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An approximation analogous to the eikonal method in

potential theory is constructed for the amplitude

for the scattering of two relativistic particles. Applications of this approximation to the scattering of

particles at high energies are discussed.

I N order to describe the scattering of high-energy par-
ticles at small angles in potential theory the eikonal
approximation is usually used. In this approximation the
amplitude for the scattering of a particle with mass m
by a potential V(x) is given by an integral over the im-
pact parameter:

f(p,q) % Sd%J_e—iqu_[i ——exp(—i—r: S dzaV(x))] , (1)

where p denotes the initial momentum of the particle and
q denotes the momentum transfer. The basic object of
the present article is a derivation of an analogous ex-
pression for the scattering of relativistic particles,
when it is necessary to take the effect of retardation
into account. Possible applications of the obtained
formula to the scattering of particles at high energies
are also discussed.

First of all we note that the eikonal approximation
may be obtained if, in the perturbation theory expansion
of the amplitude of potential scattering, the terms which
are quadratic in the momentum transfer are neglected
in each of the energy denominators (propagators). Such
neglect is permissible for scattering at small angles
(see in' for a similar treatment of the eikonal approxi-
mation for the wave field in optics). Let us consider
therefore the analogous approximation for the amplitude
of the scattering of two relativistic particles. For brev-
ity of writing, we shall regard both the scattered parti-
cles as well as the quanta which they exchange during
the scattering process as scalar particles. Then the
modifications (extremely important) which must be
made for fields possessing a more complicated spin
structure will be indicated.

We shall start from the two-particle Green’s func-
tion, taking the set of diagrams shown in the figure into
account. Here the solid lines denote the propagators of
the particles being scattered, and the dashed lines denote
the propagation function D whose specific form, just
like the form of the potential V(x) in Eq. (1), may be
arbitrary. A Green’s function in which the terms quad-
ratic in the momentum transfer are neglected was con-
structed in®’. In the case under consideration it has
the form

G(p1, P2, @1, @2) = S d"xxS diz; exp {— igsz1 — igaza}

S dvs exp {— ivi(ps® + m?) — iva (P2 + mo?) }
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In order to determine the elements S¢; of the S-matrix,
it is necessary to set up the expression

8 = (P2 -+ m?) (p2® + m2?) (pa® + 2p1gs

4 VP10 p2o pro’ P20’
+ my?) (p2? + 2p2gs + ma?) G (py, P2, G4, G2)
and then pass to the mass shell of the momenta of the

external lines.
Introducing new variables

3)

) = & — 2p1v1, T2’ = T3 — 2PV,

one can represent the product (p3 + 2p:q; + m?%)(p; + 2p.q.
+ m3) as the result of differentiating the quantity
exp[—iv,(p? + 2p1q: + m3) — i va(p + 2p.q. + m3)] with
respect to the variables v,, v, under the integral sign.
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Then, having completed integration by parts in the
integrals with respect to the variables v, and v,, having
returned to the previous variables x,, X,, and having
carried out the limiting transition (p3 + m%) — 0,

(p% + m3) — 0, we obtain
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where q = q, = —(; is the momentum transfer and x = x;
— X;. Now let us go to the center of momentum system,
having chosen the x; axis along the direction of the mo-
mentum p = p, = —p,, and let us denote the energy of the
particles by €, and €,. It is not difficult to verify that in
the argument of the exponential in (4) the variables x,
and x; may be transferred to the limits of the integrals
in the form of the combinations u’ and u”:
u’ = (e23 + pxo) / 2p(e1 + &2),

w”’ = (e1xs — pxo) [2p(e1 + &2), p= |pl. (5)
At the same time the square bracket in (4) appears upon
differentiation of the exponential with respect to the
same variables u’ and u”. Therefore the scattering
amplitude Mg, defined by the relation
(6)

Syi = 85 + 1(2m) 484 (p1 + pa — pv’ — p2’) My [ beres,
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may be written in the form

, o =
M= —iS digeiax w exp{ig2 S dv’ S adv”D(x, — 2pv’ + 2pv") } .
S
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Neglecting the longitudinal momentum transfer g; ~ q°/p,
one can perform the integrations with respect to the
variables xo and x3 (i.e., with respect to the variables

u’ and u”). As a result we obtain an expression for the
amplitude in the form of an integral over the impact
parameter:

®)

My; = 4ip (&4 + e2) S 2z e—i%y {1 — 2. X},

where
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=LS D(ky)e™ %y, (9)
8p(e1+ &)

Relations (8) and (9) replace formula (1) of potential

scattering.

Recently the representation of the amplitude in the
form (8) has been widely used for a phenomenological
description of the interaction of high-energy hadrons.
In this connection, either the Regge pole contribution*]
or the Fourier transform of the product of the form
factors of the colliding particles," or a combination of
one and the other, is taken as the function x. Within the
framework of the approximation under consideration in
its scalar version, the phase x, and together with it the
invariant cross section

do 1
dlt]  B4up(es+ e2)? Mol el o

(10)

tend to zero according to a power law with an increase
of the energy for fixed momentum transfer. Therefore
scalar exchange is unsuitable as a model for the elastic
scattering of hadrons at high energies.

In the case of vector exchange, we must make the
following substitution in the preceding formulas:

D (k) = 4p1uDyv (k) pov = 4p1uPav(guv — kukv | M2) Do (k). (11)

Here it turns out to be immaterial whether the particles
being scattered are scalar or spinor. The part of the
propagation function which contains the product k k;,
and leads to divergences (and unrenormalizability) does
not give a contribution in the approximation under con-
sideration, the phase
ﬁ P+ eer S Py
2 p(er+ &) (2m)2
and the differential cross sections (10) for fixed q are
asymptotically constant, i.e., they have essentially the
maximum possible degree of growth. Thus, we arrive
at the dominance of vector exchange in elastic scatter-
ing at high energies, which corresponds to the maximum
possible value I = 1 for the position of the singularity of
the amplitude in the angular momentum plane. We note
that for pseudoscalar exchange (7 mesons) the limit
corresponding to the eikonal approximation is completely
absent for the amplitude.

X=— e X Do(ky), (12)
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Within the framework of the adopted approximation,
it is of interest to calculate the amplitude for the scat-
tering of two particles in the case of the electromagnetic
interaction. Considering the scattering at small angles,
as above, we do not begin to carry out symmetrization.
For the photon propagator we have

Dyv(k) = 4nguy | (K2 — ie) (13)

(as before the part of D, (k) containing kyky here does
not give any contribution to the amplitude in accordance
with gauge invariance). In general the integral (12) con-
taining the propagation function (13) diverges at large
distances. Therefore we introduce a photon mass A, k?
— k® + A%, and we keep only the terms that do not de-
crease with A. Then one can easily calculate the ampli-
tude (8) and the scattering cross section (10). We have

167e2(p2 +e2) T'(1--if) £~2if In(g/h)
o r(1—ip) ’

My = — (14)
where g = e*(p® + €?)/2p €, v is Euler’s constant, €, = €,
=¢€,q=|q], and

do _ met(p®+-e?)?

el ped
The entire dependence on the photon mass A appeared
in the phase of the amplitude. We see that here, just as
in potential theory, the expression for the cross sec-
tion agrees with the result of lowest order perturbation
theory, and taking account of higher order corrections
only leads to the appearance of a phase (which becomes
infinite as A — 0) in the scattering amplitude.

It is curious that the poles of the amplitude (14) give
the Coulomb energy levels E, = —me*/4n® in the lowest
approximation (more precisely, here it is necessary to
take the amplitude with the substitution e? — —e? in
order to pass to the case of charges of opposite sign).
Apparently this is related to the fact that the considered
approximation correctly describes states with large
angular momenta, but the Coulomb energy levels have
the same form for all momenta.
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