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For slow electrons (€ < w) in a weakly ionized molecular plasma, we evaluate the distribution func-
tion, the average energy, the average energy losses, the mobility, and the heat conductivity, taking
inelastic processes into account. We use the correlation function method to take into account vibra-
tional and rotational transitions of the molecules when they collide with electrons. We obtain the
quasi-classical rotational correlation functions for linear molecules and symmetric top type mole-

cules.
1. INTRODUCTION

THE correlation function method (or the temperature-
time Green function method) has been extensively ap-
plied in the kinetics of condensed media. To describe
non-equilibrium processes one uses in the first approx-
imation in the density the normal method for evaluating
distribution functions and kinetic coefficients which is
based upon solving a Boltzmann equation with a colli-
sion integral in the traditional form. All the same,
even for rarefied systems (gaseous plasma, molecular
mixtures) there are problems for the solution of which
one must use the correlation function formalism.

In particular, the correlation function method makes
it appreciably easier to take into account the contribu-
tion of inelastic collisions to kinetic coefficients
(mobility, relaxation time tensor, and so on) and to the
distribution function. One can obtain a simple expres-
sion for the inelastic collision integral if we restrict
ourselves to the first (Born) approximation in the inte-
gral equation for the two-particle temperature-time
Green function G,

(1 — iG1G2V) Gy = GGy (1.1)

We shall assume that G is the propagator of simple
structureless particles, and G, the propagator of par-
ticles which are ‘‘dressed’’ by an internal potential.
The integral equation (1.1) describes a two-component
non-equilibrium mixture of simple and compound par-
ticles. To linearize the problem we consider the sim-
plest case when we may consider a small non-equili-
brium admixture of simple particles in a thermostat of
compound particles which is in local equilibrium with
respect to the internal degrees of freedom (tempera-
ture T) and the translational degrees of freedom (tem-
perature T,).

Substituting G,. into the equation of motion for G,
and using the standard technique (for instance,“]) we
find for the integral for the collisions of the simple
(mass m and distribution function f(p)) and compound
(mass M, density n,) particles (everywhere in the
following h = k= e =1)

Lof ()= no § dt § &' |V (q) [*®r,(q, ) ®r (g, 1)
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X [ertpa=pzmf (p') — eil@=p/2mf (p)], 1.2)

Here q = p’ — p, and the Fourier transform &T(q, t)
of the correlation function (two-particle Green function
with pairwise identical spatial arguments) is equal to

1 E .
@ (6,0) = 5 3 exp{— -+ it(En—Ea) || 90

n, n
i

1 )
= S d*ry d3r2e“1(“*“‘2)G< ry,r —t— —\ G* (ry.10, — 1),

1 7/
Z= ReET, Glramt) = Dot (r)pa (). (1.3)

Using the Heisenberg representation eitHelqre-itH
= elqr(t) (H is the internal Hamiltonian of the compound
particles) we find instead of (1.3)

Dy (q, t) = (eitre=1arO),. (1.4)

The correlation function &T,(q, t) describing the

translational motion of the compound particles (momen-
tum p,, position operator R,(t) = R;(0) + (t/M)p,) is
similarly defined:

D7, (q, 1) = (elR)e=iaRWO)} ;.

= exp {—q?(it 4 2T) /2M}. (1.5)
Substituting (1.3) to (1.5) into (1.2) we obtain the
linearized collision integral in the usual form
Lniey=3 ey wyro—win fml. (1.2a)

n,n’

Correlation functions such as (1.4) were introduced
by Van Hove!?! but have as yet apparently not been
used to solve actual gas-kinetic problems. Meanwhile
the collision integral in the form (1.2) has appreciable
advantages as compared to the collision integral (1.2a)
as it enables us to manage without evaluating the in-
elastic rate constants for different transitions and the
subsequent summation over all channels.

Solving the Boltzmann equation with the collision
integral in the form (1.2) we can directly express the
kinetic coefficients (mobility, viscosity, thermal con-
ductivity, average energy losses, and so on) taking in-
elastic collisions into account in terms of the interpar-
ticle collisional potentials and the internal potentials of
the compound particles.
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2. DISTRIBUTION FUNCTION AND KINETIC COEF-
FICIENTS FOR ELECTRONS IN A MOLECULAR
PLASMA

As an example of an application of the correlation
function method to a description of transfer processes,
taking inelastic collisions into account, we study the
procedure of evaluating the distribution function, the
mobility, and the average energy of slow electrons in a
weakly ionized molecular plasma (electrons + homo-
nuclear molecules), where in the summation in (1.2a)
over different inelastic channels we restrict ourselves
to taking rotational transitions into account. In that
case (see!®*]) we can use for the transition probability
in (1.2a) the Born approximation and consider in the
multipole expansion of the interaction potential V(R, 6)

the terms
(e e
EO Va(R)Py(c0s8) = — 5 <2R4 +5 )Pz(cos 0),
a = Ys(a+ 2ar), o« =2s(ay—ay); 2.1)

here @) and a; are the principal values of the polari-
zability tensor.

As the Fourier transform of an isotropic polariza-
tion potential —a/2R* diverges one must in one way or
another introduce a cut-off of the polarization potential
at small distances. Rotational transitions are de-
scribed by anisotropic terms in the expansion (2.1) and
we choose therefore for the short-range isotropic
forces a rather rough approximation

Vo(R) = —a/2(R + R,

where the cut-off radius R, will be determined below
(the scattering length L =- 7a/4acRe; a, is the Born
radius).

We show in the Appendix that one can use for the
rotational correlator of homonuclear molecules the
approximate expression (B is the rotational constant)

(Y (q) etV (q))r = Vo(a) |* +| Va(a) |* exp {~/B (it+£T)},
702 3a/q
Vo(a) |2 = V@)= g (14 5e) - 2.2)
Expanding the collision integral in terms of harmonics,

fp)= 2 h(p

2
e-ZqRa

o
32R? ’
)P;(cos ),

Iuf(p)= 3} Si(p) (1 + '2) Pi(cos 0) 2.3)

and changing in Egs. (2.4)~(2.10) to dimensionless
variables t — t/T, p?— 2mTp? we find

+1 00
Si(p) = 4rnomy2mT Sdp’p’zs dz § at
-1 -

XeXp{——qzﬁ(it-l-tz—)f[ Va(@) [+ Vala) |2

xesp{ 22 w4 0) | o) Puge)— et p (). (2.4)

We write down the first two equations of the set of
kinetic equations for the fj(p), neglecting terms con-
taining f,, f3, and so on, and terms of second and
higher order in the small parameters m/M and B/T.
We have (the spatial variables are in units v2/mT):

1 2 Ey &

2 4 12 B
L Rl B — 4y o L) 222
fot— Ve e = ey ag{LT

963
m 9fo \\
+ oo |( 1o+ 22)) 2.42)
fot e -2 2t 2o ? —— 4eyyesi (149
12 B 2e41 m
v )to() (2.4b)
Here
7Q%nym fom E
Y= s Eo= —
45 T Ty2mT
1
— 605 du use‘suﬂn\’a,
_i 331(1'VW2
- ( 41/501?0) : @.5)

When changing from (2.3)to 2.4)we put T =T, as
under the usual conditions the exchange of energy be-
tween translational and rotational degrees of freedom
takes place fast and we may assume that the subsystem
of the molecules is completely in equilibrium. We
neglected the contribution of the polarization forces in
Va(a) as 3a’'vV2mT/32Q < 1.

For a non-equilibrium stationary uniform system
(a molecular plasma in a constant electrical field) we
get by substituting (2.4b) to (2.4a) the equation

. e —2BM

(et Xt Yot (e =0, Ale)= e

N S S . iy
o) =gmares ‘=™ E = &r 2.6)

In the limiting cases X — 0, A— 0, and X — ~ we
find from (2.6) the Maxwell, Davydov, and Druyvesteyn
distributions, respectively. When A =0 Eq. (2.6) de-
scribes the spherically symmetric part of the non-
equilibrium electron distribution function in a molecu-
lar plasma, taking inelastic collisions into account.
We can find the cut-off factor R, by comparing the
kinetic coefficients calculated from (2.4) to (2.6) with
experiment,

Thus, for the mobility

Vg = S dv v, (v / S v v?o(v)
assuming that the dependence 6 = 6(€) in (2.5) is weak
and that we can put
6(8) ~ 50[1 —_ 32/5Rgva,

we find

__ w/er/m) { L 2T Rt
3V b1+ 60) V1 +x 5(1+80) V1 + =

x[ren—5)l)

%= X(0) / A(0) (1 + 60). 2.7)
For the electron average energy we have
€ 3 12880Ro —_—
—_—=— —xV1 . 2.8
= e P TIR QTR 2.8)

In the case of H; molecules (Q =0.464 at. un.,
= 0.79 X 10 cm?® B =7.6 X 107° eV) if we put Ry
=0.5 ii, the disagreement* of Eq. (2.7) with experiment

DThis disagreement can be explained by the fact that in the case
considered the quasi-classical calculation of the rotational correlator
(see Appendix) is a too rough approximation, as the condition B/T >
1 is not satisfied.



964 L. I.

(for instance,'®’) when E/n, changes by three orders of
magnitude (10 V cm? < E/n, = 1077 V cm?) does not
exceed ~20%. When E/n, > 1077 V cm? « > 1 and the
second term in (2.7) is large so that it is impossible to
use the expansion for 6(€). Moreover, when the fields
are large the approximation that the molecules are
rigid rotators is no longer applicable as € is close to
the rotational threshold (€ < w). We can use Eq. (2.8)
only for sufficiently small values of E/n, (already for
E/no = 5x 107*® V cm? the second term in (2.8) is equal
to ~1) for which the experimental data on € are very
unreliable.

In the approximation &(€)~ 6, the spherically sym-
metric distribution function is equal to f,(€)

= Ce-e/(1 +K), i.e., the molecular plasma is a two-tem-
perature medium with an effective electron tempera-
ture Tg =~ T(1 + k). This quahtatwe conclusion is the
same as the result reached in!® by a numerical inte-
gration of the kinetic equation taking into account rota-
tional transitions for electrons in a nitrogen plasma. A
numerical integration of the kinetic equation with the
inelastic collision integral in the usual form (1.2a) was
also carried out in a series of papers by Phelps et al.
(see the review!™). In contrast to numerical meth-
0ds!®7] the integration of the kinetic equation using ro-
tational correlators gives us the distribution function
(in principle to any order in B/T and m/M) in explicit
form, which enables us after appropriate normalization
(choice of the cut-off factor R,) to obtain the different
kinetic coefficients without limiting ourselves to the
first approximation in the corresponding gradients.
The polyatomic molecules of different kinds (linear
molecules, symmetric tops, spherical tops) differ then
only in the form of the collisional potential and the ro-
tational correlator (see the Appendix) so that the results
of calculations can easily be transferred to the case of
a multicomponent molecular plasma.

Using the expansion (2.3) of the collision integral
and Egs. (2.4) and (2.5) we can easily obtain the heat
conductivity, viscosity, and other kinetic coefficients.
It follows from (2.4b) that in the first approximation in
the gradients (under conditions of weak non-isothermal-
ity) we can neglect the contribution of rotational transi-
tions to the transfer processes as B/T(1 + 6,) < 1.
We find, for instance, for the heat conductivity in the
approximation (€)= 6,

N
~ xo< 1~ 2—a1> y

oo

Re SI

dx x?(x —5/)e =

3aTmy ¢ A+ 6—%2-(B/T)(2x -+ 1)/22>
6B
4 =,
7T (1 + 80)
15n, T
ng = A . 2.9)

Tang(l 4+ 8)m?Q* V 2xm

Similarly, for the electrical conductivity in a weak field
(the Euler constant C =0.577)

dz ze=* %o .,
3 mvT S T o= hB/T) Gtz S T 1l tinael
2.10)
The correction term to the generalized Wiedemann-
Franz law which takes into account rotational transi-
tions is thus equalto a,(¥>2- C — ln a,) € 1. As the
molecular thermal conductivity ~o™vT/m) it follows

PODLUBNYI

from (2.9) that the contribution from collisions with
electrons to the thermal conductivity dominates at a
degree of ionization

ne>1+50< Q )z m

ny =~ s ﬁ.

edy

3. EVALUATION OF THE AVERAGE ELECTRON
ENERGY LOSSES

We evaluate the average speed with which energy is
transferred between the translational degrees of free-
dom of the electrons (energy operator K temperature
Te) and the translational (K;, T;) and internal (H, T)
degrees of freedom of the heavy particles. We have

1 dK

— § Ak, V177 (©0)),

I} (t) — ¢ (3.1 )
Changing to the Fourier transform of the collisional
potential and using (1.5) we find

1 K -—-L‘Sd3q o§exp{ i (zt - l‘Tl)}

T dt

iR R ) ﬁeAi'(kerfﬁ)

X (et i Vig) et "?V”' (q)>r d exp {— —;1,—27 (it + 127},\': . (3.2)
Similarly, we can consider the relaxation of sub-
systems in local equilibrium with different tempera-
tures as an effective damping of a spatially uniform
monochromatic beam of particles in a thermostat.
Averaging in (3.1) over the distribution

. (p— po)? }
— lim (2amT) = {————
T:l_r}q( amTe) =" exp o

6(p — po) (3.3)
and for the sake of simplicity restricting ou}'selves to
taking only elastic collisions into account (H =0) we
get

1 dK 2t ) Te— Ty 2T1po>
—_— =R | = d _——
ny dt ( T g 94|V (g) I? (q mM mM
2
X exp [_ p(po/m();— Q/ZML]
§— mM r_r. o (3.4)

-m-{—M noom M
The limit Te — 0 corresponds to the effective damp-
ing of the beam in (3.4); the case p, = 0 describes the
elastic relaxation of two subsystems with temperatures
Te and T,. In particular, for a Coulomb relaxation we
get from (3.4) the usual result

1 4nop V'Zn—ul 1 nng ( 1 1 )

T S MmO T e\ T

In order to take inelastic processes into account for
the relaxation of electrons in a molecular plasma we
must substitute into (3.1) the rotational correlator from
(2.2). The total electron energy losses are equal to

(3.5)

1 ﬂ(—_ 64p2 2np 2n
T The dt | 15m 7 Be T~ [H'A(O) (1 + 8)
T.— T Mo T+ Ti T o ap v (3.6
xTe——-T+A(0)(1+60) Te_ngxxexp[ z 8Ro}/nz}]( )
Here 5 = uT/mT ~ 1 and R,V (2/mT) = 0.5 A (for H,
molecules).

The three terms in (3.6) describe, respectively, the
electron energy losses through the excitation of rota-
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tions, the elastic losses due to the quadrupole interac-
tion, and the elastic polarizational losses. For H,
(at T = 300°K) 6, = 64, A(0)(1 + 6,) = 1860 so that the
inelastic collisions make the main contribution
(~97%) to the total energy losses of the electrons.

We find similarly to (3.6) for the average losses of
molecular rotational energy

1 dH 64 /2y

—BQZ(T T). (3.7)

We can calculate the higher moments of energy
transfer by analogy to (3.2) to (3.7). For instance, we
have for the v-th order moment of transfer of internal

energy
d v
DIN(E E,,,)an”,=<_i‘T>

u

2

X exp‘{—;—“(it + tzf)} (eit+w Y (q)e~iutwl v (q)).  (3.8)

DSodt S dq

u=e
-0

Equations such as (3.2) to (3.8) are much simpler than
the expressions for the average energy losses in a two-
temperature gas which are usually employed and which
contain cumbersome multiple sums (for instance,®!).
If we put 4 ~m and assume Te~ T (as Te - T

(/M)(Te — T,)= 0) Eq. (3.7) for the first moment
of the transfer of rotatmnal energy goes over into the
well-known result!®! obtained by means of a direct ap-
proximate evaluation of the sum in (3.8) with v = 1.

In conclusion we estimate the contribution of the
vibrational transitions to the inelastic losses when
T < w (i.e., when there is no resonance scattering so
that we can neglect the mechanism of exciting vibra-
tional levels through electron collisions, which is con-
nected with the formation of an intermediate molecular
complex). We can consider the quadrupole interaction
as the first term in a multipole expansion of the inter-
action potential (2p, is the equilibrium distance be-
tween the nuclei; 2 po the equilibrium distance be-
tween the centers of the same kind of charges in the
molecule):

Py(cos8)+...(3.9)

Q [3_ t 1 ] —_9
2(Apo)2L R |R+1ps] |R—Apo|l  R®
Taking the vibrational motion into account we get in-
stead of (3.9)

~_ 2 z
V(R,B,I)N——I?Tl’a(cose)(i—i-a—). (3.10)
The time correlator for the coordinate, x, of a har-
monic oscillator,

Z (t) — i ( —iw! 4» a eunt)’

is equal to
1 ew/T —iwt + eiot

m H (3.11)

()2 (0)y =
here T, is the vibrational temperature.
Substituting (3.11) into the expression for the in-
elastic rotational-vibrational correlator (H = Hyot
+ Hyib)
<€uﬁV @ eitH e @>
702 24 1 ~ A
an exp {~-—— B(zt+t2T)} (1+p7<x(t) z° (0))) (3.12)
and using, for instance, (3.8) with v =1 we find for the
rotational and vibrational losses

1 dH 64

no dt

2 N
pV%(T—T)+§mTAJ,

+ B(T — T)A4F1 + BTA_F,,

3202 V2np 227 Ko, 1 (0/2T) 1 1
Foy= 150 pdT(eome— 1) ,Ar=1+exp {co (———-———)},

Ko(x) and K,;(x) are MacDonald functions. The terms
in (3.13) describe, respectively, purely rotational,
purely vibrational, rotational-vibrational, and vibra-
tional-rotational inelastic losses. When Tor T < w
the relative contributions of the last three terms in the
inelastic losses are exponentially small and, respec-
tively, equal to ¥ w/Te - “’/e , VmT/Mwe %/ To and

mw/MTe~ -w/ To, Under the cond1tions considered one
can neglect the contribution from two-quanta vibra-
tional transitions to (3.10) to (3.13). Moreover, we
assume (as in Secs. 1 and 2) that the collisional poten-
tial is independent of the degree of excitation of the
internal degrees of freedom of the molecules.

The results given in this section can be generalized
to the case of energy transfer in an external electro-
magnetic field. The correlators for electrons in uni-
form electrical and magnetic fields or in the field of a
light wave can be obtained in closed form, and the ap-
propriate change in (3.4) to (3.13) enables us to take
into account the influence of external fields on the
collision integral and the rate of elastic and inelastic
energy losses.

APPENDIX

CALCULATION OF THE ROTATIONAL CORRELATION
FUNCTIONS

In the case of a linear molecule, we can obtain in
closed form an expression for rotational correlation
functions such as ®T(q, t) of (1.4) (in the following
we write it for the sake of simplicity as & (t)):

(1)) (t) — <eitﬁciqre~ilﬁe—iqr>
o — Yy P 4 it (B Py (cosB) ety (cos0)) 4 ... (ALL)

Using the Eckart theorem (see, for instance,['*J)

1
EED @ 2 m et

=S e+ (g, o) e,

+i

(L v >2=%_SideL(I)Pl(x)pl,(x);

000/ (4.2)

and the expansion!'!
sin (2qr sin 1/2 9)

A.
2grsint/, 0 (4.3)

= D) (2L + 1)Pr(cos0)jr2(gr),

we find easily for the real correlation function
®(t — i/2T)

. 1 +1
m(:—-’):-S dz
27 2z,

-y 1
G(z,B)= D) (2 +1)Pi(z)ePu+d, B—B(——it). (A.4)
< ! (ZT )

sin(2¢ry(1 —z)/2)

T——— Gz, 2
iz P

Changing from a summation to an integration and
applying in (A.4) the formulal*]

"o+ )]

P,
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we get for the quasi-classical Green function of a

rotator G(x, B)
0 1 02 /1 1 N
|G(z,ﬂ)|zzmwexp [_T(F—*—_ﬁ'—)]’ z=cosh. (A.5)

If, for instance, we limit ourselves to the dipole
term in the expansion in powers of qr:
sin(2grsin 1/20) . _i _1__ )
Sqrsmi/s0 =1 3 g2+ 3 gtr2cos0 ...,
we find for the rotational correlator from (A.1), (A.4),
and (A.5) in the dipole approximation (Z = T/B)

(e"*fPl(cos 0) e=it P, (cos 0)> = ——1—8 du e cos (2 VW—T—TT)
(A.6)
In a similar way we can obtain the rotational correlator
for a linear molecule in the quadrupole approximation,
and so on.

It was shown in Secs. 2 and 3 that for the evaluation
of the kinetic coefficients and the distribution function
of the electrons in a molecular plasma we need know
the rotational correlation functions of different kinds
of polyatomic molecules, of both dipole (CO, NH3, and
so on) and quadrupole (N CO., and so on) molecules.
We consider therefore the general case of symmetric
top type molecules for which

<e~HY (q) BV (q))

= % Z exp {—ﬂ‘,’V_K -+ it(EJK — Eyg } 2 II/:;I?MM Iz (A.7)
I K 1
J'K’
The collisional potential has the form
V(R,O): R’ P;(cose)— Q Pz(cose) m+ . (A.8)

Writing the Fourier transform of (A.8) as

Z 2x+1 V‘(q)Y"( )Y* (%)’

substituting this expansion into (A.7) and using the
Eckart theorem we get in the dipole approximation

dh(t)—:m 2 (@7 +1) @7 + 1) |(; _JI;;)F

JK’

E
Xexp {— % + it(Esxk — Eyk’) }1

K=K, A=|I'—J|=0,1. (A.9)

By analogy with (A.9) the quadrupole part of the ro-
tational correlation function is equal to

() 4 2y
0= 75, z2 (ZJ'H)(ZJ'H)'(K KO)
JK
K=K, A=]]’——Jl=0,1,2 (A.10)
and so on.
We write
E;x B A—B
7 =7 U+ D+ —F—E=/(+1)+ gk,
¢9=B|T, g= (4A—B)/B. (A.11)

In the high-temperature limit ¢ — 0 we can consider
the rotation of the molecules to be classical. Changing
in (A.9) and (A.10) from a summation to an integration

PODLUBNYI

and using for J, J’ >>1 the asymptotic expression for
the 3J-symbols 'trom ]

(k—xoll=

we find

1
Tut1 (x-{—A)'

|Pa, a(z) |3 7 (‘A 12)

22yl +g ¢ dz T
3ng? 4 (14 ga¥)"
BTt
1+ ga? )] :
The limiting transition to a linear molecule corre-
sponds to A/T — « and must be taken directly in (A.9):

24 (1—22) (1+2B-‘-i—>

Qy(t) = 7B

><exp<— (A.13)

DO (2) =~ 2d° S du e~ cos (2Tt Yeu). (A.14)

3n g2

In the quadrupole approximation we have instead of
(A.10)

202Y1+¢ S
457 s 1—{—gav2)‘/2

Oy(t) = {1 (1 — 322)2

d BT
+3 ( 14 2Bd—B>[a;2(1 — zz)exp<— T 222)
1 4BTt
+T(1_12)20Xp<_ 1+;ﬁ>]} (4.15)
and for linear molecules
Dy (t) = 402 g‘ due—"[ 1 —Q——cos (4Tt You) J (A.16)

In order to take terms of second and higher order
in ¢ into account we must when changing from a sum-
mation to an integration introduce correction terms in
accordance with the Euler-Maclaurin summation
formula.!*?) We can obtain the correct analytical
properties by the substitution!**} t — vt(t +i/T) in
(A.14) to (A.16). Such a substitution changes, for in-
stance, (A.14) into (A.6) and guarantees the principle
of detailed balancing.

Finally, we get for the quasi-classical rotational
correlators of symmetric top kind molecules and
linear molecules in the quadrupole approximation up
to terms of first order in B/T

©y = 4§ exp[— 6B(it 4 i2T)], (A.15a)
7 %
Dy — 931 exp [—7—3(n+t2T) 1 (A.16a)

In first approximation in B/T the correlators &
for a symmetrical top and a spherical top are thus the
same, while the correlator &, for a linear molecule
can be obtained from &, by the substitution Q% — 7,Q%
B — %, B. Under this substitution BQ? remains un-
changed so that, for instant, the inelastic rotational
energy losses of quadrupole origin (3.7) are the same
for different kinds of molecules.
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