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We find new invariants in the problem of a charged particle in a variable magnetic field. We introduce 
coherent states of a charged particle in a uniform variable magnetic field. We calculate the probabili­
ties for transitions between Landau levels in terms of Jacobi polynomials for magnetic fields which are 
constant in the remote past and the remote future. We also find the evolution of the initial coherent 
states, and discuss the group theoretic aspect of the problem. 

INTRODUCTION 

RECENTLY Lewis UJ and Lewis and Riesenfeld [2J have 
found explicitly time-dependent integrals of motion for 
classical and quanta! oscillators with a variable fre­
quency. Using such an invariant they cakulated the 
probabilities for transitions between energy states for 
a frequency which was varying in such a way that it is 
constant in the remote past (initial state) and in the re­
mote future (final state). l2J Husimi l3J had found those 
transition probabilities earlier by other means and 
Dykhne [4 J had found them in the adiabatic approxima­
tion. Crosignani et al. [?J have calculated the evolution 
of initial coherent states of a quantum oscillator[s,sJ 
under the influence of a variable frequency. We[aJ have 
introduced coherent states of a charged particle in a 
constant magnetic field. Lewis and Riesenfeld[2J found 
for the problem with a variable magnetic field an inte­
gral of motion which depended explicitly on the time 
and which (apart from a constant) is the same as the 
Hamiltonian when we go over to a constant field. The 
aim of the present paper is to introduce coherent states 
for a charged particle in a variable magnetic field, to 
find new invariants, and to elucidate their physical 
meaning. 

We use the method developed in [2J to evaluate ex­
plicitly the probabilities for transitions between the 
Landau levels of the initial and final states that corre­
spond to a constant magnetic field, and these probabili­
ties are expressed in terms of Jacobi polynomials. 
Popov and Perelomov [SJ have expressed in terms of 
Legendre polynomials the probabilities for transitions 
between excited energy levels, which had been evalu­
ated earlier, l2- 4 l for an oscillator with a variable fre­
quency. We must note that the results obtained for a 
charged non-relativistic particle moving in a variable 
magnetic field can be generalized to the case of elec­
trical and magnetic fields (E • H '= 0, E2 - H2 < 0) and 
also to the case of a relativistic particle (Klein-Gordon 
and Dirac equation). 

1. INVARIANTS OF THE PROBLEM 

We shall consider a particle of mass M and charge 
e moving in a variable (classical) electromagnetic field 
with vector potential A(t) = i [H(t) xr]. We choose the 
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z-axis along the magnetic field H. In that case Az = 0 
and the motion in the z-direction is free particle motion 
and we shall consider only the motion in the xy-plane. 
The Hamiltonian of such a system is 

dG(t)=2~[(p,-eAx)'+(py-eAy)'], h=c=1. (1) 

We have omitted the spin part- j.i.UzH from (1), since 
what follows will be independent of it. We assume that 
the magnetic field H(t) in the limit as t - 'f co takes on 
the constant values Hi and Hf, respectively. 

For this problem there exists the following, explic­
itly time-dependent, Hermitian integral of motion:l2J 

1i (t) = - 1 fl [ PPx- (lllp- !.:.._) x ] 
2

-[- [ppy- (Mp.+ --=::_) y ] 
2
}, 

41•1 xp YP 

where p is a real solution of the equation 
(2) 

(M / e)ip(t) + Q 2 (t)p(t) - p-3 (1) = 0, Q = 1/:dl(t). (3) 

As t - - "", K is the same as the Hamiltonian d'6j, if we 
choose the boundary conditions p(- oo) = n-112, p(- oo) 
= 0: 

dG;=I w;JK(- oo), 
ell; 

Wi=-. 
M 

If n = constant, Eq. (3) has a first integral 

( M )'· ---;- p' + Q 2p2 + p-2 = 21 Q ! ch o 

and the exact solution is 

1 [ ( eQ ) ] '" p(i)=-==::...- chu±shosin 2-t+q; , 
V!QI M 

where 13 and cp are arbitrary real constants. 

(4) 

(5) 

(5') 

Although Eq. (3), used in l2J is non-linear, it is equiv­
alent to the linear equation 

·· w2 (t) ell(t) 
e(t)+--4-e(t)=O, w(t)=----;w-• 

1•1 t 1 
e=pexp[iMJpza']· (6) 

In what follows we shall use the two equivalent Eqs. (3) 
and (6). 

For the problem under consideration we can find two 
new, explicitly time-dependent, integrals of motion A(t) 
and B(t): 
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(7) 

where 

'\'a=- ~~ f ( Q + :, ) dt', '\'v = ~;I f ( Q- ~2 )at'. 
One can easily check that the following commutator re­
lations hold 

[A,B] = [B, K] =0; [A, A+]= [B, B+] = e/lel. (8) 

The operators A, A+ and B, B+ change places for oppo­
sitely charged particles. For the sake of simplicity we 
shall in what follows assume that e > 0. 

The operators (7) commute with the operator iojet 
- d6. Using A and A+ we can write the invariant K in 
the form K = A+A + i. As we consider an axially sym­
metric problem (the field H(t) is along the z-axis) the 
z-component Lz of the angular momentum must be con­
served. One can, indeed, check that one can express Lz 
as follows in terms of the integrals of motion A(t) and 
B(t): 

B+B- A+A = Lz. (9) 

To make clear the physical meaning of the invariants 
A(t) and B(t) we consider their limits as t ~ - oo: 

A(-oo)=A;=--= Px+ip,+-' (y-ix) , 
e'w,t [ eH· ] 

12e!l; 2 

B(-oo)=B;= 1 [Py+iPx+ eH;(x-iy)]. 
12eH; 2 

(10) 

The eigenvalues of the operators Aie-iwit and Bi (these 
operators were used in [BJ for a charged particle in a 
constant magnetic field) determine the coordinates of 
the relative motion r - r 0 and the coordinates r 0 of the 
center of the orbit along which the charged particle 
moves in a constant magnetic field Hz. The eigenval­
ues of the operators Ai and Bi are integrals of motion; 
their physical meaning is that they give the initial con­
ditions of the classical motion. 

The invariants A(t) and B(t) have the same meaning 
of the initial conditions of the cla~sical motion; the 
eigenvalues of the operator B(t) e 1Yb determine the 
"moving" coordinates of the center qf the orbit and 
the eigenvalues of the operator A(t) e1Ya the coordinates 
of the relative motion which is no longer a motion along 
a circle. 

We must note that for a quantum oscillator with a 
variable frequency we can also find a time-dependent 
invariant: 

1 M . 1 

A'(t)=~[-q+ i(pp- Mpq) )exp [;J p-2 dt'], 
12M p . 

where p(t) also satisfies Eq. (3), if we assume that n(t) 
is the frequency of the oscillator and put e = M = 1. The 
eigenvalues of the operator A'(t) have the meaning of 
the initial conditions in the qp-phase plane. We must 
note that it is of interest to establish the connection 
between the exact invariants obtained above for an os­
cillator with a variable frequency and for the motion 
of a particle in a variable magnetic field and the well­
known [lOJ adiabatic invariants for these problems. 

2. TRANSITION PROBABILITIES 

A method to construct solutions of the Schri:idinger 
equation and to find the probabilities for transitions 
between initial and final stationary states of a quantum 
system was developed in [2 J by using exact Hermitian, 
explicitly time-dependent, invariants such as the oper­
ator K(t) for a particle in a variable magnetic field. It 
was shown how one can construct the eigenstates of the 
invariant K(t) and the solution of the Schri:idinger equa­
tion, but for the sake of convenience we use the A(t) and 
B(t) operators. 

It follows from Eqs. (8) and (9) that one can diagonal­
ize the operators K(t) and Lz simultaneously: 

Kl n,, n,; t) = (n1 + 1/ 2) I n1, n,; t), 
(11) 

Lz Into nz; t) = (n,- n,) In,, nz; t). 

The states I n1 , n2 ; t) can be constructed as follows: 

(A+)"•(B+)"' I 
(l>n.,n,"" I n1, n,; t) = 0, 0; l), 

Ynt! n2! 
(12) 

where the vacuum state is 

1 v e [ e - iM pp e s' dt' ] 10,0; t) =- - exp (x'+ y2)- i- -. . (13) 
p n 2p2 M p2 

The states (12) are orthonormalized: 

and at the same time are solutions of the Schri:idinger 
equation iolJ!/Bt = :Y&lJ!. The action of the operators A+, 
B+, A, and B (creation and annihilation of the indices 
n1 and n2) is given by the usual formulae 

A ln1, n2 ; t) = -yn., ln1 -1, n,; t), 
(14) 

Bin,, nz; t) = )'/2;ln 1, n2 -1; t). 

In the far-distant past (constant field Hi) the states 
(12) are the same as the time-dependent eigenstates 
I n10 n2 ; i) of the Hamiltonian d'Gi = wi(AiAi + i) and the 
angular momentum component Lz = BiBi- AiAi. The 
probability for a transition from the initial state of the 
system I n1 , n2 ; i) to a final, time-dependent, state 
I k 1 , k 2 ; f) is 

W n,~~·,k'= I An~·~:· I'= I (kl, k,; /I n1, n,; oo) I'· (15) 

One can easily express the operators A(t) and B(t) 
in terms of the operators Af, Bf, A{, and B{ correspond­
ing to a constant field Hf: 

A(t) = At!'.(t) exp {-i(w,t +'\'a -'\'b)}+ TJ(t)B,+, 

B(t) =At+TJ(t) exp {-i(Vb- Va- OlJt)} + ~(t)Bt, (16) 

where 

TJ(t)=~[i( QIP _ _1_) _!!_ p] e-iv". 
2jQ1 p e 

(17) 

The commutation relations (8) impose the condition 

ITJI'-Isl' = -1, (18) 

which is identically satisfied. 
As t ~ oo the invariant K(t) remains time-dependent 

and [K( oo ), Jl6f] * 0. The states I nv n2 ; oo) are therefore 
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superpositions of the states I kl' k2; f): 

"' 
ln,,n,;oo)= L, A~;:~: lk~ok2;/). (19) 

kt, k2'=f} 

It is more convenient to find first the amplitude A~1k2 . 
Putting n1 = n2 = 0 in (19) and operating from the left 
with the annihilation operators A( oo) and B( oo) we easily 
find for the probability for the transition I 0, 0: i) 
- lk1,k2; f) 

(20) 

where we have used the formulae I~ 12 = t (cosh o + 1) 
and 1771 2 = t (cosh o - 1) which follow easily from (17), 
if we use (5 ). The final expression for the state I 0, 0; oo) 
can be written in the form 

(21) 

Here and henceforth we shall understand by ~. 11 the con­
stants H oo ), 17( oo ). 

Using (16), letting the operators [A+(oo)]nl[B+(oo)]n2 
act upon (21), and summing the appropriate series we 
can now obtain the amplitudes A~1,~2: 

1• 2 

b) n 1 > n2, k2 < n2, 

( r]') n,-k, E-k,-n, I 
A~::·n~2 " -P:~-k~, -k2-nl- (ch 6) 

I 1;j"yn2! Jc1!/n1! k,! ' ' (22b) 

where the P{i•f3(x) are Jacobi polynomials and where we 
have used the relation n1- n2 = k1- k2 = - Lz. The am­
plitudes (22a) and (22b) are, of course, time-independent. 
There remain two cases: c) n1 ~ n2, k2 2 n2, and n1 ~ n2, 
k2 < n2; they can be described by the same formulae by 
swapping the indices 1 ~ 2 

The transition probability (15) depends solely on 
cosh o: 

w k, k, = 22n,+k,-k,+1 k,! nz! (ch a -1)k,-n, IPk,-n,, -k,-n,-1 (ch 6) I'· 
"""' kz!nd(ch6+1)k,+n•+l "' (23 ) 

The case b) is obtained from a) by the switch ni ~ ki. 

The symmetry of Eq. (23) ~1,k2 = ~2,k1 and ~1,k2 
' n1,n2 n2,n1 n1,n2 

= ~2'~1 corresponds to symmetry under time reversal. 
2• l 

This also occurs, even if H(-t) 1- H(t) as cosh o does not 
change, as we shall show below, when the time is re­
versed. Equation (23) gives us an expression for the 
probabilities for a transition from an arbitrary initial 
to an arbitrary final state in terms of a single param­
eter-the probability to remain in the ground state, as 
cosh o can be expressed in terms of ~·~, as is clear 
from Eq. (20). Using the analogy of Eq.' (6) with the 
Schrodinger equation for one-dimensional motion (if 
we replace t by x1>) we can connect cosh o with coef­
ficient R for reflection from an appropriate one-dimen­
sional potential barrier. The solution of Eq. (6) when 

1)This is an idea of L. P. Pitaevskii's (see reference to this in [4 ]). 

t- oo is 

s: ( liJj ) il'j ( liJj ) e(t)=-=..exp i-t --=exp -i-t , 
l'Qt 2 l'Qt 2 

(24) 

where ~ and 11 are arbitrary constants, I~ 12 - 1771 2 = 1. 
We easily see that R = 177/~ 12 after which we find from 
(24) and (17) 

ch6 = (1 +R) I (1-R). (25) 

Time reversal (w(t)- w(-t)) corresponds to chang­
ing to a wave incident from the right, but in that case 
the reflection coefficient R is unchanged[HJ which ex-

plains the additional symmetry ~1'~2 = ~2'~1 . 
1> 2 2• 1 

It follows from the equivalence of Eqs. (3) and (6) 
that the solution of the problem of the motion in a vari­
able magnetic field is completely determined by the 
constants ~ and 11 and the transition probabilities by 
the reflection coefficient R. We give without derivation 
the values for some particular cases for the time-de­
pendence w(t) of the frequency. In the adiabatic limit 
(w/w2 « 1) R = 0. There is also no reflection in the 
case when w2(t) = g-4(t) - g(t)/g(t), where the arbitrary 
function g(t) satisfies the conditions g(- oo) = (j wir112, 
g(oo) = (twfr112. In that case Eq. (6) has the exact 
solution 

When 

t 

e(t)=const·g(t)exp [i J g-' 2 dt']. 

i.e., the system remains in the initial quantum state. 
For an Eckart potential [12J 

R = [ch ( 2MlA ) +cos l':n:2 - 2Ml'B] · 
w;+wt 

[ ( 2MlA ) ]-1 · ch --- + cos l'n2 - 2Ml2B , 
Wi- (l)j 

where A, B, and l are parameters of the potential. 
When l << Wi, Wf we can go over from the Eckart po­
tential to a steep discontinuity in w (t). In that case 
R = (wf - wd /(wf + Wi)2. For an oscillator with a 
variable frequency this case was given in [gJ (the 
solutions of the problem of an oscillator are also de­
termined by Eq. (3) of [2J or Eq. (6) of [4 J). 

3. COHERENT STATES AND THEIR EVOLUTION 

Normalized coherent states of a charged particle 
moving in a uniform constant magnetic field were in­
troduced in [sJ. They can be written in the form 

(26) 

where the ln1, n2) are the time-dependent eigenstates of 
the Hamiltonian and the z-component of the angular mo­
mentum, and a 0 and {3 0 are arbitrary complex numbers 
with the following physical meaning: la0 1 determines 
the radius of the classical orbit, and {3 0 the coordinates 
of the center of the orbit. 

Using the operators (7) and acting upon IO, 0; t) with 
the Weyl operators D( a 0 ) D(/30 ) we can construct nor­
malized coherent states for the case with a variable 
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magnetic field 

which in Cartesian coordinates have the form 

+i l': a(x-iy)-ia~]. 
We construct in this way also the Green function for 

our problem* 

G(r2z2t2; rlzlti) = (2ni(t.- t1) / M)-'1•(2nip2Pl sin y)-t 

i . . 
X exp2 {[p2p2Rz2 - PtPtRt2]M/e + 2[RtRz]z} 

t, 

y = s d-r:/p 2; Rh = yerk/ Ph; <J:R k = q;rk + Yb (tk), k = 1, 2. 
It 

The operators A(t) and B(t) act upon the states (27) 
according to the formulae 

AJao, ·~o; t) = aolao, ~o; t), BJao, ~o; t) = ~olao, ~o; t). (28) 

These coherent states satisfy the Schrodinger equa­
tion in time and describe the most "classical" state 
in the same sense as the coherent states of a charged 
particle in a constant magnetic field. The center of the 
packet (27) moves along the classical orbit. 

For a constant field Hi (t - - oo) the states (27) are 
the same as the initial coherent states ic~ 0 , (3 0 ; i). We 
get at once from Eq. (21) the final expression for the 
coherent states (27) in the form 

1 [ JaoJ 2 l~ol 2 ] Jao, Po; co) =lflexp --2---2-+ aoA+(co)+ ~oB+(co) 

~ m 1 
X .E (- ~) ;;r-(At+)m(Bt+)mJO, 0; f). (29) 

mc=Q 

One verifies easily that the following formula holds: 

[ A+twtlm exp [1/. (J otol 2 + I ~oi2H I ilto, ~o; /) 

={(d d~ r exp[ 1/2(lzal 2+ hi 2)Jiza,zb;f)} (30) 
Za Zb za=a0zb =~a 

Using (16), the definition (26), and Eq. (30) we get after 
a few transformations 

I ~ . _ 1 [ I <>oP I ~·I' ~ u *] { ( TJ d' 1 ot0, l"'O• oo)- IU exp - T-T- otwob TJ . exp - T dzadzb) 

Xexp (ot0Tj*zb+ ~oTJ*Za+ 1/ 0 (Jzal 2 + JzbJ2)]J (za,zb;f) }za~••<'•i(Ya-Yb) . 
' ~M' (31) 

The final expression for the state la0 , {3 0 ; i) was ob­
tained as a series in the parameter 'f//~. Equation (31) 
also gives an expansion of I a 0 , {3 0 ; oo) in terms of the 
final coherent states Ia~, (3~; f). In the adiabatic approx­
imation we must put[21 p(t) = n-112(t) and Eq. (31) then 
gives 

t 

I ao, fh; co) =I llo exp [- J w(t') dt'] , ~o; /), (32) 

whence it follows that in the adiabatic limit the initial 

coherent states change to coherent final states, where 
the center of the orbit does not change, while the radius 
of the orbit changes in correspondence with the change 
in frequency, while a 0 is invariant. 

Using (21) and (27) we can easily evaluate the follow­
ing amplitudes: 

o,o 1 [ M IPol 2 tj'] A..,,~~o=(O,O;/I:xo.~o;t)=IIT"exp - 2 --2-+ao~oT , 

and also (33) 

A!:::~: = (f.lo,'Vo; !I ao, Po; t) = A~:g,exp[i Im(aof.lo'G* + lloVoTJ" 

+ ~of.loTJ' + Povo't;')], (34) 

where a'= a 0 - J.J.o~- vt'f/, {3' = {3 0 - J.J.t T/ - Vo~· 
Using the explicit form of the coherent states (27') 

and comparing it with the coherent states for a constant 
field [81 we find easily the explicit form of the functions 
(compare [21 ) 

Jnt, n·· t) =0, 0; t) ( -f)Pin, lf p! ( !..._1(1.) ln,-n,l/2 
V (p+Jnt-nzl)! ~ 

XLtn'-"'1 ( ;. r 2) exp {i [ (nz- nt)q; + n('(a + n2yb]}, 
(35) 

where p = i (n1 -ln2 - n1 1 +n2); cp, rare polar coordi­
nates, and ~(x) Laguerre polynomials. We can also 
calculate the transition amplitude f.or the from a co­
herent state to a Landau level: 

A n""'=Ao,olf n2! (-~)n'(~)n,-n,Ln,-n,(~) (36) 
"•· ~. "'" r. V n,! • s "' sTJ • 

b) When n1 < n2 Eq. (36) holds with the substitution 
a 0 ~ {3 0, n1 ~ n2 • In the coherent state (27) the distribu­
tions with respect to the quantum numbers n1 and n2 

which do not change with time are Poisson distributions 
(compare [81 ). 

In conclusion we note that in the problem discussed 
here there is a magneto-translational symmetry group, 
the operators of which are the Weyl operators D(A) and 
D(:i3) and, moreover, the whole spectrum of the problem 
is combined in one irreducible representation of the dy­
namic U(2, 1) group. These statements are a generali­
zation of the case of a constant magnetic field. [131 On 
the basis of what has been said we can give Eq. (23) for 
the probability a group theoretic meaning and also con­
struct the Bloch and Wannier functions of the given prob­
lem. Details of these results will be published in another 
paper. 

By diagonalizing the operators 1- (B + B +) and K one 
can easily construct a generalization of the Landau so­
lutions for a constant field. [lll 

The authors are grateful to D. A. Kirzhnits, A. A. 
Komar, and M. A. Markov for useful discussions. 
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