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A method is proposed for calculating the polarization and angular distribution of spin-1- particles and 
of quanta scattered by a plane layer of large optical density. The polarization of photons reflected and 
transmitted by an optically thick medium consisting of freely oriented particles (electrons, atoms, dust 
particles) is calculated on the assumption that the initial photon beam is incident of an arbitrary angle 
to the surface of the medium and possesses an arbitrary polarization. Analytic formulas are also ob
tained for the polarization of neutrons scattered by a plane layer of matter, the polarization being due 
to spin-orbit interaction with the nuclei. A numerical calculation carried out for the 0 16 nucleus shows 
that the polarization may be quite large. This permits one to obtain an intense neutron beam with a 
polarization of several tens of percent. 

1. INTRODUCTION 

A study of the polarization of particles and quanta 
emerging from thick layers of matter is of interest 
many problems in physics and astrophysics, since it 
yields information on the anisotropy of the scattering 
medium. Even in those cases when the investigator is 
interested only in the intensity of the outgoing radiation, 
its polarization cannot always be neglected. Generally 
speaking, the polarization and the intensity are deter
mined from a single system of coupled equations, which 
can be uncoupled only in those cases when the angular 
distribution of the radiation is close to isotropic. For 
thin scatterers, both the degree of polarization and the 
intensity of the radiation can be determined by solving 
the system of transport equations by successive approx
imations. We consider here multiple scattering of pho
tons, nucleons, and electrons passing through a thin 
plane layer of matter, thick enough to cause the radia
tion to propagate diffusely in the interior of the layer. 
As noted by the authors elsewhere, [11 in this case the 
polarization of the emerging radiation is determined 
completely by the very last collisions prior to leaving 
the boundary of the layer, since polarization does not 
arise in the diffusion process. This simplifies greatly 
the analysis, since it makes it possible to solve the 
problem of the intensity of the outgoing radiation, with
out taking into consideration its polarization, and then 
calculate the polarization. 

In the present paper we obtain a system of integral 
equations for the density matrix of particles and quanta 
scattered by a plane layer of large optical thickness at 
an arbitrary law of scattering by an individual force 
center. By solving this system of equations we calcu
late the polarization of the photons reflected and trans
mitted through an optically thick medium consisting of 
freely-oriented particles (electrons, molecules, dust 
particles). The initial beam is incident at an arbitrary 
angle to the surface of the medium and has an arbitrary 
polarization. We obtain also analytic formulas describ
ing the polarization of neutrons scattered by a plane 
layer of matter, which arises as a result of spin-orbit 
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interaction with nuclei. A numerical calculation carried 
out for the nucleus 0 16 at 400 keV shows that the polar
ization of the neutrons emerging from an optically thick 
layer can reach an appreciable value (up to 40%). Thus, 
an optically thick target can serve as an intense source 
of neutrons with high degree of polarization. The neu
trons leaving the target have an energy distribution 
with a maximum that depends on its thickness. If the 
thickness is chosen such that this maximum corresponds 
to an appreciable polarization in single scattering, then 
the emerging neutrons will be strongly polarized. 

2. FORMULATION OF PROBLEM 

Let the scattering medium be a plane layer of thick
ness 2L along the z axis and infinite in the two other 
directions. The particles of the scatterer are distrib
uted randomly in the layer with a concentration N0 • 

The intensity and the polarization of the particles with 
spin i and of the photons, as is well known, [al is de
scribed by a two-row density matrix Pa.f3 (n 11 z) (a., f3 
= -1, 1 (x, y)), where n1 is the direction of the scattered 
radiation. The sum of the diagonal elements of this ma
trix Pa.a. (n11 z) = 10 (n1z) determines the radiation inten
sity, i.e., the flux of particles through 1 cm2 per second 
and per unit solid angle. For photons it is convenient to 
use energy intensity units 10 (ergjcm2 sec-sr). The nor
malized polarization vector I (n1z) of particles with spin 
i is determined as the trace of the matrix &p (n 1z), 
where a is the well known Pauli matrix. The photon 
polarization is usually determined with the aid of the 
(non-normalized) Stokes parameters 11 , 12 , 13, the con
nection of which with the density matrix elements Pa.f3 
depends on the concrete choice of the coordinate sys
tem in which Pa.{3 is specified. Thus, if we choose as 
the polarization unit vectors the usual Cartesian vec
tors ex and ey, then 

I (ntz) = Sp ~P (ntz), JJ(ntz) = Sp ·aip (ntz); i = 1, 2, 3. (1) 

The transport equation for the density matrix (n 1z) is 
given by[1 • 31 
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+No J dn(tar(n1 n)rvv(nz)lv~+(n1n)> +Ra~(n,z). (2) 

Here a 0 is the total cross section for the scattering of 
particles of quantum with allowance for absorption, 
J. 1 = n 1ez, taf3(n1n) is the matrix for the scattering of 
particles (photons) from a direction n to a direction n1, 

Raf3(n1z) is the source radiation density matrix. The 
angle brackets ( ) denote averaging over the initial 
states of the target and summation of the final ones. 
Repeated indices will henceforth imply summation. 
The quantity 

Ba~(n1z) ==No J dn(tav(n1n)pvv(nz)tv~+(n1n)>, 

which enters in (2) determines the radiation density, 
i.e., the number of particles per cm3 per second per 
sr (ergjcm2sec-sr for photons). For the matrix Ba/3 
we can obtain an integral equation£1J by using the 
Green's function of Eq. (2). It is convenient to use a 
Fourier transformation in a finite interval 

n 

J dze-;"'Bar(n,z) = 2 exp(- iuL)KaB(n 1u). 
0 

(3) 

We introduce in place of u the dimensionless quantity s 
= u/Noa0 • The function Kaf3(n1s) satisfies the equation£1' 3 J 

KaB(n1s)= K~~' (n1s) + - 1- J dn J dq f(s ~ q) (lav(n1n)K.,(nq)t,~+(n1n)), 
1tcr o 1 + !qne, 

f(x) = x- 1 sin (xNocroL). (4) 

The free term K~b(n1s) describes the singly-scat
tered particles. Its explicit form is determined by the 
integral term (4), in which Kyv is replaced in accor
dance with (3) by the Fourier transform of the density 
matrix of the incident particles. If the matrix Baf3(n1z) 
is known, then the density matrix Paf3(n1, 2L) of the ra
diation emerging from the layer is determined in ac
cordance with (3) by simple integration: 

2L 

Pa~ (n,, 2£) = J dz sec it1Ba~(n,z )exp [- (2£- z )Nocro sec it!] 
0 

Analogously, for reflected radiation we have 

(5) 

pa~(n,, 0) = 2isec tttiexp(-NocroLisec it, I )Ka~(n,; i sec O,). (6) 

We put in (4) s = i sec J. 1 and integrate with respect 
to q, using the analytic properties of the function 
Kai3(n1q) with respect to the v~riable q. Using the con
nection between the matrices p and :R:, we obtain 

pa~(n1z)= Xo (lav(n,no)I~~ (no)lv~+(n,no)) [exp (- 'toZ ) 
cro(X! + flXo) x,L 

- exp (- 2'to - 2(1 ~- z ) ] + 2 exp ( - 2(1_ ~) ~J ____r!Jt__ 
Xo x 1 L x, Xo cro x, + flX 

x(tav(n,n)Kvv (n,~)t,s+(n1n) )+ _!_ J dn--x- (tar(n,n) 
X! f5o Q- X! + flX 

( 'to 2L- z) X(lav(n,n)pvv(n,2L)lvB+(n,n)) exp ---- . 
x 1 L 

(7) 

We have introduced here the following notation: T0 

= N0 a0 L, z is equal to zero or 2L, x0 =cos J. 0 , x =cos J., 
x 1 = I cos J. 1 1, cos J. = nez, 1.1. is equal to 1 or -1 for ra
diation reflected from or transmitted through the layer, 
respectively. The integration over the region rt is with 

respect to cp from 0 to 21T and integration with respect 
to J. from 0 to 1T /2; the integration over the region n- is 
with respect to J. from 1T /2 to 1T and with respect to cp 
from 0 to 21T; I:;h(n0 ) is the density matrix of the inci
dent radiation. 

In general it is impossible to solve Eq. (7). How
ever, for a medium with large optical thickness ( T 0 

» 1) we can propose the following approximate solution 
method. As follows from the results of £l, 3 J, the Stokes 
parameters of the scattered radiation, describing the 
polarization, are small compared with the intensity of 
scattering I0 at large distances from the source. This 
effect can be easily explained as being due to diffusion 
of the radiation, which decreases the anisotropy of the 
radiation flux at large distances. We can therefore ex
pect the polarization of the radiation to be small inside 
the plane layer, at distances larger than the mean free 
path from the boundary of the medium, i.e., where the 
motion has a diffusion character. The main polariza
tion of the emerging radiation is due to single scatter
ing near the layer boundaries. The foregoing physical 
considerations allow us to choose as the zeroth approx
imation for the radiation passing through the layer Pa/3 
= { 6ai3 I0 , where I0 is the scattering intensity, i.e., the 
solution of Eq. (7), in which we neglect the polarization 
terms in the single-scattering matrix ta/3· After making 
the substitution Pa/3 = i 6ai3 I0 in Eq. (7), we determine 
the density matrix Paf3• and consequently the polariza
tion vector I in the first approximation. Substituting the 
obtained results again in (7) we obtain the value of the 
polarization vector I in the second approximation, etc. 

Since our method of calculating the polarization is 
applicable only to optically thick layers (2T0 » 1), we 
can choose as the zeroth approximation for the inten
sity Paa the solution of Eq. (7) with a differential scat
tering cross section averaged over all angles 

1 
- Jdn,(tav(n,n) lva+(n1n) ). 
8.n: 

The corresponding expression for the intensity of scat
tering with a plane layer of large optical thickness 
(2T 0 » 1) is given by£4' 5 J 

(8) 

1 1 H( ) H(x)=1+~xH(x) Jdy--Y-. 
2 0 .:r+ y 

(9) 

Here I~0 > is the intensity of the incident radiation, H(x) 
is the tabulated Chandrasekhar-Ambartsumyan func
tion, £4• 5 J p = 1 - asa~1 is the probability of the true ab
sorption of the particle or quantum in the elementary 
scattering act, as is the total cross section of elastic 
scattering of a particle or a quantum. 

Formulas (8) are valid in the case of weak absorp
tion in the medium and large optical thickness: p « 1, 
T 0 >> 1, -/3P T 0 << 1. In practice it turns out, however, 
that they describe well the scattered radiation starting 
with 2T0 ~ 3. [eJ In the case of anisotropic scattering, 
the dependence of I0 (n 11 2L) on x0 and To will generally 
speaking be different than in (8), but the dependence on 
the cosine of the scattering angle x1 is close to H(x1). £7 ' 8J 
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For example, it is shown in [aJ that in the case of an 
anisotropic scattering cross section 1 + K1P1 (cos .9-1) for
mulas (8) remains valid provided T 0 is replaced by 
T 0 (1- Kd3}. Thus, the function H(x1) always charac
terizes the angular distribution of diffusely-scattered 
radiation. Therefore also in the general case of aniso
tropic scattering, it is possible to choose as the zeroth 
approximation for the radiation density matrix 
Pa(3(n1, 2L) 

p~~ (nt.2L)= 1M>a~A(xo,'t0,p)H(xi). 

The quantity A (x0, T 0, p) remains unknown, but when the 
normalized Stokes parameters 

61(n,, 2L) = Ii(n~, 2L) I Io(n~, 2L) 

are determined, this quantity cancels out. The uncer
tainty of A(x0, T0, p) likewise does not interfere with 
refinement of the angular dependence of the radiation 
emerging from the layer: 

/ 0 (x 1, 2L)""' l0 (x~, 2L) I 10 (0, 2L ), 

which we shall henceforth call the normalized intensity. 
Substituting p~~(n11 2L) in (7), we obtain the density ma
trix Pa(3(n1, 2L) in the first approximation: 

(I) A [ s 1 + pa~ (n,, 2L)=- x1H(x1) dn--(tav(n1n)tv~(n,n)) 
20'o x1 -x 

+ Ji dn xH(x) (tav(n 1n)t,~+(n 1n))!) + O(e-2'•). (10} 
x-xt 

Q-

An appreciable contribution to the polarization of the 
radiation reflected from the layer is made by the singly
scattered particles, the density matrix of which is de
termined by the first term in expression (7). We there
fore take as the zeroth approximation of the matrix 
p 01f3(n1, 0} a matrix whose intensity {diagonal elements) 
coincides with 10 (n1, 0} from (8), and whose polarization 
(nondiagonal} elements coincide with the polarization 
(nondiagonal} elements of the density matrix of the 
singly-scattered particles: 

(0) 

~( OJ- 1 [flo (1-p)xoH(x0)H(x1) + x0 !<'>( )~] 
p Dt. -2 4n x0 +x1 x0 +x1 1 111 0'£ · (11} 

Here 
f;'> (n1 ) = SpcJi (t(n,n0)I<0>(n0) t+(n1n0) )a0- 1, 

and f is a unit matrix. Since the first term in (7) takes 
exact account of the singly-scattered particles, and ex
pression (8} for 10 (n11 0) describes with sufficient ac
curacy the particles scattered twice or more (at not 
too an anisotropic cross section and in the case of 
small absorption p « 1 ), it follows that our method 
gives a complete quantitative description of the re
flected radiation. Substituting (11) in (7), we obtain the 
first approximation for Pa(3(n1, 0}: 

~ x0 ~ ~ ~ 1 J x, 
p<1>(n,,O)= (t(n1n0)/C0>(n0)t+(n1n0)) +- dn--

O'o(xo+x,) 20'0 x+x1 

X ( t(n1n) [f loco> (1- p)H(x0)ll(x1)+ Jj~> (n)a1 ]t+(n1n)) ~ 
~ ~+~ 

1 s X < ~ [ /~0) (I) ] ) +-9- dn-- t(n,n) I-~-(1-p)H(:c0)II(x,)+l; (n)o; t+(n1n) 
~O'o.,_ x+x1 m 

__ x_o_+O(e-t•). (12) 
xo+lxl 

Thus, the problem has been reduced to a calculation 
of the integrals (10} and (12}. After calculating these 
integrals, we can easily write down with the aid of (7) 
and (8) expressions for the density matrix Pa[3 in the 
second approximation {p~~) etc. Formulas (7)-{12} 
enable us to calculate the polarization of particles 
with spin t and of phonons when scattered by a thick 
layer of matter. They can also serve for a refinement 
of the angular dependence of the radiation emerging 
from the layer. 

In concluding this section, let us discuss briefly the 
question of determining the polarization of particles in 
the case of inelastic scattering. If the incident particle 
has experienced many collisions in the medium, so that 
its final energy is E1 << E0, then its angular distribu
tion on emerging from the layer will, first, be indepen
dent of the energy and, second, have a diffuse character, 
i.e., it is described by the function H(x1). [l,sJ In this 
case the scattering intensity is given by 

lo(n~, 2L) = A,(Et)H(xt), / 0 (n1, 0) = A 2 (E1)H(x1). 

This makes it possible to calculate the polarization by 
using formulas (7)-(12), in which the matrix t 01(3(n1n) 
is replaced by t 01{3{pJ>) -the matrix for the scattering 
of a particle from a state with momentum p into a 
state with momentum p1, and by integrating with re
spect to p. In the case of elastic scattering, t 01{3{pJ>) 
= o (p1- p)t01(3(n1n). 

3. INTENSITY AND POLARIZATION OF PHOTONS 

Let us consider the intensity and polarization of 
photons scattered by a thick plane layer of matter con
sisting of freely oriented particles. The brackets in 
formula (7) denote in this case averaging over the ori
entation of the scattered particles. The photon density 
matrix Pa{3 is conveniently written in terms of cyclic 
coordinates with unit vectors 

X-! = -(ex+ iey)/ '(2, Xo =e., X+ I =(ex- iey)[y2. 

In this case the connection of the intensity 10 and of the 
Stokes parameters 11, 12, 13 with the elements of Pa{3 is 

(13} 

The photon scattering matrix t 01{3(n1n0) is connected with 
the polarizability tensor of the scattering particle Olik• 
for which there is a known expression in terms of the 
matrix elements: [2J 

ta~(n,no)=k2Dd;{+ (!!oi)an~(~odno); a,~=±1, n=O,±L (14} 

Here k = w jc is the wave number of the photon, n0 and 
n1 are the unit vectors of the photon directions prior to 
scattering and after scattering, 0 01 is the aggregate of 
the Euler angles (0101' {3 011 y 01) on going over from a co
ordinate system with z axis along n0 to a coordinate 
system with z' axis along n1. The components of the 
polarizability tensor Olik(f301 l n0) in (14) have been taken 
in a coordinate system with the z axis along n0. The 
Latin indices in this section run through the values 0 
and ± 11 while the Greek indices assume only the values 
± 1. D~n(fl01 ) is an element of the Wigner rotation ma
trix;[10l its explicit form is given, for example, in [2• 11J. 

Expressions (7) and (8) contain the quantity 
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Aayvi3(n1n) = (tay(n1n) t~13(n 1n)) o-~1 • Substituting (14) 
in it and averaging over the orientations of the scat
tering particle, we obtain[31 

Aarv~(ntno)= bt(Pto)D!f (Oot)D~J (!lot)+ b2(Pta)lia~llvv 
. k 4 [ a<•> a<•> ] (1)+ (1) (1)+ (t) 

X llrv- W--6 [Da-v (Oot)D-v~(Qot)-Dav (Qot)Dv~ (!lot)], 
Oo (15) 

where b 1(i301 ) and b2 (/301) are invariants and are connected 
with the components of the scalar (a<01 ), symmetrical 
a~>), and antisymmetrical (am:>) parts of the polariza
bility tensor aik of the particle in the following manner: 

a;A(Podno)= 1/all;Aa<•> +a~~+ af:~ 
k-'crobi{~oi) = a<•>(~oi) + 1/ao(a<•>(~oi) -5a<•>(~oi)), 

k-•crob2(~oi) = 1/IOa<•>(~oi) + 1/sa<•>(~oi); 

i,R. 

i, k 

(16) 

The last term in (15) makes a contribution only to 
the intensity of the circularly polarized radiation Ia. As 
is well known, [3• 41 , a separate equation, not connected 
with the other Stokes parameters and with the intensity, 
is obtained for Ia from (2) and (14). On the other hand, 
the parameters 10, 11, and Ia are likewise independent 
of Ia. Therefore, in determining the intensity 10 and the 
linear polarization 11 and 13 we can use (15) without the 
last term. We shall not calculate the circular polariza
tion here. We note that it can occur only in radiation 
reflected from a thick layer, if the photon beam inci
dent on the layer is already circularly polarized. There 
can be no circular polarization in radiation emerging 
from a thick layer of matter, since the initial circular 
polarization decreases rapidly with depth (like e-0 • 857), 

and the scattering of unpolarized or linearly polarized 
radiation does not produce photons with circular polar
ization. 

We find first the density matrix Pai3(n1, 2L) of the 
radiation emerging from the layer. To this end we sub
stitute (15) in (1 0) and calculate the integrals. Expres
sion (10) can be easily calculated in the case when the 
invariants b 1(cos /3 01) and ba(cos i3od do not depend on 
the angles. This condition is satisfied in the highly 
prevalent and important case when the wavelength of 
the photon is much larger than the dimensions of the 
scattering particle. Using the known properties of H 
functions, [4' 51 we obtain for P:ib(n10 2L) the following 
expression at p = 0: 

<O A [ 1f2 2~-a <2> paa(n,,2L)=- lla!P(x,)+3:n:b, y -Ctpt-aDo~--a(Ozt) 
2 2 3 
x( H•+H1x1 - 3 H(x1))]. (17) 

Here ct~tzama is a Clebsch-Gordan coefficient, Hn 

] dx xnH(x) is the moment of the H-function, H0 = 2, 
0 
H1 = 1.155, Ha = 0.822; H3 = 0.639, H4 = 0.524. In the 
calculations we have used the well known relation:[31 

1 - p = (S:n: I 3) (b1 + 8b2). 

For purely scalar (Rayleigh, Thomson) type of scat
tering (ba = 0, b 1 = 3 (1- p)/87T) and for p = 0, results 
of a numerical solution of the transport equation for 

IQ 

2 

0 

FIG. I. Polarization and angular distribution of photons passing 
through a layer, in scalar type of scattering. The solid curves were ob
tained by numerically solving the problem, and the dashed curves were 
obtained from formula (17), while the dash-dot curves from (18). a
Ambartsumyan-Chandrasekhar function at p = 0. 

this problem are given in [5• 1a1 A comparison of the 
results given by formula (17) in this particular case 
with the results of numerical calculation is shown in 
Fig. 1. We see that the angular dependence of the ra
diation practically coincides with the exact angular 
dependence, and the degree of polarization in the en
tire interval of angles is smaller than the true value 
by approximately one-half. 

Let us find the density matrix Pai3(n1, 2L) in the 
second approximation. To this end we substitute (17) 
in (7) and carry out elementary integration. As are
sult we obtain 

1/ 2 H-« (2) + nb, V 3C,~i-a Do P-a(O,t) · [3(H.+H1x1)-H(xt) 

+4:n:bl('hsNo(XI) - 1"f21N2(XI) + 12/ssN4 {x1))]}. (18) 

The explicit form of the functions Ni (x1) is 

No(x)=~ (ll2 -H,x)[ 1+xln(1+! )] + ~g -2H(x), 

3 13 
N2(x)=H(x)+T{H2 +H1x) [cp2 (x)-1J+g' 

J1 P n (y} 3 ( 1 ) 
q>n(x)=x dy x+ y, q:2{x)="'4x(1-2x)+xP2 (x)ln 1 +-;- , 

0 

X ( 35 55 25) ( 1) cp,(x)=s -35x3+ 2 x2 +-gx-4 +xP,(x)In 1 +-:;:- . (19) 

Using (13) and (18), we can easily obtain expressions 
for the degree of linear polarization ~~a1 (n1, 2L) and the 
normalized radiation intensity J~a1 (n 1, 2L) in the second 
approximation. A plot of ~~a1 (n 1, 2L) for the particular 
case of purely scalar scattering is shown in Fig. 1. 
Comparing it with the results of the numerical solution, 
we see that the second-approximation formulas describe 
well the polarization of the radiation emerging from the 
layer. The formulas for ~~a1 (n 1, 2L) and J~21 (n 1, 2L) do 
not depend on the concentration of the scatterers N0, 

since the polarization in the angular distribution are 
determined by the last scattering acts. 
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a FIG. 2. Degree of linear polarization 
~3(x 1 2L) in the case of scalar (a), sym
metrical (b), and antisymmetrical (c) 
types of scattering. 

Figure 2 shows also the degree of linear polariza
tion ~ 3(n 1, 2L) in the general case when all three types 
of scattering are present in the medium (scalar, sym
metrical, and antisymmetrical). We see that in this 
case the dependence of the degree of polarization in 
the scattering angle is the same as in pure scalar 
(Rayleigh) scattering, but the maximum value of the 
polarization is much smaller and depends only on b 1• 

This factor characterizes the decrease of the degree 
of polarization of the radiation under the influence of 
the depolarizing effect of the scattering by the aniso
tropy fluctuations. It can assume different values, de
pending on the relative contribution of the different 
types of scattering (scalar, symmetrical, and antisym
metrical) to the cross section. Thus, in scalar Rayleigh 
scattering (a<s> = a<a> = 0), we have b 1 = 3/87T and b2 
= 0. For purely symmetrical types of scattering (a <o> 
= a<e> = 0) we have b 1 = 3/807T and b2 = 3b1, and for anti
symmetrical scattering (a<a> = a<s> = 0) we have b 1 

= -b2 = 3/167T. 
Thus, measurement of ~ 3 can serve as a means of 

obtaining information concerning the presence of any 
particular type of scattering in a medium. 

Formula (18) also yields the polarization and the 
angular distribution for Compton scattering of photons 
by free electrons, if the photon energy is~ 100 keV. 
This scattering is pure scalar: b 1 = 3 (1- p )/87T, b2 = 0. 
In isotropic scattering (b1 = 0, b2 = 1/87T), as expected, 
the density matrices p~k(n 1, 2L) and p:;k(nu 2L) are 
identically equal to the matrix p~}3(n 1, 2L) = -} liaf3H(x1). 

The density matrix p~}3(n1, 0) of the radiation re
flected from the layer is determined from (12). Substi
tuting (15) in (12) and carrying out simple integration, 
we obtain 

1 , I 2 <•> 2 a-a <2> ( 3 
+ 4 V ;/w (no)Ct~ t-a Du ~-a(!lH) -z-H,(i- p) (xu+ x,)H(xo) 

+ (3px12 -1)H(xo)H(xt)- ZP2(xo) + 2"VpH(xo)P2(xo) 

- 2{p l!(xo)P2(xt)]} + M>a~l~~ (no)-x-0-ll(xo)lf(xl). (20) 
xo+ x1 

Equation (20) implies summation over j = 0, 2, 4 and 
n = 0, ± 1, ± 2. 

Let us discuss now the accuracy of expression (20). 
In the case of purely isotropic scattering (b1 = 0, b2 
+ (1- p)/8rr) the formula gives an exact solution of the 
problem. This is natural, since (9) is, by definition, 
the solution of (12) in the case of isotropic scattering. 
For this reason (20) will be a good approximation for 
(n1, O) if b1 « b2. The accuracy of formula (~0) in the 
opposite limiting case of pure scalar scattermg (b1 
= 3 (1- p)/87T, b2 = O) can be estimated from a compari
son with some numerical solution of the problem. In 
c5• 12J are given the results of a numerical solution of 
the problem for the case of unpolarized radiation per
pendicularly incident on the layer. In Fig. 3 are shown 
the intensity and the polarization, calculated from for
mula (20 ), as well as their exact values taken from c5 J. 

The error of our approximation for the intensity of the 
reflected radiation is maximal in a direction parallel 
to the surface of the layer (J. 1 = 7T/2), and is equal to 
8%, while for polarization the error amounts to 18%, 
inasmuch as the polarization decreases with decreasing 
angle J.1. Since the contribution of single-scattered pho
tons to the intensity of the reflected radiation increases 
in the case of oblique incidence of the beam, one should 
expect formula (20) to be more accurate in these cases, 
since formula (20) takes exact account of the singly
scattered photons. For an extensive class of problems, 
particularly in astrophysics, such an accuracy is per
fectly adequate. We therefore do not present formulas 
for p~~(nu 0). 

FIG. 3. Polarization and intensity of radiation reflected from a layer 
for the case when unpolarized photons are perpendicularly incident on 
the layer: a and b - exact intensity of polarization in scalar scattering, 
c, d, e, and k, I, m - intensity and polarization in scalar, symmetrical, 
and antisymmetrical types of scattering, calculated from formula (20). 
The values of curve l have been magnified I 0 times. 

Figure 3 shows also a plot of the reflected radiation 
in the case of a general type of scattering in a medium 
following perpendicular incidence of an unpolarized 
beam of protons on the surface of a plane layer. 
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4. INTENSITY AND POLARIZATION OF PARTICLES 
WITH SPIN-! 

Let us consider the problem of determining the po
larization and the angular distribution of particles with 
spin { , emerging from a plane layer of large optical 
thickness 2T0 » 1. The nuclei of the target are as
sumed to be unpolarized. In this case the scattering 
matrix of particles with spin-! is given by[2• 131 

t(n,no) = l/(~01)- ig(~o!)oTol, To!= [non!] (sin ~01 )-1. (21} 

The functions f ({3 01 } and g ({3 01 ) can be expanded in par
tial waves: 

l=O 

Here k is the wave vector of the incoming particle; l:iz 
= l:iz+1;2 and l:iz = l:iz_ 112 are the scattering phases. 

The quantity (f (n1n0 ) f' (n1n0 }), in the coordinate sys
tern connected with the mass center, is given by[141 

= 
k2(t(n1no)t+(n1no)) =f LB1P,(cos ~o1 ) (23) 

l=O 

= 
+ ~[n0n.) 1:, C,dP1(cos ~o•)/d cos ~o1 , 

l=i 

J1+'f2 J2+lf2 

B, = L L L L Z2(i,J,hl.; 'hi) 

·sin <'h,1 , s1n 61,1 , cos( 61,1,- 61,1,), (24} 

C,=( ~i~:: :; )"' L Ll: 1: (-1)MI~I+'I•Z2(l,l.l.J2; '/2l) 
,JI h l!' 12 

X X (11111/ 2; / 2121/ 2; ll1) W-1 (11111212; 1/21) sin b1,J, sin 61,1, sin ( 61,1,- 61,1,). 

Here W (l1J 1Z;J2 ; {l) is the usual Racah coefficient, 
X(J1Z1i-; Jzl2i-; ll1} is the Fano function; the coefficient 
Z is expressed in terms of the Racah coefficients and 

the Clebsch-Gordan coefficients cfr!j'm': 

Z (l,J112h sl) = il-i,+l,j(2l 1 + 1) (2!, + 1) (2!2 +1) W (l,J1l 2l2; sl)Cf~,,o, 

and l:izJ are the corresponding scattering phase shifts. 
An analytic expression for the density matrix of the 

transmitted radiation can be obtained by substituting 
(23} in (10}. However, since the transport equation is 
written in the laboratory coordinate system, the ex
pression for the density matrix (10}, following substi
tution of (23 ), is valid only for scattering of neutrons 
by heavy nuclei, when the recoil of the nucleus in scat
tering can be neglected. For light and medium nuclei, 
the recoil of the nucleus plays an important role in the 
scattering process and must be taken into account. To 
this end it is necessary first of all to write down the 
expression for the transition probability (23) 
(t(n1n0 )f'(n1n0 )) in the laboratory system, which can 
be readily done by using the well known formulas for 
the conversion from the c.m.s. to the laboratory sys
tem (see, for example [131 }. The formulas (8} for the 
scattering intensity are themselves valid only in the 
case of pure elastic scattering in the laboratory frame, 
i.e., only for heavy nuclei. However, as stated in Sec. 2, 

in the case of inelastic scattering the intensity of the 
particles passing through a plane layer of large thick
ness is of the form I0 (nl> 2L) = A1(E1 ) H(x 1}. The coef
ficient A1 is determined by the cross section of the 
elementary act of inelastic interaction. It was calcu
lated in [sJ for the case when it is possible to neglect 
the anisotropy of the neutron scattering and the depen
dence of the scattering cross section on the energy in 
the c.m.s. 

As follows from the results of that paper, the neu
trons emerging from an optically thick layer have a 
broad energy spectrum, the maximum of which takes 
place at an energy E1 given by the expression 

E, ~Eo exp [ -6-rov(i- '/sv) ], (25} 

where y is the reciprocal mass number of the nucleus. 
Formula (25) can be used for estimates in the general 
case, when the neutron scattering cross section in the 
c.m.s. is anisotropic and depends on the energy. Thus, 
if a beam of neutrons with energy E0 is incident on a 
plane layer of thickness 2T0, then the scattered neu
trons will have, in the main, an energy E1 determined 
by the expression (25), and will be polarized. The po
larization of the neutrons is determined by formula 
(20}, if we substitute in it expression (23), transformed 
to the laboratory coordinate system. The normalized 
polarization does not depend on the concrete form of 
the coefficient A1(E 1). 

We shall not present the explicit form of (10} in the 
general case, and confine ourselves to the case of prac
tical interest, when it is possible to retain in the ex
pansion (22} only the Sand P waves. This corresponds 
to a scattered-particle energy not exceeding 10 MeV. 
In this case the calculation of the polarization by means 
of formula (10} yields 

nA1 
J(ll(n1; 2L)=-[e,n.]P(x1 ), 

cro 
P(x1) =2HI(C1 -3yC2) +3(C2+yC1)x,[3(H2+H1x,) -2H(x,)] 

+ 12yC2 [ (5x 12 - 1) (Ifs + H2x1 + H,x,2 - 2/sx,H (x,)) 
+ (1- 3x12 )Hi] + 0(2y2). (26) 

We get accordingly for the scattering intensity 

I~l) (n~, 2£)= !utA, {BoH(x,) + (~s, + yBo + ;_yB2) H,P,(x) 
cro 2 ;:, 

+ 3/.(B2 + 2yB1) (H2 + H,x,- 2/sH(xJ) ]P2(xt) + 3yB2[Hs + H2x1 

+ H 1x 12- 3/ 5H 1 - 2/ 3J: 1H (x 1)] P3 (x,)} + 0(2y2). (27} 

It is easy to see that the normalized polarization vector 

q,(1l(n1, 2£) === J(ll(n 1, 2£) / fo (n,, 2L) 

and the normalized angular distribution 

/ 0(1) (n1, 2£) === lo(l) (n~, 2£) /lb1) (x1 = 0, 2L) 

do not depend on the unknown constant A1 or on the total 
cross section a0 • 

By way of an example of the application of the ob
tained formulas (26) and (27), let us calculate the angu
lar dependence and the polarization of the neutrons 
emerging from an oxygen target. At an energy of ap
proximately 435 keV, there is in oxygen 0 16 a resonance 
for neutron scattering, connected with the state t ·. At 
this energy, the only scattering phases that can be re
garded as significant are Sand P 3 ; 2 (see [151 ). 

Figure 4 shows the values of I ~ 0>(nH 2L)I and 
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FIG. 4. Absolute value of the normalized polarization vector of 
400-keV neutrons emerging from a thick layer of oxygen (a), normal
ized neutron intensity J 0<1>(x1, 2L) (b), and the Ambartsumyan-Chand
rasekhar function at p = 0 (c). 

Ju>(x1, 2L) at 400 keV. As seen from the figure, the 
neutron polarization is quite appreciable. Its maximum 
value reaches 41%. The angular distribution (27) is 
hardly different from H(x1) in this case, thus proving 
the correctness of the choice of the H-function as the 
zeroth approximation. The accuracy of formulas (26) 
and (27) can be estimated, just as in the case of photon 
scattering, by a comparison with the second approxi
mation for I (nu 2L) and Io(n1, 2L), which can be readily 
obtained by substituting (26) and (27) in (7). As such an 
estimate, we can calculate p:;h(n1, 2L) for x 1 = 0: 

(2) ( 0 1 s (I) PctP Xt= ,2L)=- dn(t,.1 (ntn)pyv (n,2L)tvp+(n1n)). 
Oo D+ 

(28) 

An estimate by means of (28) for the case of neutron 
scattering by oxygen shows that the accuracy of the 
method is not worse than 7% for the polarization and 
SO..tJ for the angular distribution. 

In concluding this section, let us discuss the applic
ability of the polarization-calculation method described 
above to those cases when the scattering cross section 
is strongly elongated forward (Coulomb scattering of 
particles, scattering of light by large dust particles). 
In this case the condition 2T0 » 1 is necessary but not 
sufficient for complete isotropization of the scattered 
radiation. A characteristic quantity describing the iso
tropization of the scattered radiation is the so-called 
transport mean free path of the particle in the me
dium [7 ' 16J 

AT= A[J dn(1-costt)a(tt)a0- 1]-•, 

where A is the mean free path of the particle (or photon) 
in the medium, a(.J) is the differential cross section for 
scattering through a given angle. If the layer thickness 
2L is much larger than the transport mean free path, 
then the motion of the particles in the medium has a 
diffuse character, and the angular distribution of the 
particles is well described by formula (8). The polari
zation of the particles in this case turns out to be small, 
and is proportional to the ratio (A/ AT) « 1. The rea
son for the smallness of the polarization in this case 
is the effect of multiplicity of the scattering, the result 
of which is that practically isotropic radiation is inci
dent on the layer, of thickness A, responsible for the 
polarization. The main contribution to the radiation 

scattered through a given angle is made by particles 
that are deflected by small angles. The number of such 
particles is proportional to AT. Their polarization is 
practically zero. The number of particles scattered 
through a large angle and having an appreciable polari
zation is small, ~A. Therefore the polarization is very 
small in this case, ~A/ AT. In ordinary experiments 
with single scattering, the beam has a strictly fixed di
rection, and the greater part of the particles (or quanta), 
which is scattered at small angles and has no polariza
tion, makes no contribution to the large-angle scatter
ing intensity. And although the number of particles scat
tered through a large angle is small, their polarization 
can reach an appreciable value ~sin .J 1• If the thickness 
of the layer satisfies the condition A« 2L «AT, then 
the angular distribution of the scattered particles has a 
maximum in the region of small angles. [7 • 16J In this re
gion of angles, the particle polarization is small. The 
electron polarization in the case of small-angle Cou
lomb scattering was calculated, for example, in [l7J. 

5. CONCLUSION 

One of the most important problems of scattering 
theory is the determination of the properties of a scat
tering medium from the intensity and polarization of 
the scattered radiation. In particular, an important 
problem is the determination of the invariants a <o>, 
a<s>, and a<a> of the scattering tensor of the medium. 
As is well known, in laboratory experiments with single 
scattering of natural light, the angular dependence and 
the polarization of the scattered radiation depend only 
on one parameter b 1, which is a linear combination of 
the invariants of the scattering tensor (Eq. (16)). In 
astrophysics we frequently deal with an optically thick 
scattering medium. In this case, as we have already 
seen, the angular dependence is practically independent 
of the pattern of scattering from an individual force 
center (Eq. (8)). Therefore the only source of informa
tion on the parameter b1 of the scattering tensor is mea
surement of the degree of linear polarization of the 
scattered radiation, which does not depend on b 1• A 
second relation for the determination of the invariants 
is the connection between the probability of the true ab
sorption p and the parameters b 1 and b2, namely 1- p 
= 81T (b1 + 3b2)/3. A third relation can be obtained by 
measuring the circular polarization of the scattered 
light, under the condition that the degree of circular 
polarization of the radiation source is determined with 
the aid of an independent experiment. If we confine our
selves to the measurement of linear polarization, we 
cannot determine uniquely all three invariants of the 
scattering tensor, but nevertheless we can decrease 
the arbitrariness of the choice. Thus, we can obtain 
information concerning the presence of any particular 
type of scattering in the medium (scalar scattering: 
b 1 = 3/81T, b2 = 0; symmetrical: b 1 = 3/801T, b2 = 3b1 ; 

antisymmetrical: b 1 = - b2 = 3/161T). 
As to neutrons, we have already shown that an opti

cally thick target can serve as a source of neutrons 
with a high degree of polarization. Unlike the case of 
single scattering, we gain also in the total intensity of 
the neutrons, although we lose in the degree of polari
zation of the beam. 
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