SOVIET PHYSICS JETP

VOLUME 30, NUMBER 6

JUNE, 1970

FIRST ORDER PHASE TRANSITION IN A MODEL OF A BOSE GAS WITH ATTRACTION

D. M. CHERNIKOVA

L. D. Landau Institute of Theoretical Physics, USSR Academy of Sciences

Submitted June 3, 1969

Zh. Eksp. Teor. Fiz. 57, 2125—2136 (December, 1969)

The thermodynamic functions are calculated for a weakly nonideal Bose gas. In Sec. 1, general formu-
las are obtained for the thermodynamic potential, allowing us to investigate the thermodynamics of a
Bose gas in the region of arbitrary temperatures, except the immediate neighborhood of a phase
transition. The formulas include terms of second order in the expansion parameter. It is shown that
the expansion parameter (gas parameter) changes during a transition from the low temperature region
to the high temperature region. A model with attraction at large distances is investigated. The pres-
ence of a first-order phase transition in such a system is shown, and all thermodynamic functions of
the transition are evaluated, and also the diagrams of phase stratification in the T, n plane are con-
structed. The existence of a first-order phase transition is shown for the model not only with an effec-

tive attraction, but also with an effective repulsion.

THE goal of the present article is a study of the possi-
bility of a first-order phase transition at finite tempera-
tures in a model of a rarefied Bose gas with long-range
attraction and short-range repulsion between the parti-
cles. A consistent model of this kind was proposed by
Tordanskii’ '’ who showed that at absolute zero tempera-
ture stable homogeneous states in this case exist only
for sufficiently large densities. One can therefore sur-
mise that the system undergoes a first-order phase
transition at finite temperatures. This problem is of
well-known interest. We note, incidentally, that in real
helium a first-order phase transition of the first kind
occurs at sufficiently low pressures and temperatures.

Just as in'"! we shall assume that the potential en-
ergy V(r) = Vy(r) + Vz(r) of the pair interaction of the
Bose particles consists of a repulsive core V,(r) > 0
with a radius of action a and a long-range attraction
Va(r) < 0 with a radius of action R > a. Let the rela-
tion between these quantities be such that in the essen-
tial region V,;a® ~ V,R®?, so that the corresponding
Fourier components U,(p) and U,(p) are of the same
order of magnitude for p < 1/R. For simplicity we shall
assume the interaction to be weak, i.e., the Born param-
eters £, =Uy/a<1landé, =U,/RK 1 (the mass m =1
everywhere). Such an approach saves us from the neces-
sity to sum the Born series for the scattering amplitude.
One can show that the results do not depend on this
(see®®’).

The amplitude f(p, p’) for the scattering of two parti-
cles which interact by means of the potential V is rela-
ted to U by the equation'*®?

dqg  U(p'—q) -47f(p.q)
(27)® pPP—q+id
To the second approximation of perturbation theory we
have

f(p )= U —p)+ §

dq U(p'—q)U(q—p)

(2)° pP2— Q>+ id Y

4xf(p)=U@ —p)+ §
from which, since R > a, we obtain
4xf(p, p') = U(p' — p) — Ur(p" — p) + 4afi (p, 1),

where f,(p, p’) is the amplitude for the scattering of two

particles interacting by means of the potential V;.
In the model'"’ it is assumed that

1£(0.0) / £1(0.0) [=IBl<< . 2)

The smallness of 3 indicates almost complete cancella-
tion of repulsion and attraction in the scattering ampli-
tude for small p and p’.

Since the characteristic momentum for U, is 1/a,
then f,(p, p’) = £1(0, 0) for p, p’ < 1/a. Therefore, for
p < 1/a we shall have

4nf(p. p) = [U(0) — U\(0)] + 4af1(0. 0) = 4aBfo,
whereas for 1/R < [p—p’| < 1/a one will find
4nf(p,p) = [U(P —p) — Ui(p’ —p)] + 4af1(0.0) = 4nfo 4)

(one can neglect the quantity U,(p) for p > 1/R). The
notation fo = £,(0, 0) is used here and in what follows.

Thus, in the present model the scattering amplitude
varies rapidly during a change of |p — p’| from zero to
a value ~1/R, then remaining constant up to p, p’ ~ 1/a.

We shall assume that the number density of particles
n is small, i.e., the gas parameter (nf3)'2 < 1. The gas
approximation is valid over the entire temperature
range with the exception of only the immediate neigh-
borhood of the Bose condensation point T,.

The thermodynamics of a rarefied Bose gas were
studied in articles'*®! for a model with a repulsive po-
tential. In the articles by Singh"*’ and Popov'®’ the
thermodynamic potentials  and F were evaluated by
means of direct integration of relations of the type
/oA = )\"(Hint). Such a procedure enables the au-
thors to calculate the thermodynamic functions only in
the limiting cases of low and high temperatures. As we
see below, in the model of a Bose gas under investiga-
tion a first-order phase transition takes place over a
broad range of temperatures. An incorrect formula for
the chemical potential is obtained in the article by
Glassgold, Kaufman, and Watson.'’ In addition, their
use of Bogolyubov’s canonical transformation is not
convenient for a determination of the higher-order ap-
proximations.

In the general case for the thermodynamic potential
of a system of interacting Bose particles, Dominicis

®)
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and Martin constructed a certain functional, expressed
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where

in terms of ‘‘occupation numbers,”’ with the aid of which e(p) = [(e(p) + Su(p) — 1)2 — Zo2?(p) 1" = [ea®(p) + 2noU (p)eo(p)]*-.

it was later shown that at low temperatures the heat
capacity in such a system is determined by the phonon
part of the excitation spectrum,®’ and the number den-
sity of supercondensed particles vanes with tempera-
ture according to a quadratic law. ) For specific cal-
culations, in particular, in the model of a Bose gas
under investigation, it is much more convenient to have
an expression for  in terms of the exact Green’s func-
tions, analogous to the results which were obtained by
Luttinger and Ward for the Fermi gas 10 and by
Ehashberg for superconductivity. L1l Therefore, first
(Sec. 1) we derive general formulas for the basic
thermodynamic functions, assuming for simplicity that
there is only a repulsive interaction in the Bose gas.
The results obtained will then be used (Sec. 2) for an
investigation of the properties of the model of interest
to us of a Bose gas with attraction. The existence of a
first-order phase transition in such a model will be
shown under rather general assumptions about the rela-
tion between attraction and repulsion (Sec. 2).

1. THERMODYNAMIC POTENTIAL OF AN IMPERFECT
BOSE GAS

According to Belyaev, a system of Bose particles
is described by several Green’s functions whose
Fourier transforms satisfy the following formulas:®

iwr+eo(P)+S(B)—A(p)— p
[ion — A(P) ] —[eo(P) + S (P) — wF+ 2L, (P)

Zo2(p)
{iwx — A(p) P — [eo(P) + S(P) — vE+ 22, (P)

[2,3]

G(p)=

)

(1.1)

Gy =C(p)=—

S(@) ="2(Zu(p) +En(=p)), A(P)="1(Eu() —
eo(p) = p*/ 2m.

Above we assumed that (nf3)*2 < 1 (for the model of
a Bose gas considered in this section, f, denotes the
value of the scattering amplitude f(p, p’) for p, p’ < 1/a,
where 1/a is the characteristic dimension of the repul-
sive interaction). It is not difficult to verify that here
Tf% < 1 over the entire temperature range of interest.
We take the diagrams shown in Figs. la through 1c as
the terms of the first approximation for Z,,, Z, and u.
In this approximation Z,,, Z o, and y have the form

Iu(—p))

dq U(p + q)G(g)eiend, 8—+0,

Su(p)=nU0)+nU(p)—T 2 S @

(1.2)
Zo2(p) = naU(p), (1.3)
b4 q ©
p=nl(0)—T 2 5 T )SL(Q)G(q)e' 28, 6+ 0, (1.4)
where

n=n,—T E S (:1 )—3('((1)e"“n 6—>+40. (1.5)

Substituting (1.2)—(1.4) into (1.1), we have
G = — ior +ea(®) FUP) o g nU(R)_ (1.6)

o+ e

wa? + €2(p)

DThe Green’s functions and the mass operators depend on the 4-mo-
mentum p; in the remaining cases p = |p|. All notation agrees with the
notation used in [3]

(1.7)
The second-order graphs for u are shown in Fig. 1d.

Taking these diagrams into account, we obtain the fol-
lowing expression for u:

(1.8)

66— —+0.

d . - )
p=nU©-7T3 § (2:)3b(q)(0(q>+ G(g))ens,

The question of the contribution from diagrams of the
next order for 2, and Z, arises in connection with the
substitution of the expressions for G and G into Eq.
(1.8). A typical diagram for Z,, is shown in Fig. le.

For it we write down the expression

— — noTU?(p) %‘, (L 2 (1.9)

For T = 0 an estimate of similar diagrams was made
in®’. There it was shown that the expansion takes place
in powers of the parameter (nf3)'’? < 1 (n, denotes the
number density of the particles with p = 0). For tem-
peratures T ~ T, the terms in the sums over k in which
wy = 0 are essential for estimates of the diagrams. It
is easy to verify that in this case the expansion param-
eter is TE(ndd) ™" < 1. For T ~ n®” one can write this
condition either as (ngf3)'® < 1 or as (Tf2)* < 1. In
what follows, both of these parameters will always be
regarded as small. This property allows us to neglect
the contribution of the higher-order approximations.
At the same time it should be noted that expressions of
the type (1.9) for Z,,(p) and Z o»(p) diverge at small mo-
menta. For p < (noUo)'”? Eq. (1.9) gives a contribution
to Z ee(p) of order TUy/p with respect to (1.3). However,
as we see below the contribution to the thermodynamic
functions coming from the region p < (noUo)*” is not
important. Therefore expressions (1.6) and (1.7) for G
and G are valid for p > TU,. With their aid we can
evaluate the second-order correction for the chemical
potential (1.8).

It is convenient to use the following expression in
order to calculate the thermodynamic potential
Q(T, 7, 1) (7 denotes the volume occupied by the Bose

e (p) C(9)G(p—9).
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dp
(2n)*

eiwgd

Q=173 {

640
1, o+ (eo(P)-- Zu(p) — 1)% — Ze(p)

X {_21“ wr? -+ (eo(p) — 1)?

+ Zoa(p)G(p) — nU(0) + U (p)1G (p) — 1ol (p)

ir3g

+ X1 (p) Re G(p)
G(p)

o ),{U(O)+b (= PEECW) }

+ _f;_rU(O) ng — 7’nop, (1.10)

where Q, denotes the thermodynamic potential in the
absence of any interaction:

n d~;ln< | —exp [p_—;;(_?))]

Expression (1.10) may be obtained in analogy to the way
this was done in'®'*!. The first variations of  with
respect to %, Z i, and n, vanish provided that Z,;, Z s,
G, (3, and u are determined by formulas (1.2), (1.3), and
(1.6)—(1.8). Substituting Z,,, ¢, from (1.2), (1.3) and Q,
from (1.11) into expression (1.10) and carrying out the
summation, we obtain the thermodynamic potential  to
second order in the gas parameter:

Q=17 (1.11)

" d
Q=717 ‘\ (Zd)sln(l—e eP)T ) — ;75 (l; ;D(p——p)n(p yn(p’)
+= §~ fe (p) — ea(p) — 20U ()]

(9 )?
(1.12)
-+ 2—[U(O)r102 — U(0) (n — ne)%— 2nop),
eo(p) +- U (p) 1 . &o(p) + nolU(p) — e(p)

n(p)= e(Pp) ee(PNT — | o 2£(p)

where n(p) is the number density of particles with mo-
mentum p # 0.

In order to evaluate the entropy S = —(8§2/9 T)y,’ W in
Eq. (1.10) one should differentiate only with respect to
the explicit dependence on T:

S=ZS dp 1

(2:)3 e=®)T

Then in Egs. (1.8), (1.5), (1.12), and (1.13) we ex-
press the Fourier components of the potential in terms
of the amplitude for the scattering of two particles. In
the first approximation U(p’ — p) = 4nf(p, p’) = 47f, (see
Eq. (1)). But some of the integrals in Eqgs. (1.8) and
(1.12) diverge for large momenta. It is easy to eliminate
the divergence if the second term in Eq. (1) is taken into
consideration.'2! After this we obtain

p = 4onf (0,0)+ 4 | dp_ f(p.0)es(p) 1

oe(p)
)

— (e + 5= (1.13)

< (2m)F e(p) exPIT —
¢ €0°(p) — eo(P) & (P) -+ 4rueof (P, 0) e (p)
2 .0 ,
+2r ) i )af(p )= e L1
nen +§ dp_eo(p) brnof(p.0) 1 .
-0 (2:1)3 e(p) ENT — |
+ 1 S €0 (p) -+ 4zunof (p. 0) — e (p)
(Zn)° ¢(p) ’ (1.15)
d '
0= 77 i (1= eom)— 207 { L0100
toc doyg (4/ (p.0))?
+'—_;f S.(Zn)3<b(p) £o(P) 4“”0/’“),0)‘}'—*2‘;0—(‘]")')—)
+ 2a7°f{0,0)ne? — 2n7°f(0,0) (n — no)? — Pnop, (1.186)
where
e(p) = [ec?(p) + Snnof (p, V) ea(p)]™ (1.17)
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The integrals in (1.13) and (1.16), containing an exponen-
tial in the denominator, are collected together for e(p)

~ T. Values of p ~ (nofo)'”? are essential for all remain-
ing integrals in Eqgs. (1.14)—(1.16) (since (noUo)l/2 > TUq
and fo ~ Uy, we have p > TU,). Considering f(p, 0) to be
constant everywhere, f(p, 0) ~ fo, and performing the
possible integrations in Egs. (1.13)—(1.16), we finally
obtain

p == 4nfo [" + "o(”ofu )R+ T:/u[z(a)] (1.18)
n = ne+ 38 _no(nofed) k+ Tis(a),  (1.19)
n
P—=— E— 9njg[ n? 4+ bf no? (nofe®) e 4 (n — no)z] + I*hly (),
v Sya (1.20)
S:VTE/‘IQ(G). (1.21)
Here o = 4mnofo/T,
L= Y2 §° (/a0 + (2 4 0?) ) da
=57 ) Fr @ et @ o e — 1)
1 ¢ 23dz
I —_ —_— 3
(@) yen? § (22 + a?) o + (22 4 a?) iffa(er — 1)
(1.22)
1 & zdz
1. = ——
() V22 So la (22 + a?) “fi(er — 1)
1 ? [0 +5/3(2% + a?) ] z* dz
14('1)=— A ” Y 0
¥2x (22 + a?) o - (22 + a?) WPi(er — 1)

At low temperatures, T2 < nefy (o >
to Egs. (1.18) and (1.22) we have

p= 4nfa(

1), according

nBzT>

—n(nfy®)" + ,
n—-é—;——;n(n/u '/z——‘T

2¢

Ry = 1

(1.23)
5 4
P = ano( nt+4 61:_ lzz(n/03)"l\ — n*B, — r
SYa 6 N
4 n2By°T?
=0

¢ == (47tnfo) 2

b

(B: and B, are Bernoulli numbers). Thus, at low tem—
peratures, Tf; < ngfy, only the phonon spectrum[ gives
a contribution to the entropy, and the quantity n— n,
varies with temperature according to a quadratic law.©

At high temperatures, Tf2 3> nd3, according to Egs.
(1.18) and (1.22) one will have

8]

/ '
no—-n—-ncr—{—T[ (n——ncr)] ,  ner = L{0) T,
n
h
] =4ﬂfo‘{ﬂ+"cr_2T{{f‘(n—ncr)] } s (124)

= 14(0) T + 2nfo (2 4 ncx?) — &/s¥allfo (n — ner) P

— 4Yn Tren folfo(n — ner) 1,
=3/ (0) T — 6l2(0) T (n — ner).

(here 11(0) C}5/2)/(21r)‘°‘/2 and I,(0) = I3(0)

= £(3/2)/@2m)%"%; £(5/2) and £(3/2) denote zeta func-
tions). It is not necessary to take into account terms of
higher order in the expansion of the integrals I,(«)

2)The last term in the equation for the pressure (1.24) is not present
in Popov’s work. Everywhere in Singh’s work, only the first-order terms
in the gas parameter are evaluated.
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through I,(a) in powers of a, since for T ~ T, = n?’?

they become of the order of the contribution which
comes from the discarded diagrams of perturbation
theory. Finally, the quantity no ~ 1 — (T/ Tc)”/ % becomes
small quite close to the transition line T, = [n/I>(0) s
for an ideal Bose gas. As one can easily verify, the
condition Tf3/(nef})*2 < 1 will be the criterion for the
validity of all formulas with regard to nearness to the
transition line.

Formulas (1.23) and (1.24) derived above basically
agree with the results of Singh'*! and Popov.''?

2. THERMODYNAMICS OF A MODEL OF AN IMPER-
FECT BOSE GAS WITH ATTRACTION

In this Section we investigate the phase transition be-
tween ‘‘liquid’’ (characterized by the presence of a
condensate) and ‘‘gaseous’’ phases. In equilibrium the
usual conditions must be satisfied at the boundary be-
tween the two phases:

T=T,p=p,P="P, (2.1)
(We shall everywhere denote the thermodynamic func-
tions pertaining to the gaseous phase by primes.)

Below we shall seek the region of phase stratifica-
tion in the (T, n) plane. We shall use the results of the
previous section for the quantities u, P, and P’ which
enter into Eq. (2.1).

In the liquid phase the diagrams for the mass opera-
tors Z,;, Z (Figs. 1a and 1b) and for the chemical
potential u (Figs. 1c and 1d), and also the analytic ex-
pressions (1.2), (1.3), and (1.8) corresponding to these
diagrams remain valid. It was indicated above that
Z11(p) and Zx(p) given by Eq. (1.9) vary significantly
only for small momenta p < TU,. Therefore, assuming
TUo, < 1/R and taking the smallness of the quantity U(0)
given by (2) into consideration, we obtain the result that
to the lowest approximation, in the range of momenta
1/a > p 2 1/R, Zu(p), Eoz(p), and p are given by

241(p)= noU(p)— TZ S

Up+q)G(g)e s, 8—+0,

@n)° )3
Zoz(P) = "oU(P),

)elwkd

=

'—45 Rl oo

Here, as usual, the Green’s functions of the super-
condensed particles for 1/a >> p X 1/R are described
by formulas (1.6) and (1.7) obtained above.

It is impossible to perform the integration in formu-
las (1.13)—(1.16) for the thermodynamic functions
without specifying the specific form of the scattering
amplitude f(p, 0). However, for sufficiently large values
of R one can significantly simplify expressions
(1.13)—(1.16). In fact, if one assumes (nifo)2 > 1/R,
i.e., a/R < B, then for T > (nofo)l 2/R everywhere in
the 1ntegrals one can neglect the region of momenta
q € 1/R in which f(p, 0) varies rapidly, i.e, in all of the
integrals (1.13)—(1.16) one can set f(p, 0) = f,. Finally
we obtain

1’=2m‘a‘13n2+ = ol (0= )t | + 704 (a). (2:2)

1o (1ofe®) 2 + Tl (a) ] (2.3)

p=4afy [ﬁn + 33_
Jym
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no(nofo®) s + TIs (), (2.4)

n=no+
3ya

s=T%I,(a) /n (2.5)
where s is the entropy per particle, and I(a), Ix(a),
Is(a), and I4(a) are determined by expressions (1 22).
. Inthe “‘gaseous’’ phaseng=0,Z¢=0,Z,=
G = G = 0, and according to Eq. (1.1) G has the form

(2.6)
@.7)

G(p) = [ior — g(p) 1
¢/ (p) = eo(p) +Z(p) — 1"
The perturbation theory formula for Z is valid every-
where except in the immediate ne1ghborhood of a phase
transition, i.e., for Tf, K Iueffll 2 (ueff denotes the
‘“effective’’ chemlcal potential, u, eff = g’ —Z). In this
temperature range and for 1/a >> p * 1/R the mass
operator Z (p) is given by

: dq
x(p)=—T kz S @)

The entropy, the number density of particles, and the
pressure in the gaseous phase are calculated according
to formulas (1.13), (1.15), and (1.16), where it is neces-
sary to substitute e(p) = €'(p) from (2.7), and n, is set
equal to zero.

As already mentioned above, the condition p = p’
must be fulfilled on the equilibrium curve for the two
phases. The quantity p’/T << 1 in the temperature range
of interest to us, T > (nofo)'?/R. Therefore the quantity
u’/T < 1 near the equilibrium curve, and therefore one
also has g/ T < 1. In this connection Tfo/|uggsl "
<« 1, and therefore the boundaries of phase stratifica-
t10n in the (T, n) plane are located far from the curve

= [n/ 12(0)]2/3 which describes the transition in an
1deal Bose gas. For “eff/ T < 1 an evaluation of the
thermodynamic functions in the gaseous phase is not
difficult. Near phase equilibrium we have

where

U(p+q)G(g)ein® = dn'fo, §—>+0.(2.8)

P = I, (0) % + nerpi o + 21fon", (2.9)
$'=5I|(0) /212(0). (2.10)
' =ng — T|we | "/¥2x. (2.11)

In order to understand the situation and show the
order of magnitude of all quantities, let us consider the
boundary of the stable states in the liquid phase, which
is determined by the condition (6P/6n) = 0. In the reg-
ion of temperatures and densities where a = 4mnf,/T
~1and |n—ne| < n one can neglect the term (n — ny)?
in Eq. (2.2). According to Eq. (2.2) we have

oL | 2 [

A =0
Fa T a st 4nt' !

where 7 is the temperature in dimensionless variables,
7 = Tf2, and according to Eq. (1.22) the derivative 81,/6a
is given by

o _ e F

(2.12)

la -+ %/2(2% + o?) "]2% dz
da V2r2 | (22 + o?)Hla + (22 + ) Wia(er — 1)

The sum of the first two terms in Eq. (2.12), (81,/0a)
+2(e*”2/1%), changes sign at a = 0.288. Therefore, at
finite temperatures a transition between the liquid and
gaseous phases will exist both for g3 < 0 as well as for
B > 0. For comparatively high temperatures, 7 > &,
one finds

v = 002297 (2.13)
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as is evident from Eq. (2.12) for the cases 8 < 0 and

B > 0 (v is the number density of particles in dimen-
sionless units, v = nf3). For low temperatures, 7 < &,
and B < 0 will give

v =n(f/16)%

For B > 0 the boundary of stability 8P/8n = 0 for lower
temperatures, 7 < &, falls into the region n—ng ~ ng
and ¢ < 1. In this case for 7 < 8% we obtain

V="t J’t"’(t/ﬁ)z_

After substituting P and p from Egs. (2.2) and (2.3)
and P’ from (2.9) into them, the equilibrium conditions
(2.1) for the two phases take the following form:

2nf{pn? + 8/ sn—"me? (nofo?) s 4 (n — no)?) + I3 (a) I
=14(0) " + nerp oty + 2nfon?,
(2.15)

4nfo{pn -+ /s "ng(nofo’) e + Ir (a) 7} = peff + 4nfon'?,
where n and pggs are determined, respectively, from
Egs. (2.4) and (2.11). By solving the system of Egs.
(2.14) and (2.15) with the aid of Egs. (2.4) and (2.11), we
obtain the boundary of phase stratification inthe T, n
diagram. In this connection, as is clear from the pre-
ceding discussion, it is necessary to consider the cases
B < 0 and B > 0 separately.

The case B < 0. In this case, as will be seen below,
in the region T > (nsfo)’%/R one always has @ 2 1 and
no # n. Therefore, neglecting the small terms of order
B and the terms containing the superfluous power 7/
one can reduce Egs. (2.14) and (2.15) to the form

(2.14)

Iia)— 1, (0)+-—-—-u”‘ 811 ﬁ:‘/ =0, (2.16)

T'h 4 aﬁ Y
e o 1 — —1 0 o . 2.17
¥ K [ ‘Vn/ 19(0) f(0)= 5O 3n2u +4m"/t ] ( )

At comparatively high temperatures, 7 3> (578/32)%, the
value of the parameter a is of the order of unity, as is
clear from Eq. (2.16). In this connection the term con-
taining 8/ /2 becomes unimportant in both equations.
Neglecting these terms in Egs. (2.16) and (2.17), we ob-
tain the result that the parameter o is determined by the
equation

4
11(@) = 1(0) + =gt = 0. (2.18)

which gives numerically a = 0.501. Thus, asymptotic-
ally
0.501

V= = 0.0398. (2.19)
JU
Near the asymptote we have
v = 0.03987 (1 — 0.:472p /7). (2.20)

In connection with the evaluation of v’ given by Eq.
(2.17) in the temperature range 7 > (5mB/32)%, the
correction coming from the term B/7'% is unimportant,

and therefore
v = ver(1 — 1.341%). (2.21)

Then substituting the value @ = 0.501 into Eq. (2.5), we
find that the entropy in the liquid phase is small:

s == 3.7t

(2.22)

In the limiting case of low temperatures, 7 < (578/32)%,
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the parameter o becomes large, 1/8 > a > 1.
Neglecting for o >> 1 the terms I,(a) and I,(a) in Egs.
(2.16) and (2.17), we find

ot T O =0 (2.23)
Th 4, af |
f=ver| 1l —————| —a+ : .
v = [ Vn/215(0) l 3“2‘1 P ] (2.24)
The last term in Eq. (2.23) is small; therefore
AL 5 327 \5
a_(—%,,,) [14+ nl:(O)(snm[ Y] (@25

Substituting the value (2.25) into expressions (2.4),
(2.24), and (2.5), we find that

= (5T gno ()|
I | 5 183 \*
V=t ) )

o 5

41?]__(__—64 >1'3.

3ym N 5B

. (2.26) gives a value for the density which
corresponds to the pressure being equal to

(2.26)

S =

At T=0E
in article!*
zero.
From the formulas obtained above it is clear that
over the entire range 7 > (nofo)l/z/ R under considera-
tion, the entropy s in the 11qu1d phase is small in com-
parison with the entropy s’ in the gaseous phase. There-
fore, for 7 3> (ndo)! ’2/R the latent heat of transition q
per particle is given by
5 1,(0)
=TLO
For the same reason the equilibrium curve of the phases
on the P, T-diagram differs very little from the corre-
sponding curve P = 11(0)T5/ % for ideal Bose condensation.
The case 8 > 0. For this case a@ < 1 everywhere. At
not too low temperatures (7 2 (578/32)%) Egs. (2.14) and
(2.15) have the form (2.16) and (2.17). Therefore ex-
pressions (2.19)—(2.22) and (2.27), which we derived in
the region of high temperatures (7 3> (573/32)) for the
case B < 0, are also valid for the case 8 > 0.
In the limiting case of low temperatures
(7 < (57B/32)%) and for a positive value of 8, values of
the parameter @ < 1 are essential in the equations.
One can represent expressions (1.22) in the following
form:
Ii{a) = 1 (0) — o/ 3x,

(2.27)

12((1) = ]2(0) — a' /ﬂ,
I(a) = 1,(0) —%/212(0)c.

Taking (2.28) into account and substituting n, from (2.4)
and pgpp from (2.11) into Egs. (2.14) and (2.15), we find

Ty(a) = 12(0) — o/ 2=, (2.28)

f =331y W f =331y
1-4972 1107
g0
N * 0 b 0507y
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v and v'. They are given by

v=>5/w¢, v'=vc,[1—3

h
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According to Egs. (2.5) and (2.28), for a < 1 the en-
tropy in the liquid phase is determined by the expression

From Egs. (2.29), (2.30), and (2.10) we obtain the follow-
ing result for the latent heat of transition q:

_3 10
" 2 ()

T,n-diagrams are shown in Figs. 2a and 2b, where
the region of phase stratification is cross-hatched for
the cases B < 0 and 8 > 0. The boundary of metastabil-
ity on the side of the liquid phase is given by the dashed
line for 8 < 0. The boundary of metastability of the
gaseous phase is located in the immediate vicinity of
the Bose condensation line, i.e., in a region where the
formulas of perturbation theory are not applicable. All
curves are obtained as the result of a numerical solu-
tion of Egs. (2.12), (2.16), (2.17), (2.26), and (2.29) for
I8l = 0.1.

Here it is appropriate to emphasize that all formulas
are valid only for very small values of v, 7, and 8. This
circumstance is associated with the fact that in order
for our approach to be valid at high temperatures it is
necessary that 77/* < 1 and v*/® < 1. The interplay of
numerical coefficients also restricts the domain of
validity of almost all asymptotic formulas. In particu-
lar, the transition line 7 = 3.31 127 for Bose condensa-
tion and the asymptote 7 = 25v for the stratification
region now intersect at v = 2,4 x 107,
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In conclusion the author expresses his deep gratitude
to S. V. Iordanskil for helpful discussions and to Z. B.
Vol’pert for carrying out the numerical calculations.
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