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The density of states arising in the forbidden band of a strongly doped semiconductor as a result of 
charged-impurity concentration fluctuations is considered. It is shown that sufficiently deep in the 
forbidden band the state density is determined by clusters of attracting impurities; these clusters 
form multicharged nuclei of atoms whose ground hydrogen-like states realize the energy required. 
The state density decreases with increasing tail depth like ln p(€) ~ IE ln € for random distribution 
of the impurities and like ln p(€) ~- €3/ 2 if a correlation exists in the impurity distribution due to 
mutual repulsion during preparation of the sample. It is shown that the frequency dependence of the 
inter band light absorption coefficient in the deep tail reproduces the state density. 

1. INTRODUCTION 

IN strongly doped semiconductors at low temperatures, 
there exists intraband absorption of light at frequencies 
smaller than the width of the forbidden band. This ab
sorption is connected with the electronic states that 
arise as a result of fluctuations of the concentration of 
the charged impurities. 

We shall show that at a sufficient depth in the forbid
den band, the density of states is determined by clusters 
of attracting impurities, producing multiply charged nu
clei of atoms whose ground hydrogenlike states realize 
the required energy. The Bohr radius of such a state 
turns out to be large compared with the optimal dimen
sion of the nucleus. It is important that the dimension 
of the cluster and the Bohr radius are small compared 
with the screening radius, so that the nucleus can be 
assumed to have a Coulomb potential. (Screening in 
strongly doped semiconductors is effected by electrons 
located near the Fermi surface.) The principal term 
of the logarithm of the density of states p(€) then takes 
the form 

In~=- l/ 8 In [(~) 2~] 
p(O) V En En 1Ya" ' 

(1) 

where € is the energy reckoned downward from the bot
tom of the conduction band, EB = ti2 /2ma2 is the ioniza
tion energy of the isolated singly-charged impurity 
atom, a= ti2K/me2 is the Bohr radius of this atom, K is 
the dielectric constant, m is the effective mass, N is 
the concentration of the attracting impurities, and 
D(E) is a dimensionless quantity that depends loga
rithmically on the energy. 

In an earlier paper[ll we presented a qualitative 
derivation of (1 ), where it was assumed that the fluctua
tions are uniformly charged spheres. This method 
makes it possible to determine the factor preceding 
the logarithm in (1), but does not make it possible to 
determine the function D(E). We show in the present 
paper that the axial distribution of the impurities in 
the nucleus is Gaussian. 

Formula (1) is essentially connected with the pro
posed random distribution of the impurities. In semi
conductors, however, this assumption is not always 

satisfied. Usually the samples are made of an alloy 
or are subjected to high-temperature treatment. The 
diffusion coefficient of the impurities depends expo
nentially on the temperature, decreasing rapidly at a 
certain temperature T0 (T0 = 900°K for Cd impurities 
in CaAs). At low temperatures, therefore, the spatial 
correlation of the impurities can be taken into account 
by assuming it to be the same as in an equilibrium gas 
with temperature T0• Naturally, the probability of pro
duction of the nuclei that lead to the density of states 
(1) at sufficiently high energies € will be greatly re
duced by the Coulomb repulsion of the impurities mak
ing up the nucleus (this effect was discussed in [2J). We 
shall show that when 
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8 > T0L, L= In [ ( ;: )"D~::)] (2) 

the correlation in the arrangement of the impurities 
causes the dimension of the nucleus to become of the 
order of the corresponding Bohr radius, and (1) is re
placed by 

(1 ') 

where C is a number determined by solving the dimen
sionless equation (26). The derivation of formulas (1) 
and (1 ')is obtained within the framework of the effec
tive-mass method. Their validity is therefore limited 
to energies that are small compared with the width of 
the forbidden band. We shall prove in Sec. 5 that the 
frequency dependence of the coefficient of interband 
absorption of light at frequencies below the Berstein
Moss threshold reproduces directly the density of 
states (1) and (1 '). 

2. PRINCIPAL EQUATIONS 

Let us consider an electron in the field of attracting 
disordered impurities whose potential is of the Cou
lomb type at small distances. It will be clear from the 
following that the interaction between the electrons 
does not influence the results. Our theory will be based 
on the method proposed by I. Lifshitz. [aJ 

We are interested in energies € » EB. Such levels 
can be obtained only as a result of clusters of a large 
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number of impurities. Obviously, the wave function of 
the electron in the ground state changes little over 
lengths on the order of the distance between the im
purities and the clusters. Therefore the fluctuation 
can be characterized by the macroscopic concentration 
of the excess impurities ~(r). The probability of the 
fluctuations ~ (r) is exp (- n { ~} ), where in accordance 
with the minimum-work principle, the functional n{~} 
is given by 

• e2 J ~(r)£(r')d3rd3r' 
Q{s}=:;T0x lr-r'l 

- J [cr(N + (;)- cr(N)]d3r, (3) 

where a(n) = - n [ln (n/N) - 1] . (We assume that the dis
tances between impurities in the clusters are large com
pared with the lattice constant.) The first term in (3) 
describes the repulsion of the impurities, and, in accor
dance with the statements made in the introduction, T0 

is the temperature at which the impurity diffusion be
comes quenched. The second term in (3) is combinato
rial. In accordance with r3 J, we have for the principal 
term of the logarithm of the density of states 

p(e) 
ln-=-Q{~}. 

p (0) . 
(4) 

Here ~ (r) is a function minimizing the functional (3) 
subject to the additional condition A.0 { ~} = - E, where 
A. 0 { ~} is the energy of the ground state, determined by 
the Schrl:ldinger equation for the electron in the field 
of the fluctuation Hr ). From the equation li ( n { d 
+ {3 .\0 { ~} ) = 0, recognizing that 

e2 o~(r") 
6/.0 {£)=---;z-J l~:(r')l 2 rZ:r' Jlr'-r"l d'r", (5) 

we get 

,y + ~ e' ~ !(r')d'r' ~e' J l¢(r') I' , , In--+-- ----- ----dT =0, 
:r T 0x I r - r' I x lr - r' I 

where {3 is an undetermined coefficient. Adding to (6) 
the Schrodinger equation 

(6) 

IF ' e2 J :i(r')d'r') 
--;',~·+ e-- --, ¢=0, 

:!.111 x 1•·-r I (7) 

we obtaJr a system of two equations for the determina
tion of ~ and if. We have left out from (7) the potential 
produced by the average distribution of impurities. If 
the neutrality condition is satisfied in the semiconduc
tor, then this potential is compensated by the potential 
of the electrons and of the impurities of opposite sign. 
At high energies, when formulas (1) and (1') are valid, 
an important role is played by fluctuations whose di
mension is small compared with the screening radius 
(both at T0 and at lower temperatures). We therefore 
assume a Coulomb potential in (3) and (5)-(7). An im
portant factor in what follows, however, is that the po
tential decreases rapidly at large distances. If we dis
card the second term of (6), which takes into account 
the correlation, we obtain Eq. (2.31) of r3l, However, 
the investigation of the equations in r3 J was based on 
the assumption that the potential of the fluctuations is 
locally connected with the concentration ~(r). It was 
also indicated in r3 J that at sufficiently high energies E, 

the fluctuations of small dimension become significant, 
and this assumption is not satisfied for such fluctua
tions. These are precisely the fluctuations which we 
shall investigate. 

3. RANDOM DISTRIBUTION OF IMPURITIES 

If the temperature T0 is high enough (an exact crite
rion will be indicated below), then the second term of 
Eq. (5) can be neglected. We then get from (6) 

(8) 

where 

( )=~ J l¢(r') I' d'r' 
xr X lr-r'l. 

(9) 

We shall show that ;f(r) has a maximum at r = 0 and de
creases rapidly at distances p that are small compared 
with the electron wavelength ti/(2mE) 112• At distances 
larger than the wavelength but smaller than the screen
ing radius r 0 , 

~(r)=N~e2lxr (r<ro). (10) 

We shall show subsequently that the potential produced 
by this part of the charge has little effect on the posi
tion of the level. 

We introduce the quantity 

Z= J ~(r)d'r, 
lri<R 

(11) 

with R satisfying the dual inequality p « R <S: r E• where 
r E = ti/(2mE)1 / 2 , Neglecting in (7) the contribution made 
to the potential by the large distances, we obtain an 
equation for the electron in the field of an almost point
like nucleus with charge Z. We need the wave function 
in the zeroth approximation, and the eigenvalue in the 
first approximation in (i)/re)2, i.e., with a correction 
for the fact that the nucleus is not pointlike, 

(12) 

and 

V-e ( 2 (r2>) 
Z= -,- 1+--,---, , 

En ,) rf_-
(13) 

where 

1 s -(r') = z s (r) r2 d1r. 
lrl<n 

(14) 

Substituting (12) in (9) and expanding in r /re, we obtain 

x(r) = t- r' I p', 

where 

t = ~e2 / r,x, p2 = 3/ 2r,2 It. (15) 

We see that the assumption made above, namely that 
[(r) decreases sharply at small distances, is equivalent 
to the assumption t » 1. If indeed t » 1, then at small 
distances 

1(r) =Ne1 exp {-r"/p2}. (16) 

Substituting (15) and (13) in (11) and extending the inte
gration to infinity with accuracy to terms of order t-\ 
we obtain a transcendental equation for t 
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l=ln [(_:_) 2_!}:__(2_)'''] . 
En fl'a3 il:rt 

(17) this condition is violated are comparable with the width 
of the forbidden band. 

From this, at sufficiently high energies, 

(18) 

which justifies the assumption made. Thus, according 
to (16), the distribution of the impurities in the optimal 
fluctuation of f is spherically symmetrical, the concen
tration at the center is large compared with average 
value, and decreases in Gaussian fashion at a distance 
that is small compared with the Bohr radius of the 
cluster. 

We now calculate n{t}. Recognizing that t » N, 
discarding the first term in (3) and substituting (16), 
we obtain 

~ s- ~ 3 QH,} = 1;ln Ne aar=Z(t-1)- 2 z. (19) 

Substituting (16) and (14) in (13), we get 

,;---;: ( 3 ) 
Z = v .6'B 1 + Tt ' 

We then find from (20) and (19), taking into account 
terms of order tv E/EB and .j E/EB, 

(20) 

[l{~} = Ye/ EB(t -1). (21) 

Substitution of (21) in (4) leads to formula (1), with 

( 2 )''' t'" D(e)= 3n -e-, (22) 

and t is determined by Eq. (17). 
Let us estimate the potential at the point r E pro

duced by a charge located at distances larger than r E 
from the fluctuation center. Using formulas (10) and 
(15 ), we obtain 

er f ~(r') ' t 2 
- -·-.-d"r ~ t--Nr,ro, 

X r X 
(23) 

r, < \r'l < ro. 

The theory developed above is valid if the right side of 
(23) is small compared with E. To this end it is neces
sary to have 

In addition, of course, it is necessary to satisfy the 
condition rE < r 0, i.e., E > :112/mr~. These two condi
tions suffice also to make the expression under the 
logarithm sign in (18) large. The low-energy region, 
when at least one of these inequalities is violated, is 
treated in [lJ. 

Formula (1) was derived above in the effective-mass 
and isotropic-spectrum approximation. We note, how
ever, that within the framework of the effective-mass 
method, the factor in front of the logarithm in (1) has 
the same form regardless of the spectrum (e.g., de
generate bands are admissible). Indeed, the form of 
this factor is a consequence of only the fact that E 
~ Z2 • This is always satisfied when the Hamiltonian 
is a quadratic form of the momentum components. In 
the derivation of (1) it was also assumed that the dis
tances between the impurities in the clusters are large 
compared with the lattice constant. With the aid of (15) 
and (20) it is easy to verify that the energies at which 

The entire foregoing analysis was based on the 
single-electron approximation. It is easy to see, how
ever, that the presence of other electrons does not 
change the results. The formation considered by us is 
a multi-electron atom, the lowest term of which re
alizes the required energy E. It is known, however, 
that in the case of a large nuclear charge the outer 
electrons change the energy of this term little. 

4. CORRELATED DISTRIBUTION OF THE IMPURITIES 

If the temperature T0 is small and the probability of 
the fluctuations is determined by the mutual repulsion 
of impurities, it is possible to neglect the first term in 
(6). Then 

( 1 )'"-1j: (r) = "£;'jl ~'''· (24) 

(The wave function of the ground state has no nodes.) 
Substituting (24) in (7) and introducing the variables 

_ eli rl'2me 
T} = ~ lf~ ------===.., X = -- ' 

el'2mx ll 
(25) 

we obtain an equation without parameters 

( TJ2(x') d3x') 
-i'1TJ(X)+ 1- f !x-x'l TJ(X)=O (26) 

with boundary condition T/ - 0 as x - oo. In this case 
it is necessary to retain in formula (3) only the first 
term. Substituting (25) in it, we obtain 

where 

C = ....!._ J TJ 2(x)TJ2(x') d3x dJx'. 
4 lx-x'l 

(27) 

Substituting n{~} in (4) we get formula (1'). 
Let us estimate now the energy at which formula (1) 

is replaced by (1'). To this end, we substitute the func
tion ~from (25) in the first and second terms of (6), and 
compare them. As a result we get that formula (1 ') is 
valid when E » T0L, where Lis defined in (2). At 
smaller values of E, formula (1) holds. 

5. ABSORPTION OF LIGHT 

In this section we construct a theory of interband 
absorption of light at frequencies below threshold. We 
consider a degenerate strongly doped semiconductor 
(for concreteness, n-type) at zero temperature. The 
final state of the electron cannot have an energy below 
the Fermi energy J.1. (see the figure). Therefore the ab
sorption coefficient begins to decrease exponentially 

Scheme of transition upon absorp
tion of a quantum hw. The solid lines 
show the boundaries of the bands; 
dash-dot - Fermi level, dash - poten
tial produced by the fluctuations, and 
the energy of the initial and final 
states. The occupied states are shaded. 

·~ nw t9 

I I · - -/-~---1-
/ ' ,_ 



354 B. I. SHKLOVSKII and A. L. EFROS 

when the energy of the quantum :liw becomes smaller 
than the energy JJ. + Eg, which we shall call the thresh
old energy (the threshold for direct transitions is, as 
is well known, the energy JJ.(1 +me /mh) + Eg, where 
me and mh are the masses of the electron and of the 
hole. However, indirect transitions within an initial 
state in the allowed band have no experimental small 
quantity). 

An important role in the absorption is played only 
by the tails of the valence band, since the tails of the 
conduction band are filled. We assume that the semi
conductor is compensated. Were it to contain only pos
itively charged donors, then the spectrum of the holes 
would have an end point and would not extend deep into 
the forbidden band (for more details see r11 ). Therefore 
the deep tails of the valence band are produced by the 
acceptors. 

For absorption of a quantum with energy much lower 
than threshold, it is necessary to have a cluster of a 
large number of impurities, which can be described by 
a concentration Hr). The contribution of such a cluster 
to the absorption coefficient aw { ~} is proportional to 
the product of the probability of occurrence of this 
cluster W { ~} by the probability of the quantum-me
chanical transition p { n. (In p { ~} we also take into 
account the filling of the final state.) The total absorp
tion coefficient a (w) is a functional integral of aw { ~}. 
We are interested in the principal term of ln a (w ). 

Since the fluctuations are macroscopic, we can as
sume, in analogy with (4), that in a sufficiently deep 
tail 

where ~ is a function realizing the maximum of the func
tional aw { ~} at a fixed transition frequency w, and a 0 

is the absorption coefficient at the threshold frequency. 
Since ln W { ~} = - n { ~}, the problem formulated 

now differs from the problem concerning the density of 
states, solved in Sees. 2-4. Of course, the fluctuation, 
which is optimal for p(E), generally speaking should not 
be optimal for a(w ). The functional (28) could be varied 
in analogy with the functional {3). We, however, present 
a simpler method of solving this problem. 

We vary the functional aw { ~}, remaining in the class 
of functions that realize the maximum of the functional 
(3). These functions depend only on one parameter E, 
which is the energy of the hole state, reckoned upward 
from the top of the valence band. At fixed frequency w, 
the variation of E is equivalent to a decrease of the 
electron energy in the final state A = E + :liw - Eg (see 
the figure). Of course, A 2:: JJ.. We shall show that the 
quantity Eopt• which realizes the maximum of aw(E), 
is equal to 

Bopt~Eg-1-f.t--liw, llnP(eopt)I~Q(eopt). (29) 

Then, if we confine ourselves only to such fluctuations 

In a(ro) =In p(Eg -1- fl- firo)' (30) 
ao p(O) 

where p(E) is given by (1) and (1'). We shall prove that 
(30) is the maximum value of the function aw { ~} rela
tive to any class of functions. Contributions to the ab
sorption are made only by the functions Hr) that real-

ize the hole states with energy E 2:: Eg + JJ. - :liw. Rec
ognizing that ln P{~} < 0 and the function p(E) is 
monotonic, in accordance with the definition (4), we 
obtain 

ln a .. m ~-Q{5} <In p(e) ~lnp(Eg-1-f.t-liro). (31) 
Cu ~(U) n(U) 

Thus, it follows from (29) that the absorption coeffi
cient is determined by (30). 

Let us obtain now formulas (29). We consider the 
case when there is no correlation. As shown i,g Sec. 3, 
the fluctuations realizing the extremum of n { ~ } are 
almost pointlike nuclei of atoms with a charge Z 
= (E/EBh)112, where EBh is the Bohr energy of a singly
charged acceptor. We must find the maximum of the 
function 

aw(e) 
ln--= -Q(e)-1- lnP(e), 

Co 
(32) 

where 0(€) is given by (21). As is well known, the €-de
pendent factor in the transition probability is given by 

P(e)= e(e + fiw- Eg- Ill IJ ¢,,(r)¢.(r)d3rr (33) 

The wave function of the hole lfih(r) is given by formula 
(12) with rE = :li/(2mhE)112, and the wave function of the 
electron in the field of the fluctuation repelling it is 
given by the formula 

Ye = [ {) ] '/, exp { ir l'2meLl} . F (_!_ -1- 1, 2, - 2ir -yZmeLl)' 
J!(.e-·'10 -1) h 6 li 

(34) 
where o = (A/E)112 (mh /me)112, and F is the confluent 
hypergeometric function. The exponential smallness 
of the quantity P may result from the depletion of the 
wave function of the electron (34) in the region of hole 
localization. Investigating integral (33), we can readily 
verify that this smallness takes place only if the follow
ing inequalities are satisfied 

( liro -1-:- Eg me)'!, < 1. 
~ li"l,·~ 

(35) 

Since the density of states of the holes in the forbidden 
band decreases rapidly, it is clear that if the probabil
ity of the transition with a final state on the Fermi sur
face is not small, then such an approach is optimal. 
Substituting :liw + E- Eg = JJ. in (35), we find that such 
a situation takes place when the frequency is close to 
the threshold value 

Eg-l-[1-liu><flmax -,- . , { m, me) 
\Itt.. /Jf-;1 

(36) 

Obviously, in this case the conditions (29) are satisfied. 
To investigate the region of frequencies lying much 

lower than the threshold, it is necessary to calculate the 
integral (33) under the condition (35). This yields 

aw(:o) 2rc f€ (me)'/, y-;-
ln--=- . - - -(t-1) 

ao (nw- L 1 -:-- c)'ic mh EBI, ' 

e>Eg -liw+ fl. 

The maximum of (37) is reached when 

where 

{ £ 8 -liw-f-Llo, 
Eopt= Eg- fiw -1- [1, 

Llo > [1, 

(37) 

(38) 
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2 )''• Llo = C _:: 1 (Eg- hw)'f,(EBe) '"· (39) 

It is seen that at sufficiently large Eg - tiw the optimal 
energy of the final state is ~0 > J.1.. However, in this 
case ~ 0 « Eg- tiw. Therefore the first condition of 
(29) is satisfied at all frequencies. Substituting (38) 
and (39) in (37), we can easily verify that the second 
condition of (29) is satisfied. 

An analogous proof of (29) can be obtained also for 
the case when the correlation in the locations of the 
impurities is significant. We obtain ultimately 

a(w) (Eg+!!-hw)''• [(Eg+!!-h"J) 2 D(Eg+!!-hw)] In---- In , 
a 0 - EBh EBh Nah3 

Eg + !! - hw ...-; ToLh; (40) 

() ( F"+u.-fi.cu}'l· 
I ('. (J) r ~~" --=-r---=----
0-- - }·''!'I' ' a 0 '-'1 h to 

(41) 

[ ( T0 ) 2 D(To) ] 
Eg+!!-hw>Toln EBI, Na,3 , 

where N is the acceptor concentration. 
The most complete experimental data on optical ab

sorption at frequencies below the threshold have been 
obtained for GaAs. [41 The a (w) dependence is given by 

( Wthr- W) a(w)= aoexp - ---e;- , (42) 

where Wthr is the threshold frequency, and the charac
teristic energy E0 depends on the impurity concentra
tion. Estimates show that in the observed frequency 
region the correlation is insignificant and the function 
ln (a (w )/ a 0 ), which follows from ( 40), is close to linear. 
Calculations by means of formula (40} for n-GaAs at 
reasonable assumptions concerning the degree of com
pensation (the ratio of the number of acceptors to the 
number of donors is of the order of 0.1} yield values 
of E0 close to those observed (10-20 MeV). A more 
detailed comparison is difficult, since the degree of 
the compensation of the samples of r41 is not known. 
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