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The connection between magnetism and chemical bonding, in particular the occurrence of atomic 
moments and their dependence on pressure, is investigated using the Thomas-Fermi model of a 
gas of interacting electrons. Only the ideal crystal at T = 0 is considered. As a rough approxi
mation the distributions of the charge and spin densities within the Wigner-Seitz cell are taken to 
be spherically-symmetrical. 

1. INTRODUCTION 

THE change of the magnetic moment a0 of iron with 
isotropic pressure p has been measured in several 
experiments (see[l,2l ). Kondorski'l and Sedovf1l have 
found that ~a0 /ao~p = -3.1 x 10-7 atm-1. Other ferro
magnetic metals behave analogously. 

A similar effect, the effect of isotropic pressure on 
the effective field H0 , measured by means of the Moss
bauer effect and nuclear magnetic resonance, has also 
been investigated in a number of papers. For example, 
in the work of Moyzis and Drickamerf 3l it was found 
that ~H0/H0~p = -1.8 x 10-7 atm-1. The effective field 
H0 is caused mainly by the Fermi contact potential of 
the spin density at the point at which the nucleus is 
situated[ 4 l. Usually it is assumed that H0 increases 
with the moment of the atom: H0 = Aa 0 • The origin of 
the term ~A/ A~p = 1.3 x 10-7 atm-1 remains insuffic
iently clarified. The compressibility of iron ~ V /V~p 
is equal to -6.098 x 10-7 atm-1[51. 

2. THE INTERACTING-ELECTRON GAS MODEL 

The Heisenberg model for ferromagnetism contains 
atomic moments as parameters and therefore is not a 
natural model for describing the pressure-dependence 
of the moments. In the band model one can obtain in
formation about the magnetic behavior of a ferromag
net by considering the change of band structure with 
lattice parameter. However, the calculations are very 
laborious and have not yet been carried out for iron. 

We shall not use these models. The model of a gas 
of interacting electrons (Thomas-Fermi model) is con
venient for describing the properties of substances on 
change of pressure. By means of this model, the 
properties of atoms, molecules and solids can be de
scribed with any degree of precisionf 61 • The merit of 
the model is that it is easily visualized and gives the 
simplest interpretation of the correlation. Here we 
shall use only the simplest approximation; we shall not 
carry out exact calculations. 

The distribution of electrons in a free iron atom 
was calculated by Wood and Prattf7 l by means of the 
unrestricted Hartree-Fock method. Here we are in
terested in the electron distribution in the Wigner
Seitz cell for the metal. The simplest approximation 
in the interacting-electron gas model corresponds to 
hydrostatic equilibrium of the electrons; as for the 
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free-electron gas, a relation between the pressure p 
and the density Pq is valid for this equilibrium. If we 
take Pq ( r) to be spherically symmetrical, then the 
calculations for iron give Pq ( R) ~ 0.3 A -3 (here 
R = 1.22 A is half the distance between nearest neigh
bors). Defining the distance R 3, the distance from the 
nucleus of electrons of principal quantum number 
n = 3, as the radius of a sphere outside which there 
are nine electrons, we find R3 ~ 0.4 A. 

The occurrence of atomic moments in certain 3d
and 4f-metals, in contrast to the corresponding 4d-, 
5d- or 5f-metals, coincides with a small extent of 
chemical bonding between the electrons of unfilled 
shells (this bonding violates Hund's rule if the free 
atoms form a metallic lattice). The weakness of the 
chemical bonding in these 3d- and 4f-metals is mani
fested by the facts that the atomic volumes are rela
tively large[al, the force constants are small, and the 
chemical valency is small[aJ (e.g., Fe has valency 2 
or 3, Ru has valency 3, 4, 6, 8 and Os has valency 4, 
6, 8). Thus, the occurrence of atomic moments may be 
described in the statistical model as the result of 
intra-atomic and interatomic exchange of electrons 
from unfilled shells. 

Assume that the electron density Pq ( r) is known 
with sufficient precision. We shall find the spin 
density Ps ( r) = Pq 1 ( r) - Pq 1 ( r ), setting the condition 
Ps ( r) « Pq ( r ). For this we shall introduce a state of 
maximum localization of the electron at point r1 with 
spin orientation 

(1) 

The summation is carried out over all occupied states 
'Pna, calculated in the Harteee-Fock approximation for 
the electron Hamiltonian: 

H=~ 2Pk" ++ ~-f-1 1 I +~ V(rk), (2) 
k m k, k' nso rn- rk' k 

where V( rk) is the lattice potential and k labels an 
electron. In the Thomas-Fermi model, the quantity 
Xr p ( r 2) is approximated as follows: 

4:rt p i ( 3 )''• x .. ,o(r2);::::; Sexp(-li p(r,-r.))p2 dp,P=h -4 pq,o(r,) . 
h3pqa'l•(r,) :rt 

0 (3) 

An electron in the state Xr a(r2) exchanges with 
1 

electrons in other states but with the same energy. 



96 G. HOPKE 

The exchange may be either intra-atomic or inter
atomic. 

Interatomic exchange causes chemical bonding. 
Electrons of neighboring atoms tend to have anti
parallel spin orientations. Electron pairs arise and 
the continuous electron exchange results in the average 
spin density's becoming zero (Ps(r) =0). A measure 
of the interatomic exchange is the bond energy EB(r1) 
= Y2(E+(r1)- E_(r1)), where 

E±(rt) = S d3r2 S d'r,x±• (r2, r,)Hz,X±(r2, r,), 

%c'c (r,, r,) =( 2 ± 21 s d3r2x:, (r2)x,, (r2) n -''\x,, (r2)x,, (r,) ±x,, (r,)x,,(r,))' 

Pz' P•2 e2 1 
H24 =-+-+ I I + V,.(r2)+ v2,(r,), 

2m 2m 4neo rz- r, 
(4) 

V 24( r) is the potential of the lattice and of all the other 
electrons, r3 = r1( R/ I r1l - 1) and the plus and minus 
signs correspond to parallel and antiparallel orienta
tion of the spins. 

Intra-atomic exchange is brought about by the fact 
that electron spins within the atom tend to line up 
parallel to each other (Hund's rule). Minimizing the 
sum E of the kinetic and exchange energies, we obtain 
the spin density PsM( r ). As a measure of the intra
atomic exchange, we can take the quantity EH ( r 1), 
which is equal to the difference E- E'(r1) where the 
prime corresponds to the distribution Ps'( r) which 
arises on reversal of the spin in the state Xr1a(r). 

We shall assume that at a given moment of time t 
there is an average spin density Ps(rd ~ 0. In a time 
~t, EB(r1)~t/ti interatomic exchanges occur, leading 
to a reduction of the average spin density by -ps(r1). 
The number of intra-atomic exchanges in the time 
M is EH(rd~t/ti. This exchange causes the spin 
density to increase by (PsM(r1)- Ps(r1)). Intra
atomic exchange with electrons with negative spins 
occurs more frequently when Ps(r1) < PsM(r1) than 
when Ps(r1) = PsM(r1). Here, PsM(r1)/pq(r1) is the 
fraction of all exchanges when the number of exchanges 
with positive spins predominates over the number of 
exchanges with negative spins; with Ps(r1), this frac
tion of all exchanges is equal to Ps(r1)/pq(r1). 

The intra-atomic and interatomic exchanges to
gether give the change in the average spin density at 
the point r 1 in time ~t; 

EB EH Ps 
p,(t + M)- p,(t) =-;;---M(- p,) +--;:- L'!t(psM- p,)-. (5) 

" " PsM 

If in the stationary case the right-hand side is put 
equal to zero, then two solutions for Ps(r1) are ob
tained 

( EB(rt)) 
p,,(rt) = 0, p,,(rt) = PsM(rt) 1-EH(rt) . (6) 

The second solution is stable for the case EB /EH < 1 
but cannot be used for EB /EH > 1, because Ps must 
be a positive quantity. This result may be simplified, 
assuming that all electrons in unfilled shells are 
equivalent. Then for the average moment of the atom 
we obtain 

(7) 

Here O"M is the atomic moment in the state of maxi
mum multiplicity, for which, according to Hund's rule, 
E has its minimum value. 

Assuming that the magnetism sets in only when the 
interatomic distance becomes greater than a certain 
critical value (the Mott transition), Goodenough was 
able to explain the magnetic behavior of many chemi
cal bonds poJ. The change of the magnetic moment with 
Hund splitting was considered by Mattisr 111 • 

It is possible to estimate the energy EH in the 
statistical model in the following way. As in the free 
iron atom in calculations. by the restricted Hartree
Fock method, the kinetic energy need not be different 
for different distributions of electrons over the 3d
states. If, out of nine positive and five negative spins 
in states of principal quantum number n = 3 at an 
average distance RM of 0.35 A [7] from the nucleus, 
one positive spin is flipped, then the average spacing of 
electrons with one spin alignment changes. According 
to the free-electron gas model, the change in the ex
change energy is 0.48 eV. This order of magnitude is 
also obtained from spectroscopic data. 

The energy EB may be estimated as follows. If in 
the free-electron gas both spin orientations were oc
cupied then the gain in energy in comparison with the 
state in which all spins are parallel would be 5.5 eV, 
for a density Pq ( R) = 0.3 A -3. The electron ?ccupies a 
volume whose surface is, on average, 10.8 A2. If we 
assume that in the crystal the exchange occurs through 
a surface area 4R2 I 16 = 1.18 A 2 and treat half the 
energy difference between the singlet and triplet states 
as the bond energy per electron, then we obtain 
EB = 0.3 eV. The value for the bond energy per atom, 
0.3 x 16 eV = 4.8 eV agrees in order of magnitude with 
the experimental value. 

Using the estimates for EH and EB and taking into 
account that O"M = 4JJ. B (this corresponds to the state 
3d64s 2 ), we obtain for the magnetic moment <7 0 of iron 
a value ~1.5JJ.B· It is clear, on the basis of relation 
(7), why Ru and Os do not have a magnetic moment. 
For them the Hund splitting is approximately half as 
large as for the iron and the chemical bonding is con
siderably greater. 

3. RESULTS 

The pressure-dependence of the magnetization can 
be calculated by first of all determining the change 
with pressure of the electron distribution. From the 
statistical model it follows, approximately, that the 
relative change in the electron density Pq(R) between 
the atoms is proportional to the relative volume change 
with a proportionality constant 1.2. The relative change 
of the radius R3 is proportional to one tenth of the 
relative change of R, ~R/R~p ~ -2 x 10-7 atm-1. This 
means that the relative change of bond energy (propor
tional to p~3 ) increases by 4.8 x 10-7 atm-\ whilst the 
relative change of the Hund splitting (proportional to 
p¥ 3 ) increases only by 0.2 x 10-7 atm-1. 

The pressure dependence of the magnetization is, 
in accordance with (7) 

l:icro rJM EB ( l!EB t.EH ) 
crol'!p =-;,;-- EH - EBL'!p + EHL'!p ' 

Using the experimental value O"o = 2.22 J1. B and calcu
lating EB/EH from formula (7), we find ~O"o/a0 ~p 
= -3.7 x 10-7 atm-1. 

The change in the effective field H0 with pressure 

(8) 
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is explained as follows. Neutron scattering shows that 
the spin density distributions are similar to the 3d
functions. The inner part of the spin density, close to 
the nucleus of the atom, polarizes the inner shells. 
Here the spin density distribution satisfies an r 4 law. 
If all distances are reduced by a factor ( 1 - ~R3/R 3 ) 
without changing the number of electrons, then the 
electron density increases by a factor ( 1 + 7 ~R 3/R3 ). 
Since the spin density at the nucleus is proportional to 
this amplitude[12l, ~A/A~p "'1.4 x 10-7 atm-1 • 

In the same way the magnetization of other ferro
magnetic metals also decreases with increase of pres
sure, e.g., cobalt behaves similarly to iron. A meas
urement of ~ao/a0~p"' -2.9 x 10-7 atm-1 was made 
in[ 1J for nickel. Using the value a0 "'0.62 f..LB for the 
atomic moment of the metal, the value aM "' 1 f..L B 
(which corresponds to the state 3d94s) and the value 
-5.3 x 10-7 atm-1 for the compressibility, we obtain 
~ao/ao~P "'2.6 x 10-7 atm-1 • For gadolinium, whose 
moment is also mainly due to the spins of the electrons, 
the measured value is ~ao/ao~P "'-1.9 x -10-7 atm-H1sl. 

Using for the atomic moments of Gd the data a0 

"'7.12J.LB and aM"' 8f..LB (which corresponds to the 
state 4e5d16s 2 ), and for the compressibility the value 
-25.2 x 10~7 atm-1 [ 131, we have ~ao/ao~P ~ 2 
x 10-7 atm-1 • 

We shall indicate other effects which can be under
stood on the basis of this model. 

Uranium compounds. In many of its metallic com
pounds uranium has a magnetic moment which can be 
detected by means of neutron diffraction. The moment 
depends strongly on the distance between neighboring 
atoms of uranium [141. This is explained by the fact that 
the covalent bonding between the outer electrons of 
uranium decreases with increase of the spacing of the 
atoms and therefore the magnetic moment increases. 

Chromium. The linear thermal coefficient of ex
pansion of chromium has a singularity in the vicinity 
of the Neel point; at this point it becomes negative, 
and the magnetic moments disappear[ 161 • The origin of 
the magnetic moments is connected with the expansion 
of the crystal lattice, which leads to weakening of the 
chemical bonding. 

Above the Curie point, in the paramagnetic regime, 
the ferromagnetic elements have a greater effective 
moment per atom than below the Curie point. In this 
case the chemical bonding is weakened as a result of 
the greater thermal expansion[171 and the thermal 
motion of the atoms. 

Alloys. Iron shows an increase in moment on alloy
ing with non-transition metals[ 181 • This can be ex
plained by the fact that the electrons of these chemical 
elements enter very weakly into bonding with the 3d
electrons of iron and so do not violate Hund's rule to 
the same extent. Because of the differences in the 
energies of the electron states of iron and the impurity, 
this effect is greater the further the alloying element 
is from iron in the periodic table (e.g., the series Cu, 
Ag, Au). Apart from this, the increase of atomic vol-

ume also plays a role. When iron is alloyed with transi
tion metals partial bonding occurs between the 3d
electrons of neighboring atoms[l9 l. 

Transuranic elements. It is also of interest to in
vestigate whether there exist other chemical elements 
also having a magnetic phase. The fact that certain 
transuranic elements, such as Cm, Bk, and Cf, have a 
large atomic volume and small valency (3) implies the 
existence of a magnetic phase of the same type as in 
the rare earth elements. On the other hand, for other 
elements, such as, e.g., Np and Pu, which have small 
atomic volumes and high valencies (up to 6 ), such a 
phase does not exist. 

The author is grateful to G. Heber, E. I. Kondorski'l, 
D. N. Zubarev, K.-H. Muller and E. Straube for dis
cussions. 
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