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The spectrum of the lowest (quasi-homopolar) excitations in the one-dimensional Hubbard model
are investigated within the framework of the exact method developed in articles!®'°], The excita-
tions are classified according to spin and momentum. The singlet states are states of the bound
type. It is shown that both singlet and triplet excitations start from zero, i.e., they do not have a
gap. The magnitude of the gap is determined for the spectrum of quasi-ionic states to which an
optical transition is possible. Its dependence on the parameter characterizing the electron inter-

action is investigated.

1. INTRODUCTION

IN order to describe the metal-dielectric transition
associated with an increase of the repulsion between
electrons, Hubbard!*! proposed a model of a Fermi
lattice gas having an interaction of the electrons only
at one center. In the case of a one-dimensional cyclic
chain, the corresponding Hamiltonian has the following
form:

N N
H= 3 3 Tomnotne + —}—]— S 3 @i otnotne? e, 1)
where apg and apg denote the creation and annihila-
tion operators for an electron with spin ¢ in atom n;
all Tmpn =0 except Tpsln =-B (B> 0).

The Hamiltonian (1) was used in article!®! in order
to explain the appearance of a gap in the optical spec-
trum of long polymers with conjugated bonds. In this
connection it was shown, within the framework of the
generalized Hartree-Fock method, that an excited state
to which an optical transition is possible is separated
from the ground state by a gap for arbitrary values of
the parameter o. For a suitable choice of y it was
possible to obtain agreement with the experimentally
observed dependence of the magnitude of the first
transition on the length of the chain. In addition to the
excitations of the indicated type, the Hamiltonian (1)
has below a gap a set of singlet and triplet quasi-
homopolar excitations.[®s*] Here, as shown in the work
by Kohn!®! and Bulaevskiil®), an optical transition to
these states is forbidden or very weak. Meanwhile
these states play a major role in the determination of
the physical and chemical properties of long systems
with conjugated bonds. For example, the fact that the
spectrum of the triplet excitations starts from zero
leads, for infinitely long chains, to an appreciable
paramagnetism of these molecules.!®)

The goal of the present article is a determination of
the spectrum of the lowest quasi-homopolar excitations
of the Hamiltonian (1) and their classification. We shall
use the exact expression for the wave function of the
Hamiltonian which was obtained in articles!”®), where
Bethe’s idea! ™! was extended.

Let us consider an eigenfunction of the Hamiltonian
(1) with the number of electrons equal to the number of

sites, i.e., N, and with the z-component of the total
spin equal to zero (we shall assume N to be even). We
shall seek it in the form
N
Wo(nuria, ..., nn) = ) [0, P exp{i > «kpjngj} ,

> j=—1
' .gnoNJ< N. 2)
Here ki, kz,...,kN denotes the set of quasimomenta
for which the equation will be written down; (Q;,
Qz -..,QN) and (Py, Py, ..., PN) denote permutations
among the coordinates and momenta respectively. The
summation in (2) is carried out over all permutations
of the momenta kj; the [Q, P] are coefficients which
simultaneously depend on Q and P and which are
represented by a square matrix of order N!X N!,
which must be determined. The Schrédinger equation
gives the following relation between these coefficients:

[O; P] - Y'nmnb[()y I)’]’ (3)
where the operator Y203, has the form['”

1<"Ql<"0l<"

yes iy/2+(sinkn — sinkm) P20
e sin k, — sin kp, + iy/2 !
Ui=a==0/, Qi=b=0/,
Pi=m=Py, Pj=n=0P/, )

Qk = Q, P = Pt for k=i, j and the operator pab
interchanges the sites Qj and Qj. In this connection
the characteristic energy of the system is expressed
in terms of the quasimomenta kj in the following way:
N
E=—2B Decosk; (5)
je=t

By successively applying the operator Y%E’n, one
can express any arbitrary coefficient [Q, P] in terms
of (a vector of dimension N!) the coefficient [Q, I,
where I denotes the identity permutation among the
momenta k;, k,...,kN.

Utilization of the conditions for the cyclic nature and
symmetry of the wave function leads to a system of
equations for the coefficients [Q, I]. Omitting the sub-
sequent calculations which are rather completely given
in the article by Yang,'® let us write down the trans-
cendental equations for the quasimomenta kj arising
upon the solution of this system
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N/2

AILJ=2W[J+ Zw(/ﬁ)v (Ga)
p=1
N/2
2 p(ja) = 2t + Exp(ﬁa)Jrn, (6b)
j=t
1P w, (7a)
sink — Ag—ic/2

; —Aatic ¥
eivbo) — AB—I\a—“lC c= TR (7b)
Here A, (a =1,2,...,N/2) denotes a set of numbers,

all of which are different, and which in general may be
complex. The phases ¥(aB) and ¢ (jB) are determined
so that

—n << Rey(ap), Req(jp) <m,
v (j=1,2,...,N)and Jg (@ =1,2,...,N/2) are
integers; they label the eigenstates of the system. For
example, the total momentum Q of the system is ex-
pressed in terms of them in the following manner:

0= Sk =

N{2

(zzn 3 7). ®)

a=1

2. SPECTRUM OF THE TRIPLET EXCITATIONS

Let us consider the solution of the system of Eqgs.
(6) and (7) in the limit y — . As is well-known, in
this limit all eigenstates of the Hamiltonian (1) are
divided into groups of almost degenerate states: homo-
polar, ionic, doubly ionic, etc. The first group consists
of Zl‘f states with almost zero energy. The splitting of
the energy levels among this group is described by the
Heisenberg spin Hamiltonian. The second group con-
sists of 2N N states with energy ~y. A lowest excited
state, to which an optical transition is possible, is
found among this group. The third group contains
N(N - 1)2N-1 gtates with energy ~2y and so forth.
We will primarily be interested in the first group of
states. Since the excited states of the spin Hamiltonian
are well-known, then this makes it possible to classify
the quasihomopolar states of the Hamiltonian (1) ac-
cording to spin and momentum.

As y — =  Eqgs, (6a), (6b) and (7a), (7Tb) go over into
the following system of equations:

N/2
Nk = 2l; + >\ ps.
p=1
Npp = 2nJp -+ 2\1‘((1")), 0 < pp < 2=,
(=)
Y(Ba) ©)

oty — ':?(E\a“‘iﬁ)A

&

This system agrees with the system of equations for
the case of the spin Hamiltonian.'*) For the ground
state of the system it is necessary to choose J, and
Ij in the following way:

(10)

Ij=-N[2 —N[241,...,N]2 — 1. (11)

For the quasi-homopolar levels all kj are real, and
for convenience one can reduce them to the interval
(==, 7).

In order to determine the excited triplet states,
following''*) let us choose J, in the form
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Jo=10,24,...,2n—2,2041,..., N —1, (12)

where n is a certain number which determines the
total quasimomentum of the system. The solution of
Egs. (6) and (7) is obtained by changing to a continuous
distribution of the numbers kj and A,. In this connec-
tion one can use the formal equation p(k) = dj/dkj for
the density of the numbers kj in the interval (=7, w)
and 0(A) = da/dA 4 for the density of the numbers
A4 over the entire axis (- «, «), Carrying out the
required differentiation in Eqs. (6) and (7) under the
conditions (11) and (12), we obtain the following system
of equations for the triplet states:

4ea(A)dA

1 cosk
e(R)=—5o+ 2n_£77ﬁ(;\—smk)2’ (13)
¢ 4ep (k) dk 2m(A')dA' 21
i FTA( sk 2O (AH'g ) (A 7oA — A
E= —2‘\'55 p(k)cos k dk. (14)

—n

Here Ap is equal to its own unperturbed value, i.e., it
is obtained from the solution of Egs. (6) and (7) by
utilization of the numbers Jo and Ij, just as for the
ground state (10) and (11). Taking the Fourier trans-
form of the function o(A), one can easily obtain an
expression for p(k) and o(A). Omitting this calcula-
tion, we cite the answer for the energy of the triplet
states

2 (w)cos 0N, dw

o ch(we/2) 15)

Ey(g)==Eo+2p |
o
Here E,, the energy of the ground state which was

first determined by Lieb and Wu,!*} is given by

- I (w)o(w)de
Bo=— 43P 5—1?)
Jo(w) and J,(w) are Bessel functions. The quantity Ap
is expressed in terms of the quasimomentum of the
system q = 2wn/N in the following way:

Jo(0) sinwAn

3#+ S S 2

ch (we/2) (16)

The system (15) and (16) parametrically determines
the Et(q) dependence. The function E{(q) possesses
a double periodicity and reaches a maximum at q = 7/2.
Ifoy—e

ei(q) = L¢(q) — Eo =¢ (4np?/2vy)|sin ¢,

which agrees with the expression for the triplet exci-
tations''*) in the Heisenberg model with an exchange
integral equal to 48%/y.

3. SPECTRUM OF THE SINGLET EXCITATIONS

As was shown in'® the lowest singlet states of an
antiferromagnetic Heisenberg chain necessarily belong
to the bound state type, i.e., they correspond to com-
plex momenta in the spin system. Our calculation of
the spectrum of the singlet quasi-homopolar excitations
of the Hamiltonian (1) will be entirely based on an
analogy with a similar calculation for the spin Hamil-
tonian.

Let us choose sets of numbers Ij and Jy in the
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following way. Let us leave the set I] unchanged, as
given by Eq. (11), but

Jo=1,3,..., 281 —1, 2Bi —1,..., 2B2 — 3, 282+ £,..., N — 1. (17)
According tol*] two complex-conjugate numbers

Ay = +ik and Ap = x - ik will correspond to two

identical numbers Jg,. We note that the total quasi-

momentum of such a system will be determined in the

following way:
(18)

One can choose all remaining A, to be real. From
the imaginary part of Eq. (6¢) for @ = a we have
k = ¢/2. Changing to a continuous distribution of the
numbers A, and kj and introducing the corresponding
densities according to the formulas of the preceding
Section, we obtain the following system of equations:

g =2n(Jp, —Jp} I N.

cosk T Aco(A)dA 1
bt - T (k
o (k) o ~S°ﬂ02+4(;\—— Gnk? 3
2¢
T (k)= [Zﬂo(sm k—A)— m] cosk

4
+cosk 2{ - — ¢
L C‘Z+4(1\ﬁm_ sin k)?

— 2n8(sink—Ag ) ]; (19)

me==1,2

[ dep(k)dk 20 (A)dN' | D(A)
2 - 4(sink— A)* _mcz‘l‘(l\_‘l\’)g N ’
. 4e 12¢
P ==dnb(A=n e T = g oe
~ 2¢
N 2as(A—Ap )—m — —— |, 20
+ ”:’:—11‘2,' nd( l’m) c? '}‘(4\'—1\5,")2] ( )

In connection with the derivation of these equations we
added to the system of real numbers A, two additional
numbers AB . and AB which satisfy the same equations
as the number A, for Jg, = 28, -1, Jg, =282 — 1. The
function (A ) is represented out of the density of real
numbers A, together with the two additional numbers
AB 1 and ABZ

The solution of the system of equations is obtained
by transition to the Fourier transform for the function
o(/). Omitting the calculations, we write down an ex-
pression for the energy of the singlet quasi-homopolar
excitations

doli (o
. @ ch(we/2)

L (q)=Ey,+8p S (co> oAp, + cos oAg — coswr). (21)

In this connection, just as 1n["], the following restric-
tion is imposed on KBl’KBz’ and A:

[Ae] > 1, [Ag| > 1, [A] > 1. (22)

The condition for solvability of the system of equa-
tions for the number A, (here it is required that A,

#Ag for a= B) at once gives the equation
A= ng. (2 3)

The real part of Eq. (6b) for a =a together with Eq.
(23) leads to the relation

23y = Be. (24)
Finally Egs. (18) and (24) make it possible to relate
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the total momentum q of the system to Ag;:

. T dol (e)sin me
|q|=n—2$ u)ocll((oc/Z) ’
[t}

Equation (25) together with the equation which fol-
lows from (21) and (23),

ea(a) = 8p |

(25)

dwli(©)cos wAg,

o ch(wc/2) 26)

give the parametric dependence of the energy of the
singlet excitations on the quasimomenta. Here one
should keep in mind the limiting condition |Ag, | > 1.
It leads to the result that the singlet excitation spec-
trum has a termination point at

Jo(w)sin®

mch(mc/Z) @7)

qo=m—2 S
0
For y — < the value |qo| =7/2. If v =0 then g, =0,
which indicates the absence of bound states in this
limit. For small q the spectra of singlet and triplet
excitations have identical slopes:

) . 2874 (n/c)

eesle) =] == 28)
where I, and I, are Bessel functions of imaginary
argument. For large values of q the singlet levels
always lie above the triplet levels. For sufficiently
large but not infinite values of N, the energy of the
first triplet level tends to zero in the following way:

e‘(N):__/’iﬁ_ 1y (2np/y) (29)

N Iy(2nB/y)

Let us make several remarks about the energy of
the singlet quasi-ionic states. A strong optical transi-
tion takes place precisely to these states. The quasi-
ionic states possess a nonvanishing current. The en-
ergy of the lowest current state and, consequently, the
gap in the optical spectrum in the one-dimensional
Hubbard model were calculated in the article by Lieb
and Wu.['®) For its determination they obtained an
energy E. = E, + u, for the ground state of the system
containing N + 1 electrons and an energy E_ = Eo + -
for the ground state of the system containing N - 1
electrons. The gap in the spectrum of the quasi-ionic
states is then determined in the following way:

AE=FE;—E_ =u; —p_. (30)

In order to determine the spectrum of the quasi-
ionic states it is necessary to determine the energy of
a system containing N +1 or N - 1 electrons and
having a total momentum q. This computation is quite

\"%)
AT
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Different types of excitations of the system. eg(q) is the spectrum

of singlet homopolar excitations for small q, as given by Egs. (25) and
(26); qo given by Eq. (27) is the point of termination of the spectrum;
et(q) is the spectrum for the homopolar triplet excitations which are
described by Egs. (15) and (16); €j(q) is the spectrum for the ionic ex-
citations, and AE given by Eq. (33) is the gap in the spectrum of the
ionic states.
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analogous to the one given in the text. Without giving it
in detail, in the figure we show the general form of the
spectra for the lowest excited states. Different types
of excitations of the system. €g(q) is the spectrum of
singlet homopolar excitations for small ¢, as given by
Egs. (25) and (26); qo given by Eq. (27) is the point of
termination of the spectrum; €t(q) is the spectrum for
the homopolar triplet excitations which are described
by Eqs. (15) and (16); €i(q) is the spectrum for the
ionic excitations, and AE given by Eq. (33) is the gap
in the spectrum of the ionic states.

Lieb and Wul*®! arrived at the following expression
for the gap AE:

AE=vy— 4B + 88 3 (— 1)"[(1 + c2n?) % —cn]. (31)

n=i
It is possible to give a more convenient expression for
AE. For this purpose let us represent the series in
(31) in terms of an integral along a contour C, which
encompasses the real axis from c to «:

L JE T2, (32)

Z (_ 1)11[(1 b cZn,Z) Ve — nC] = Sic (::Sh(ﬂz/c)

n=1
Deforming the contour C, until it coincides with the
imaginary axis, we can represent AE in the form

2 % 2 1d
AR — 108 (Vv Ldy

. 33
vy sh(ay/c) (33)

For y — « the gap is given by AE~ y - 48
+(88%y)In2 + ... . If the strength of the electron
interaction is decreased, i.e., if y — 0, then
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AE = 8r-'yype—2PlY. (34)
We note that to within the pre-exponential factor this
expression agrees with the expression given in article!®
for the gap as y — 0.
In conclusion the author thanks Ya. B. Zel’dovich,
I. M. Khalatnikov, I. M. Lifshitz, and E. Lieb (USA)
for interesting discussions of this work.
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