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A method of calculating relativistic corrections, valid equally for both the outer and inner electrons
in the atom, is formulated. The initial approximation is a relativistic variant of the self-consistent
field method. All diagrams containing one virtual photon line are considered. After removal of all
divergences a finite expression containing integrals over configuration space and sums over the
intermediate electron states is obtained for the energy level shift; a variational principle is pro-

posed for the calculation of these sums.

1. INTRODUCTION

THE relativistic description of the heavy atom is com-
plicated not only by increase of the number of electrons
but also by the fact that it is necessary to use com-
pletely different approximations to describe the outer
and inner electrons in the atom. In view of the small-
ness of the parameter Zgffa < 1, where Zggt is the ef-
fective charge of the nucleus and ¢ is the fine-structure
constant, the outer electrons are nonrelativistic. There-
fore the relativistic corrections for these electrons
may be obtained exactly as for light atoms by expanding
in the parameters o and Zgffe. In the lowest order
a®Ry, these corrections are given, e.g., in ! and in
the order o°Ry in *), For the internal electrons, since
Zeffa ~ 1, the nonrelativistic approximation is com-
pletely invalid and it is necessary to use other meth-
ods. In view of the smallness of the parameter 1/Zq¢s
we may use as a starting point the approximation of
relativistic electrons moving in the field of the nucleus
but not interacting with each other. On the basis of this
approximation a number of relativistic corrections for
K-electrons in heavy atoms have been calculated. ™
We emphasize that these calculations and, especially,
the procedure for renormalizing divergent expressions
are connected in an essential way with the assumption
of a Coulomb external field.

The purpose of the present work is to formulate a
method equally valid for the description of all electrons
in the atom. This method must satisfy two basic re-
quirements: 1) not to use expansions in Zgga, 2) to
take account of the fact that the field in which each
electron moves is not a Coulomb field. In addition it
is desirable that the divergences appearing in the
theory (both ultra-violet and infra-red) can be isolated
and removed in the general form without using the spe-
cific form of the external potential. We shall be inter-
ested chiefly in the theoretical scheme of the calcula-
tions. After removal of all divergences the specific
corrections considered are reduced to integrals in
configuration (or momentum) space which must be cal-
culated for specific atoms with definite wave functions.
In this paper we leave on one side the question of the
technical methods of evaluation of such integrals (which
in some cases are fairly complicated). The expression
for the level shift of a many-electron atom contains, as

usual, sums over the intermediate one-electron states.
We propose a variational method to calculate these
sums.

2. FORMULATION OF THE PROBLEM

We consider the atom as an aggregate of electrons
interacting with each other and moving in the field of
the nucleus, which we shall assume to be infintely
heavy. The Hamiltonian of the atom has the form

H=Ho+ Hy, (1)
Ho= § W+ (x)h(x)¥ (x)d, - @)
h(z) = ap + pm + eV, (3)

where VI is the potential of the nucleus and Hjpt is
the Hamiltonian of the interaction with the electro-
magnetic field. Here and below we use the units

h =c = 1. Since we assume that the atom is in the
ground state and is not radiating, the Hamiltonian of
the free electromagnetic field is not included in H. In
the absence of the interaction the wavefunction \I/;’1 of
the atom is an antisymmetrized product of the first N
eigenfunctions of the operator (3) (N is the number of
electrons in the atom):

B (x)n’(x) = En"lbn"@‘) (4)
The energy of the atom in this approximation is

ao = Z Eno~ (5)
n={
In first order of perturbation theory the shift of level a
under the action of the perturbation is equal to

AE, = Rela|M|a),

—2mi6 (Eo® — E50)<b|M|a) = Sa, (6)
where Sy, is the matrix element of the S-matrix be-
tween states ¥ and ¥j.

The initial approximation of non-interacting electrons
is poor for all shells except the innermost; therefore

we redefine the perturbation in the following way. We
separate out the Coulomb interaction from Hjpt:

Hint = Hine + Hin, Q)
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where

e
Hin =—2- S‘F*(x)‘l’*(x ) x ! =] ¥ (x') ¥ (x)d?z d%, (8)
and H{},; now contains only the interaction with trans-
verse photons. As a new initial approximation it is
reasonable to use the relativistic version of the
Hartree-Fock self-consistent field method recently
successfully developed in the theory of the atom, " *#
For this we represent H in the form

H=Hy 4 (Hin — H') + Hin,

9
Hy=H,+ H’, ®)

= S W (x) VHF(x) ¥ (x) dx, (10)
(11)

VHF(x) f(x) = 3 S e ()1 e ) ()
- 2 § r(x) Ii(x’)d’x ¥a(x), (12)

==t
where £(x) is an arbltrary function. Now the wavefunc-
tion of the atom in the zeroth approximation is formed
from the first N eigenfunctions of the operator

RHF (x) = & (x) + VHF(x),
R (x) Pn (X) = Enpn(x).

(13)
(14)

The Hamiltonian now contains two perturbations: H{n¢
- H’ and H{}t. The correction to the energy of first
order in the perturbation H{,+ — H’, when added to the
zeroth approximation energy, gives, as in the non-
relativistic theory, the Hartree-Fock energy; correc-
tions of the next orders begin to take account of elec-
tron correlation. We shall not consider here either
these corrections or the mixed corrections in Hi'nt -H’
and Hjpt, remarking only that in principle electron cor-
relation may be taken account of by methods worked
out for non-relativistic theory."*! Below we shall con-
sider only the perturbation H{};.

3. GENERAL SCHEME OF THE CALCULATIONS

As far as possible we shall carry out the calcula-
tions in coordinate space since it is in this space that,
as a rule, expressions for the wavefunctions of many-
electron atoms are known. We may use the usual cor-
respondence rules to formulate the matrix elements
in terms of diagrams. To each external incoming fer-
mion line corresponds a function Y A(x) = P A(x) e~ 1EAt
where  A(x) is the solution of Eq. (14). To each outgo-

ing fermion line corresponds a function § 5(x) = ¥ A(x) Yer

To each internal fermion line corresponds the propa-
gator: 14!

P (X1) Pn(X2)
E,(1—i0)4+ o

The summation in formula (15) extends to the region of
both positive and negative energies. For the photon
propagators we use a mixed gauge. Corresponding to
each internal photon line beginning and ending at one
and the same fermion line or resting with at least one
end on a closed electron ring we have the propagator

d*k do
wow—n (18

S(212y) = —— S do eivth—t) 2 (15)

i
D,,v(:qzz) = — -(*2‘1—)‘ Ouv S exp {ikl‘jz l(x)(ti — tz)}

where r,, = X, - X,. Corresponding to each internal pho-
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ton line beginning and ending on different fermion lines
is the propagator

Duv'(xlx,)=(—2:—‘F(l — 8) (1— 8w)
Fuky d*k dw

xS exp {ikriy — iw(ty —t2)} (éw -t >lg=—w2— o)

Integration over k in (16) and (17) gives

i bu
Dy (z122) = — ﬁ;-r-; g exp {iw(ty—t2) + i|o]|re} do, (18)
i 8
Dnv’(zazz)= 82 {i_gﬁexp {im(tx —t)+ ilwlrﬂ} do
1 i —

- Vtquv— S expf{iw (ty—t2)} fﬁ%d(ﬁ} (1=8,1) (1—bw),
(19)

where r,, = |r,,|. The second integral in (19) formally
diverges but the whole expression has meaning if the
differentiation is carried out first. Finally, in 2 num-
ber of cases we need an expression for the free fermion
propagators in the coordinate representation:

S°(2y72) = 8:2 Sexp {iw (t1— t2) } F(x1x2; ©) do yu, (20)

F(xix,;w)z[i ari: -|—_..ar—;}m2 m,Z,T_ﬁ_m_lr__] exp {”70)2_,”2}
r ry

12 r 12 1)

In the following sections all one-photon diagrams (i.e.,
those containing one virtual photon line) in the above
scheme will be considered.

4. ONE-PHOTON EXCHANGE

We shall consider the matrix element corresponding
to the diagram in Fig. 1.

Sapap=a g dizy diza (Par(z1)YuPa (1))

X (B (22) ybs (2)) Dut (2122).. @2)

We put expression (17) into (22) and integrate over the
times t, and t,;

§ dty exp {iE aty — iEat1 + ot} § dts exp {iE pits — iE gtz — iz}
=(2n)28(w + Ear—EAa)8(0—Ep + Eg).

Performing now the integration over w, we obtai:
ia aya.
Saap=— A'B' | —exp {i|Ea — Ea+|rre}
2 2

—(Vma)(Vzuz)_i— exp (il £ — EA'I’;R} -
Iz (Ea—En)
% 8(Ea+Es—Ea—Eg’). (23)
The index i on the Dirac matrix «; indicates that the
matrix acts on the function ¥(xj). Taking into account
all occupied one-electron states and exchange diagrams
using formula (6) we obtain

1
—1AB)

i,

AE, = ._-4—(1 3 [(ABI~——+ 5 (Viay) (Voaz)rie| AB)
n
AB
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aya.

1
—<B4| : cos(Ea — Eg)ryp+ — (Vﬂh)(V:uz)L—-
2 2 Ti2

t

Ty

cos(Ea —Eg)rip—1
(Ea — Es)?

X

|4B) ] (24)

Expression (24) may be simplified using the relation
(BA| (Via1) (Vaaz)f(ri2) |AB)

= —(BA|[h*®|h*®/(r12)]]|AB) (25)
= (Ea — Eg)¥BA|f(r12) |AB).
Then (25) is changed to the form
__a oy | (@) (gore)
A, = 8n %[ (4B| ri2 + rig® 452
1 — a0 1
— B R os(Ea— Enyra——I4B) | (26)

For the outer electrons, |Ep - Eg| ~ ma?, r,
~1/ma and consequently the argument of the cosine
is a small quantity of order a. Limiting ourselves to
the lowest order terms in the expansion of the cosine
we obtain for AE, the usual Breit expression for the
correction due to retardation.

5. ELECTRON SELF-ENERGY DIAGRAM

We shall consider the matrix element correspond-
ing to the diagram in Fig. 2a (the electron self-energy).
The double line depicts an electron in an external field
V = vn + VHF and the wave line depicts the photon. The
diagram in Fig. 2a diverges in the region of high virtual
photon energies. The technique of removing the diver-
gences in this diagram was considered in the paper ™.
The electron propagator in the external field is ex-
panded in powers of the external potential and the first
two terms of this expansion are considered separately.
The division of the diagram in Fig. 2a into the parts 2b,
2c and 2d corresponds diagrammatically to this expan-
sion. In these diagrams a simple continuous line de-
notes a free electron and a dotted line an interaction
with potential V. Divergences are contained only in
diagrams 2b, ¢ and we may use the usual covariant re-
normalization procedure to remove them.

The energy shift corresponding to diagram 2b can
be written, using formula (6) and summing over the
occupied states of the atom, in the form

BES = === § Ba()Z (P Ea)oa(p) .

A
where Y5 (p) are one-electron functions in the momen-
tum representation and Z(p, Ep) is the regularized
self-energy part. We may borrow an expression for
Z(p, Ea) from, e.g.,"*

(27)

-~ 2 2 2 2 L 2
()= (1 =22 )+ 2m— (430 4 L) B2
P2 )4 m2 m2

2

2

~ A
—2(ip+ m)lnF, (28)

where p = (p, iEp) and x is a fictitious photon mass,

2 b
+ 5y +
A—‘A—T»“ 47 A ’
) Iy oy A
% EEE ]
c d
FIG. 2
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which is introduced to remove the infra-red divergence.
A must be set to zero at the end of the calculations.

The energy shift corresponding to diagram 2¢ may
be represented in the form

AEL =20 5§ $ap)Ao(bEai 4. Ea)eVo(p — D) 0a (@) Pa &,
a (29)

where V,, = (0, 0, 0, iV) and Ay(p, Ep; q, Ep) is the reg-
ularized vertex part. An expression for A, is given in
U151 and has the form

Av(pg) = (ayv+ bpy + cqv) (Ap + Bq + Cpq)

X F(p* ¢% (p—9)%) —2yvIn 12/ m?), (30)

where p = (p,iEp) and q = (q,iEA). It is easy to see that
the infra-red divergences in (27) and (29) are cancelled
if  is an exact solution of Eq. (14), which in the momen-
tum representation has the form

(@p+ pm—Ea)pa(p)— e § V(0—a)vala)Pa=0.  (31)
The diagram in Fig. 2d contains no divergences but
computationally is much the most difficult since it con-
tains a sum over all electron states in the external field.
A variational method to remove this difficulty is pro-
posed in the next section.

6. APPLICATION OF THE VARIATOINAL METHOD

We shall consider the matrix element corresponding
to the diagram in Fig. 2d:

Saa = a2 S dirdizodizsdizy (Par(zs) YmSo(x-ixii) Yo
X Vg (23) S (2372) ViV s (22) SO (2271) Y, 4 (21) ) Disgu, (2124 - (32)

Putting into (32) the expressions (15), (16) and (20), in-
tegrating over the times and frequencies and using for-
mula (6) we arrive after certain manipulations at the
expression

@ _ a2i
AEa = —Re —é-(z;l$ S

1
syw__t
dw:, ? E.(1—i0)+ o

X <04 (802 (3) | Ga(0) — a0 Ga(0)a® 4 (219 (1)), (33)
where G 4 (X1XX3Xy; )
= F)(ry; o) V(X3) V(x2) FO(ra; ©)ga(ria),

ga(ra) =rlexp (i|Ea — o|ru},

(34)
(35)
and F(r,; w) is expressed by formula (21). The super-
scripts on the matrices and functions indicate which

matrices act on which functions.
We consider the sum

2

n

W G (3)1Gatw) [ 2082 (1)) = Ja(a). (36)

E,to

Using Eq. (14) and the completeness of the system of
eigenfunctions of the operator hHF:

2 (9" (x2) Ja(¥n(xs) ) § = & (X2 — X3) Sap, (37)
n

where o and 8 are spinor indices, we may represent the
sum (36) in the form

Ta(w) = <pald) [F(43; 0)V(3)6(2—3) [A*®(2) + 0]
XV (2)F (21; 0)ga(14; ©) |92 (38)
(the indices 1 and 2 may now be omitted). For the ma-
trix element (38) we formulate a variational principle.
We consider the functional
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Taln, o] == (1 (1234) [6(2—3) F (43; @) V(3) [ pa (4))
+ (92 (1234) [ V() F (21; w)ga (14, ©) [pa(1))
— (P2 (1234) | %@ (2) 4+ o p1(1234)).

Varying this functional with respect to y, and 3, we con-
vince ourselves that its stationary value coincides with
JA(w). The expression found must then be integrated in
the complex w-plane over the usual Feynman contour.
The matrix element containing o’Ga(w)a® can be
treated analogously. As a result of applying the varia-
tional principle, the calculation of the infinite sum in
(33) is reduced to the calculation of integrals in config-
uration space.

(39)

7. POLARIZATION OF THE VACUUM

The last one-photon diagram to be treated corre-
sponds to polarization of the vacuum and is shown in
Fig. 3a. This diagram is also divergent. Omitting here
the detailed computations, we consider the removal of
the divergences in this diagram. Again we expand the
electron propagator in powers of the external potential
and this time separate out the first four terms of the
expansion. The diagrams 3b-3f are the diagrammatic
equivalent of this expansion. The diagrams 3b and 3d
give, by Furry’s theorem, zero contribution. After re-
normalization the contribution of diagram 3c is equal
to

8BS == L5, § (0 el Dy 0) Do, 0) s () Pp

o (40)
where II (k) is the regularized photon self-energy
part™*! and D, (k) is the photon propagator. The con-
tribution of diagram 3e is

1
BED = — 5§ ba@leVu(keVinkeeV (k)
A

Xl puguge (k105 k203 K30) Dy (ky 4 k2 + ks, 0) vu
s¥a(p -+ ki + ke + ka) dp d®ky d%k; d¥ks, (41)

where I#xl{zusua(klkzkﬁ‘) is the regularized photon-pho-
ton scattering tensor.

Diagram 3f does not contain divergences. Using the
above method we may represent the contribution of this
diagram to the energy shift in the form

NONEN 204 ¢ < 1
AL = Re———(4n)s _Smdu) Spey % L"J ————-—-——En(i )T e
X Cpa’ (19 ()] (1 — a® a®) B3(0) |2’ (195 (5)),  (42)
where
R(X|X4X5; (J)) =
1
= V(@) V() § F(ra; 0)V(xa) F(ris 0) = F(res; )
X V (xs) F (ras; ) d°x2 d*z3 d32s. (43)

Summing over the intermediate states may be avoided,
as in the case of diagram 2d, by using the variation
principle.

8. CONCLUSION

The suggested method makes it possible in principle
to calculate any matrix elements. The method of re-
moving divergences, considered for two examples, is
general and leads to the elimination from the theory of
all divergent expressions before the final state of the
calculations. Application of the variational principle

: '
+ ""j f"‘ + *= E 2 - + x——£ z'——x
= Fi = S p

FIG. 3

to calculate expressions containing sums over the in-
termediate states also has the character of a general
prescription. We use this method for cases with re-
peated summation.

We have not touched upon the question of the order
of magnitude of the matrix elements corresponding to
different diagrams. This depends on Zggf, i.e., on which
shell of the atom we are considering. For inner elec-
trons the one-photon diagrams considered above give
the main contribution to AE, of order a when compared
with E°. For the outer electrons the diagram in Fig. 1
gives a contribution of order o and the diagrams in
Figs. 2 and 3 a contribution of order o®. Besides these
a whole series of two-photon diagrams also gives a
contribution of order o®.”® It can be said that, in the
general case, the diagrams which must be taken into
account are the same for all the electrons of a heavy
atom as for the outer electrons.
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