of
the longitudinal and transverse quantum waves. It is
convenient to rewrite Eq. (28) in a different form, in
terms of the phase velocity u. To this end, we intro-
duce the ‘‘phase’’ velocity of the helicon

(4n00xy sec D)2 —

(29)

The quantity w differs from the true helicon velocity
w/k = w, by the factor |sec ®|*/%. Substituting (25)—(27)
in (28), we represent the dispersion equation in the fol-
lowing form:

w=c(w [ 4n| 06y cos @|)".

1— Lll‘/wi = M[Sxx - (sz ‘—A/SVZV‘)Z/SH]' (30)

Here the parameter

(31)
plays the role of the ‘‘coupling constant’’ of a classical
helical wave having a velocity u = w(w), with the quan-

tum waves. The quantities Sjx are connected in simple
fashion with (25)—(27) and are given by

= 3nNoer sin2 @ | H2YN

N2 22\~
su=Y) (1) W+a—m=[(1=5) 1], @)
n=>0
sxz=i%(N+A—n>-"=(1—,,1;-)‘17 (33)
n==0
Sum 3 (VA=) (t—=)" (34)
n=0

where ep = (N+ A)HQ, N is the integer part of the ratio
€F /hR, and A is its fractional part. The roots u = up(w)
of Eq. (30) determine the spectrum of the quantum
waves. At large values of N this equation is very com-
plicated and cannot be solved in general form. It is
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possible, however, to determine the number of real
roots and to analyze the character by qualitatively in-
vestigating equations (30). Let us examine the behavior
of the right side of (30) as a function of u. Each of the
terms of the sum Sjik has a singularity as u — vp. In
the immediate vicinity of the given singular point u x vy
it is possible to retain one singular term in each of the
sums (32)—(34). The structure of the right side of Eq.
(30) is such that the singularity at u = v, vanishes.
Consequently, the velocities u = v, do not lead to a
singularity in the right side of Eq. (30). The singulari-
ties in the right side of Eq. (30) will occur at those
values of u, where

S (u) = 0. (35)

Equation (35) is the dispersion equation of the longitud-
inal quantum waves, which differs from the analogous
equation in ! only that it contains k; = k cos & instead
of k. The roots of this equation. u = s, were investi-
gated in detail in '®, It was shown there that Eq. (35)
has exactly N positive roots located between neighbor-
ing values of the quantized velocities vy. For slow
waves, in which the phase velocity u ~ v, K vF (i.e.,
for magnetic quantum numbers n close to N), the dis-
tances between the roots of Eq. (35) and v, are much
shorter than the intervals between the neighboring
velocities vy. For velocities u < vy, (N—n ~ N), the
roots of Eq. (35) lie approximately halfway between
the neighboring velocities vy.

The solid lines in the figure are a plot of the right
side of (30). The singularity points where there are
infinite discontinuities are the solutions u = s of Eq.
(35). The dash-dot line shows the parabola 1— u*/w*.
The points of intersection of the parabola with the solid
lines give the solutions of Eq. (30). Consequently, there
are altogether N+ 1 quantum waves. It is seen from the
figure that the quantum-wave velocities that differ
greatly from w are close to the solutions u = s, of Eq.
(35). Near w, the velocities of the quantum waves dif-
fer significantly from s,. As we shall show later, the
results obtained in P for transverse quantum waves
actually pertain to those solutions of Eq. (30), for which

(36)

In a magnetic field H ~ 10° Oe at a frequency w ~ 10*°
sec™* the velocity is w ~ 10° cm/sec. If the inclination
angle ¢ is small, then p < 1 and decreases with in-

|1 —ut [ wt|< 1.

Graphic investigation of the dispersion equation. Solid lines — right
side of Eq. (30). Dash-dot line — left side of (30). Vertical dashed lines
— positions of the roots u = sy of Eq. (35).
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creasing magnetic field like H/2, We present explicit

expressions for the velocities of the slow quantum
waves (u < vy) at a small coupling constant u < 1.

In this case we can retain one singular term in each

of the formulas (32)—(34), and the sum of the remain-
ing terms can be estimated by replacing the summation
over n by integration in the sense of the principal value.
As a result we obtain

Sex = (N 4+ A —n)="2(1 — u? [ va2)™,
Sex 2 YoV 4 (N + A — )~ (1 — u? [ va?) 4,
S, &~ 2N 4 (N +A —n)="(1 — u? [ va2)—t,

37)

Substituting (37) in (30) and gathering like terms, we
obtain

1—ut [ wh = pn (1 — 12/ s:2), (38)

where
s$n=vn[14+Ys(N] (N 4+ A —n))"], (39)
o = p(V A —n)~h (40)

If the relative difference between the velocities w and
sp exceeds (up /2)“?, then the phase velocity of the
quantum wave is

u=sn[1— Yapn(1l—sa*/ w*)]. (41)

If the velocity w is close to one of the velocities sy, the
phase velocities of two neighboring quantum waves are
described by the following approximate formula:

u = l/2(”’"“371) i‘/2[("}_Sn)z"f‘{/zl"nsnw]‘/’- (42)

We shall show below that waves with velocities (41) are
polarized mainly along the wave vector k. The ‘‘strongly
coupled’’ quantum waves with velocities (42) have the
polarization of a helical wave

E,~0, E,=isec®E, (43)

5. POLARIZATION OF QUANTUM WAVES

In order to determine the polarization of the quan-
tum waves, it is necessary to substitute the spectrum
obtained above in Maxwell’s equation (6). It is easy to
obtain from these equations the following relations be-
tween the components of the electric field:

Ez A Ex w"’/uz
=g —"—, =y
z, ctg 14 I, icos @ Y (44)
where
4wt Se—4 YN
A=—pYN— —m—————, 4
T HIN— 5. (45)

It is easy to verify that the spectrum (41) corre-
sponds to large values of |A|, and the spectrum (42)
corresponds to |A| <« 1. Indeed, for quantum waves
whose velocities differ significantly from w, condition
(39) is satisfied with good accuracy, as a result of
which we have |A|>> 1. It then follows from (44) that

|E<|<<|Ey|, E:.= ctg®E,,

i.e., the vector E is parallel to k. For quantum waves
whose velocities are close to w, the quantity A can be
transformed with the aid of Eq. (38). Substituting in
(45) the expressions for Sxz and Szz from (37), we find
after simple transformations that
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|A| = 2/3|w* [ ut—1].

For those waves whose velocities are determined by
formula (42), we have |A| < 1 and consequently |E; |
< |Eyl, and the ratio between Ex and Ey is determined
by (43).

Thus, quantum waves whose velocities are close to
w have the same polarization as the helicon.® Quan-
tum waves whose velocities differ significantly from
the velocity of the classical wave, constitute longitudi-
nal oscillations whose electric vector is directed par-
allel to the wave propagation direction.
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