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The form of the energy distribution of electrons in gases and semiconductors in a strong electric
field is considered, taking simultaneous account of elastic collisions with atoms (or acoustic pho-
nons) and electron-electron interactions. An approximate method for solving the kinetic equation
is proposed, valid for an arbitrary ratio between the intensities of electron-atom (phonon) and

electron-electron interactions. The distribution functions obtained are used to calculate the elec-
tron mobility. It is shown that in some cases the mobility may appreciably depend on the electron

concentration.

THE question of the energy distribution of electrons in
gases and semiconductors in a strong electric field
was considered in!"?! without taking into account elec-
tron-electron interactions. The interaction between
electrons was treated approximately by A. V. Gure-
vich[®], However, his method for solving the kinetic
equation was suitable only for the case where, for elec-
trons with energy € ~ T (T is the electron tempera-
ture in units of energy), the electron-electron interac-
tion predominates, and the energy distribution in this
region is nearly Maxwellian.

In this paper we propose an approximate method for
solving the kinetic equation, allowing for electron-
electron interactions, free from the restriction men-
tioned above. The resulting distribution function is
used to calculate the electron mobility.

1. THE ENERGY DISTRIBUTION

Suppose there is a constant homogeneous electric
field E along the z axis. Representing the distribu-
tion function as usual in the form

1) = fo(0) -+ fu(v)

and allowing for elastic scattering of electrons by
atoms (acoustic phonons for semiconductors) and the
electron-electron interaction, we have for fo(v) the
well-known equation!®

1 d(m vt el . dfo
FE{F‘WL)_F 3m? MU)L—E}_}
d d
+ g { v [ AW R s onggn ]} =0, @
4 o
A(fo) _.-J—I][l-{g vifo(vy) duy + 13 Shfo(lq dl! @)
Aa(fy) = TS vifo(vy) doy. (3)
0

Here, A(v) = v/v(v) is the length of the electron free
path; e and m are the electron charge and mass; M
is the mass of an atom of gas in the case of a mono-
atomic gas, or M = @/ vg for a semiconductor (vg is
the speed of sound, ® the lattice temperature); n is

the electron concentration;
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is the frequency of electron-electron collision (Rp is
the Debye radius). The function f,(v) is normalized by
the equation

4n S fo(v)v2dv = n. 4)

The electron temperature T is determined from the
mean energy by the relation

(Momv®) =3oT. (5)
It is easy to see that for v —
A2(fo) > 1. (6)

In writing Eq. (1), we have neglected the thermal
motion of the atoms (lattice), which is possible when
T > . Equation (1) also ignores: a) loss of momentum
in electron-electron processes; b) inelastic collisions
in which electrons excite atoms, induce ionization etc.
Process a) can be neglected if the condition

vee(T) < v (T). (7)

is satisfied. In general, the distribution obtained
neglecting the processes b) is valid only in the energy
region € < €,;, and with the condition that

61/T>1. (8)

Here €, is the energy threshold for inelastic pro-
cesses. A more exact criterion than Eq. (8) is given
in the Appendix.

We introduce the dimensionless variable
u = mv?/2T and a dimensionless distribution function

Ai(fo) —T/m,

To = n7}(2T/m)¥?f, and rewrite Eqs. 2)—(6) as
{M«(fo +Y11(u)u]—f£+|‘Az(fo )+ v e )] fo} 9)
whers Au) () M eE(T)
= "l v (3
MO=T7 Y VT w7 )*"

A= 2{0 weauyan +un§ fyan}, (10)
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u

Ax(fo)=2n § Yurfo(ui)duy, (11)
0
2 § Fo(ui) Varduy = 1. (12)
1]
From (6), (10), and (11) we get
Ai(fo), Az2(fe) >1 aS u— oo, (13)

Ay(fo), Aa(fo) >u2as u—0.

Since fo(u) decreases exponentially with increasing
argument, in practice A,(T,) and Az(fo) are close to
unity starting at u~2.5—3. This can be seen from
Fig. 3, in which A (fo) and A(T,) are depicted for
dlfferent forms of fo(u)

Equation (QLcan be formally solved, considering
A,(To) and A(f,) to be known functlons The formal
solution is

¢ 4a(fo) + y2u¥/A(u)
fo-—Cexp[ §mdu].

From Egs. (13) and (14), the form of the distribution
function for large and small” values of the argument u
follows immediately:

(14)

u 12
fdu):Bexp{—é—%%du], for u>1,
where C and B are constants and uo > 1.

The nature of the solution of Eq. (9) depends on the
form of the function A(€). We shall restrict our analy-
sis to_a dependence of the type A(e) = )\oen, n=< Y.
Then fo(u) decreases exponentially at large energies.

In the case n = Y, the exact solution of Eq. (9) is

2
where the collision frequency v = v/A is independent
of the velocity. For different energy dependences of the
free path, one cannot find an exact solution, and it is
necessary to use approximate methods.

For y, and y, << 1, when the electron-electron
interaction predommates in the region u~1, one may
substitute in A,(T,) and Ag(fo) in the zeroth approxi-
mation, the Maxwellian function 7~¥2e~Y, and obtain
an approximate solution of Eq. (9) in the form!®

. ¢ A V) + v ()
To(u)= Co exp[ § A (VTL) + yluX(u) du]

AWE) ;_:n(‘ghdz —Vue).

Equation (15) can be simplified, using the fact that for
e <Kl
A(Yu) + vu%/% (u)
A(a) 4yl ()
for any value of u.
Thus, for yi, y2 < 1, a solution of Eq. (9) which is
approximately valid for all values of u is given by

(15)

~ 1+ yu¥/% (u)
1+ yul (w)

= pi(u)

DFor scattering by acoustic phonons, A = const. []. In the case of
low energy scattering by atoms, the fundamental role is played by s-
wave scattering, and 1/A ~ €”! sin?8,,. Thus, the integrand in Eq. (14) is
always finite.
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For arbitrary values of the parameters y, and Y2 we
solve Eq. (9) by the general method of Galerkin!®]

is natural to choose the function (16) as a trial function,
since this function has many advantages. In fact, the
function (16) is close to the exact solution of Eq. (9)
for v, y2 < 1, and turns into the exact solution for
71, y2 > 1 (Druyvstein distribution or its analog). For
v1, y2= 1, the function (16) behaves like the exact solu-
tion for u < 1 and for u > uo = 3. Substituting the
trial function in the left hand side of Eq. (9), multiply-
ing by udu and integrating from 0 to «, we obtain an
equation determining the parameter T. Physically,
this is the equation of energy balance, and it can be

put in the form

(16)

M (-0, (7o) \V21-n)
=<V'67€E ) ((p(f@) ' (a7
where
¥ (fo) = ——é—S u‘A(u)—f—°du (18)
0
) = i To (19)

For n =0, Eq. (17) is satisfied in case a) with a
Maxwellian distribution and in case b) with a Druyv-
stein distribution with T = 0.29 VM/m eEx,. For

n = -1, in case a) T =0.41(M/m)"*VeEx,, and in
case b) T = 0.37(M/m)"*VeEn,.

Thus, the parameter T depends weakly on the form
of the distribution, and so in the first approximation,
we may take for any y, and y.

n=0:7T="T)= 0"9}1[/mcLAo,
n=—1:T=Ty=039 (M / m)"‘]’el:).o,
m v(To)

Y= U ey 1)

The normalization constant C,; for ?{,” depends on
the single parameter y. The dependence of C,(y) is
shown in Fig. 1.

We may judge the accuracy of the approximate
solution (16) by calculating the next approximation
from the formula (14). Such calculations were carried
out for the cases n=0, y =1 and n= -1,y =0.1. The

yi=2y2 =2y, (20)

y1 = T4y, = T4y,
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FIG. 1. Graph of the dependence of the normalization constant
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normalized functions in the first and second approxi-
mation are compared in Fig. 2. From this comparison
it can be seen that the second approximation differs
from the first by not more than 15% in the region of
slow electrons. The approximation can be substantially
improved if, in choosing the trial function, allowance
is made of the difference from unity of the coefficients
(fo) and Ag( fo) for u~1. Figure 3 shows the coef-
ticients A,(T,) and Ay(T,) calculated with the function

(16) for the case n = -1 and three values of the parame-

ter y. From the drawing one sees that Al(fo) and
A(fo) depend comparatively weakly on the form of the
distribution.

With this knowledge, we choose as the trial function

f°(2)=czexp[ —-S Md

) Ao(w) Fywi(e) Eczexp[—osz(u)du],

0,385u for u <28,

1 for u>=2¢. @2)

where .1o(ll)={
As before, we shall suppose that the relation (20) is
satisfied. Calculation of (22) for n = -1 and y =0.1
shows that this function differs in the second approxi-
mation (relative to (") by not more than 2.5% (Fig. 2).
The normalization constant for the function (22) is

1
C= e,
T 2ne(y)

o= §Vaesp| — { pa(uyau ] da.
[] [
The ¢(y) curves for n =0 and n = -1 are shown in
Figs. 4 and 5.
Substituting Eq. (22) in Eq. (17), we can compute the
parameter T in the next approximation:

where ¥(y)= (T4?), (y) = (1(2).

The form of the functions ¥(y) and ®(y) for the
cases n =0, n = -1 is shown in Figs. 4 and 5. For
n = -1 we have ¥(y) = 1. The results of these calcula-
tions show that T differs little from T, for all 5.

23)

2. MOBILITY

If the distribution is known as a function of energy
fo(v), the mobility be can be found from the standard
formula

in e , dfo
—_— —d
be 3 mn : Mv)v v (24)
Using Eq. (22), the expression (24) can be trans-
formed to
T LY
b 2 e A(To) (v) 25)

3 m V2T/m q)(y)

where for the cases n =0 and n = —1 the functions
¥(y) and ¢ (y) are given graphically (Figs. 4 and 5),
and T, is determined as a function of E by Eq. (20).
From Eq. (25) it follows that the mobility depends
not only on the applied field, but also on the electron
concentration (through the parameter y). For n =0,
this dependence turns out to be weak (the ratio
¥(y)/¢(y) changes by at most 15%), but for n = -1
it is already significant (¥ (y)/@(y) changes by a fac-
tor 2.6 between y =),
The cases of energy dependence of the free path we
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FIG. 2. Comparison of the various approximations for the electron
distribution function: a) n = —1,y = 0.1; dotted — the function vu £§V;
solid line — solution of Eq. (9) in the next approximation; points — the
function vu f); b) n =0, y = 1; dotted — Vi f{"; solid line — solution
of Eq. (9) in the next approximation.
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FIG. 3. Form of the coefficients A(fy) and A,(fy) for various dis-
tribution functions. Curve 1,y =0; 2,y =0.1; 3, v = o0. Dotted line, the
chosen approximation, Aq(u).
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FIG. 4. Graphs of the functions ¢(y), ¥(v), and ®(y) for n=0.

have considered are approximately realized in a num-
ber of inert gases. Using the data!®] on the energy
dependence of the transport cross-section, one finds
that n = 0 is obtained approximately for neon

(A =No/8N), n = -1 for argon (x = No/5€N), and

n =Y, for helium (x =30N,/VeN, v =1.8 10°N/N,.
Here € is the energy of the electrons in electron volts,
N the atomic concentration, and N, the atomic concen-
tration at pressure 1 Torr and ® =273 K. For scatter-
ing by acoustic phonons, n =0.

APPENDIX

The contribution of inelastic processes to the en-
ergy balance can be neglected if the condition
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e {vg) N

2(m/M)<v(v)e)

is satisfied, where q is the cross-section for inelastic
processes. We calculate the quantity { vq ) using the

<1 (26)
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FIG. 5. Graphs of the functions ¢(y) and @(y) forn= —1.

function (16). In this way we over-estimate the role of
the inelastic processes, since for € > ¢, the distribu-
tion should decrease faster than it does according to
Eq. (16). Taking the estimate q = (€ — €,)qo and
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noting that 2(m/M) v(v)e ) = eE®be disregarding in-
elastic processes, the condition (26) can be rewritten

Uy

M c ) _
A= —2_mq—)(m\f)p;2(u1) exp[ — 5 pi(u) du] (7o) (qosi)N< 1, (27)

0

where

LH:B]/To.

1P, Morse, W. Allis and Lamar, Phys. Rev. 48, 412
(1935).

2B. 1. Davydov, Zh. Eksp. Teor. Fiz. 6, 463 (1936),
7, 1064 (1937).

%A. V. Gurevich, Zh, Eksp. Teor. Fiz. 37, 304 (1959)
[Sov. Phys.-JETP 10, 215 (1960)].

“A. 1. Ansel’m, Vvedenie v Teoriyu Poluprovodnikov
(Introduction to the Theory of Semiconductors), Fiz-
matgiz (1962).

*B. P. Demidovich, I. A. Maron and E. Z. Shuvalov,
Chislennye Metody Analiza (Numerical Methods of
Analysis), Fizmatgiz (1963).

®H. S. W. Massey and E. H. S. Burhop, Electronic
and Ionic Impact Phenomena, Oxford (1952) [Russ.
Transl. IIL, M. (1958)].

Translated by C. M. Hindle
253



