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An expression for indirect exchange interaction between spins is obtained by taking into account mag­
netic quantization in metals and semiconductors. Besides the oscillations of exchange-interaction ac­
companied by variation of the magnetic field in metals, which are analogous to the De Haas-van Alphen 
effect oscillations, the magnetic field leads to the appearance of the following features of the interac­
tion: 1) the interaction between a pair of spins located in a plane perpendicular to the magnetic field, 
~i l H, is ferromagnetic at arbitrary values of R = l~i I, whereas the sign of the interaction in a zero 
field depep.ds on R; 2) the magnitude of the interaction in a field with ~i 11 H decreases with increasing 
R like R- 1 or K 2 but not like R-3 in the absence of the field. 

INDIRECT exchange interaction between nuclear spins 
via the conduction electrons was considered in[ 1- 4J. A 
similar interaction between paramagnetic impurities in 
a nonmagnetic metal, as a result of s-f(d) exchange 
interaction of the impurity ions with the conduction 
electrons, was investigated in[s-sJ. 

In the theory of the line shape of nuclear magnetic 
resonance in heavy metals, the anomalously large widths 
of the resonance lines are attributed to the existence of 
indirect interaction between the nuclei. Indirect ex­
change interaction between electrons of the f(d) shells 
plays an important role in the interpretation of the mag­
netic properties of metals of the rare-earth groupl 7J, 
and also of the ferromagnetic properties of alloys. 

In second order of perturbation theory, the operator 
of interaction between the spins localized in the sites 
j and i is given by the expression 

fl,; = ~ (k, ~I V(j) lk', ~') (k', ~'I V(i) lk, ~) 
' '·~ e~(k)-ew(k') ' (1) 

h', w 
where V(j) is the operator of spin interaction at the site 
j with the conduction electrons, k and k' are the mo­
menta of the electrons with spin {3 and [3', and E,a{k) is 
the energy of the electrons in the state k, [3. In all the 
foregoing studies of the exchange interaction, the usual 
assumptions were made concerning the sphericity of 
the Fermi surface, and the conduction electrons were 
described by a plane Bloch function. In this case the 
interaction takes the form 

(2) 

where A is the constant of interaction between the con­
duction electrons and the localized spin, m is the elec­
tron effective mass, J are the angular momentum 
operators of the localized spins, Sf3[3' are the matrix 
elements of the spin operators of the conduction elec­
trons, and R = l~il· 

The expression for Hij depends on the energy spec­
trum and on the character of the wave functions des­
cribing the conduction electrons. As is well known[aJ, 
the energy spectrum and the wave functions of the con-

duction electrons change greatly when a metal or alloy 
is placed in the magnetic field. We consider in this 
paper the influence of a quantizing magnetic field on the 
indirect exchange interaction between localized mag­
netic moments in metals and semiconductors. For an 
isotropic conductor with quadratic dispersion law in a 
magnetic field A= (0, xH, 0) the normalized wave func­
tions and the electron spectrum are given by 

'I!Jn, 'z = g;;'h exp(ikxx + ik,z)exp [- 1/.a(y- Yo) 2]Hn(f-;;(y- Yo) 2 )u(r), 

( 1) ft2 
Bn,h ,= n+-z hwo+ Zm k,2-g~Hs,~, (3) 

where Qn = 2llu!v'iTLxLya-112 , Yo= -kx/a, a= eH/Iic, 
Hn(x) is the Hermite polynomial, n is the number of the 
Landau level, Wo = eH/mc, and Lx, Ly, Lz are the linear 
dimensions of the sample. 

The operator of interaction between the localized 
magnetic moment and the electrons is written in the 
form 

I 
V =-N L;J (J;s)6(r- R;), 

where I is the exchange-interaction integral. 

(4) 

In the general case allowance for the anisotropy of 
the distribution of the electrons in the f (or d) shell, 
and for the component with the orbital angular momen­
tum l "" 0 in the wave function of the conduction elec­
tron, leads to a complicated dependence of I(k, k') on 
the vectors k and k': 

However, as shown in[9J, under the condition r7k'F < 1, 
~ J 

where rf is the mean square of the radius of the f(d) 
shell, it is sufficient to confine oneself to the first term 
of the excitation of I(k, k') in spherical harmonics: 

/(k, k') = L; InPn(cos 8), 
n 

where 13 is the angle between the vectors k and k' (for 
gadolinium, for example, IJI2 = 0.2LwJ ). 

If we consider the interaction between the nuclear 
spins of the conduction electrons, the exchange integral 
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in (4) is given by 
I = - 8/a:rtJ.IN!le, 

where 11 and llN are the magnetic moments of the elec­
tron andeof the nucleus, respectively. Substituting (4) 
and (3) in the expressions for Hji (1) and integrating with 
respect to kx, k~ and kz, k~ for the case when EF >> hwo 
and kT < h w o, we obtain 

(5) 

where Zn(x) is the Laguerre function, Zn(x) = e-x/2Ln(x), 
Nn(x) is the Laguerre polynomial, x = IXij I, z = IZij I, 
0 ::s n1,2 ::s N1313', 

N~ = E( fF+Il~ -~). ~= gs}!!!:._, li.wo 2 li.wo mo 

k,(n)={~7[ eF-(n++)nwo+ll~J}"'. 
m 0 is the mass of the free electron, and E denotes the 
integer part. SUmmation over j3 and 13' is implied in (5). 
To simplify the notation, we have assumed here Yi = Yj 
= 0. This does not limit the generality, in view of the 
invariance of the Hamiltonian against rotations around 
the z axis (H II z), x2 - x~ + y2 • In integrating with 
respect to kx and k~ in (1), it was assumed that Ly- Yo 
> a-112 (for H = 104 G, we have a-112 ~ 10-5 em), i.e., the 
;adii of the quasiclassical orbits of the electrons in the 
magnetic field do not touch the surface of the sample. 
By the same token, we exclude from consideration 
effects due to surface magnetic levelsll1-!3J. In the 
integral 

( x2a) 1 ko -
Bn=ln- =-) dkxcoskxxexp{-ayo2}[Hn(fayo)]2, 

2 a -ko 

where k0 = o:Ly12, the integration limits can be regarded 
as infinite. 

Let us consider separately two cases: 1) m = mo, 
EF/fi w0 ~ 104-106 ; 2) m = 10-2mo, EF/fi Wo :::;, 10. In 
most metals, the conditions indicated for the first case 
are satisfied. 

1. In an analysis of the dependence of Hji and the 

magnetic field and of the distance ~i between the spins 

for the case N j3 » 1, it is convenient to set one of the 
variables, z or x, equal to zero. When z = 0 we have 
Si(z) = -1T/2, and the sum over n1 and n2 can be readily 
calculatedl14J: 

Using the asymptotic expression for the Laguerre 
polynomials at large N: 

LN'(t) = n-'1-ett-'I<N'I• cos (2VtN- 3n / 4) + O(N-'"), t = ax2 f 2, 

and bearing in mind the fact that N a' = N j3 ± (1 - o (3j3') 
when m = m0 and sz = ± 1/2, we obtain 

H;i = -~,(!__)2 (J;sw) (Jis~·~)F(kF,x, a), (6) 4nali.z N 

where 

k - - - -
F(kF, x, a)= ; {sin [x(2a) 'l•(l'N~ + l'Nw)] + cos[x(2a)''•(l'N~ -l'N~·)]}. 

As seen from (6), the dependence of the indirect ex­
change interaction on R, for impurities in a plane per­
pendicular to the magnetic field, coincides qualitatively 
with the dependence of Hji when H = 0. However, the 

value of H· · oscillates when the magnetic field is varied. 
When g = 212, the amplitude and period of the oscilla­
tions are determined by the factor sin(2x v'2o:Nf3)· The 
period of the Hji oscillations is determined from the 
relation Nj3{H0 ) = Nj3(Ho + t.)- 1 (where Ha is the value 
of the field at which N8 = EF/fiwo- 1/2), and is equal to 
t. = eH~{cfl.kpr1 . For K, Cu and Ag, with Fermi energies 
equal to 5.5, 7, and 2.4 eV respectively, the period t. 
at H = 2 x 104 G takes on the values 0.5, 0.17, and 
0.25 G. The amplitude of the oscillations is determined 
by the difference 

sin 2xkF- sin 2xl'2a(Ho + e)N(Ho), 0 ~ e ~ ,ll 

and reaches its maximum value at x(2a) 112 = 1TkF/2. 
For real values of the constants in (6) (kF = 108 cm-1, 
impurity concentration c ~ 0.1 at.%, x::,; 10-6 em, 
I= 0.5 eV, Hji ~ 10-17 erg), the oscillation amplitude is 

such that t.Hj/Hji::,; 10-2-10-3 • 

The summation over n1 and n2 in the case when x = 0 
and z ,. 0 can be replaced by integration, by first elimin­
ating from the sum the term with n = N/3, (3'. Retaining 
the principal terms in F(kF, z, a), we obtain 

1 kF2 ( COS 2kFZ) --- sin2kFz+--- . 
6 ~ z~ , 

The contribution made to the expression for F(kF, z) 
by terms oscillating with H is smaller by a factor 
102-104 than the principal contribution. 

(7) 

It follows from relations (7) and (6) that when a con­
ductor having a quadratic dispersion law is placed in a 
magnetic field the indirect exchange interaction ac­
quires the following features: 1) the magnitude of the 
interaction oscillates with the magnetic field as expec­
ted, in general, from the analogy with de Haas-van 
Alphen effect; 2) the interaction between the localized 
spins in a plane perpendicular to the magnetic field is 
ferromagnetic, whereas at H = 0 the sign of the interac­
tion depends on the quantity kFR; 3) when Rji II H and 
N {3 » 1 the interaction of the pair of spins decreases 
with the distance between them like K 2, and not like 
K 3 in the absence of a field. 

The results can be interpreted in the following man­
ner: The indirect exchange interaction, due to the ex­
change of virtual electrons pertaining to the Landau 
levels n1 and n2, is proportional to the electron density 
matrix of the j-th and i-th sites p(i, j) = lf;*(i)ll'(j). Since 
the wave function of the electrons rotating in a magnetic 
field on a quasiclassical orbit with center Yo differs 

. . (2 )- 112 (2 1)112 . th .. from zero 1n a radms r ::,; a n + 1n e vlcln-
ity of y0 , it is obvious that the main contribution to the 
interaction is made by electrons with r ~ Xji· The wave 
function of the electrons located at the Landau levels 
with n""' N/3 » 1 oscillates with varying distance from 
the center y0 like cos[(y- Yo).J4n + 1]. When the mag­
netic field changes, H0 - Ho + t., the strongest change 
occurs in the distribution of the electrons located at the 
levels n::,; N13. The relative contribution of such elec­
trons located at the levels n""' N8. The relative contri-
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bution of such electrons to the indirect interaction in­
creases with increasing x, and therefore when 
x ?: rmax ::::J a- 112N¥2 the amplitude of the variation of 
Hji with changing magnetic field reaches its maximum 
value. 

The contributions of the oscillating density matrices 
p(i, j) ::::J cos kr, pertaining to two different states par­
ticipating in the virtual exchange, are not independent 
when H = 0, and are connected in (1) by the energy fac­
tor ~(k)- E(k') < 0, which takes on only negative values 
when kT < 'hwa « EF (transitions are possible only to 
the upper unoccupied levels). The interference of the 
contributions of the states with different k and k' leads 
to oscillations of the sign and magnitude of Hji" When 

2kFR < rr, for example, cos 2kFR assumes only positive 
values, and therefore the sign of the interaction is de­
termined by the sign of the energy factor and, as can be 
readily verified, the interaction (2) is ferromagnetic at 
small values of kFR· Magnetic quantization causes the 
energy factor to become independent of n1 and n2 when 
H = 0; the interaction is in this case proportional to 

( ~. Pnn•(i,j) Y= ( ~ Bn r 
n, n n 

and its sign is determined by the energy factor. 
The appearance in the expression for Hji of terms 

that decrease with increasing distance more slowly 
than K 3 is a general rule when the quadratic dispersion 
function ceases to be a smooth function of the particle 
momentuml1sJ. In a magnetic field, the values of the z 
component of the electron wave vector in the interval 
lkz I ::s kF may not constitute a continuous series, and 
the continuous interval, depending on the number of the 
Landau level, breaks up into a series of discrete inter­
vals 

lk,(n) I~ (2m /1!2)'/,[eF- (n + 1/2)1lw0]';,, 

The limiting transition H - 0 in relations (6) and (7) is 
incorrect and does not lead to expression (2) for Hji 
(H = 0), since at low magnetic field intensities, 
H ::s kFcfi.e-\ the radii of the helical trajectories become 
comparable with the dimensions of the sample and the 
wave functions (3) are not suitable in this case for the 
description of the electronic states. 

It is impossible to sum the series (5) with sufficient 
accuracy in the case when x, z ;>< 0. A rough estimate of 
F(x, z) can be obtained for n > 1 after carrying out the 
calculations with the aid of the Abel transformationl 16 

N 

~ f(n)cp(n) = F(N)cp(N)- ~ F(x)cp'(x)dx, F(x) = ~ f(n), (7') 
1 

which leads to cumbersome expressions that will not be 
written here. It is of interest, however, to estimate in 
which intervals of angles to the chosen directions along 
and across the field one can observe the aforementioned 
changes in the character of the interaction. Expanding 
the integral sine function in expression (5) in a series in 
small values of z = R tan() (R-distance between impuri­
ties) and summing with the aid of the Abel relation (7') 
a series in the form 

~ ln(Y)ln•(Y)l/N- n, 

we find that the ferromagnetic character of the exchange 

interaction is retained near the direction R 1 H in the 
angle interval 

lSI~ arctg( lt _ - 1-). 
61/2 RkF 

Carrying out similar calculations for small values 
of x, we find that the R-2 dependence for the ordinary 
interaction remains in force when R deviates from the 
direction of H in the interval lcp I ::s tan-1 (v'5/2/RkF). 

In metals with m =rna and eF/hwa >> 1, as is well 
known, it is difficult to realize the conditions under 
which the motion of the electrons in a magnetic field is 
quantized 

llw0 > kT, Wo > 1:-1 

(T-relaxation time); therefore, from the experimental 
point of view, great interest attaches to metals and 
semiconductors with m << rna and EF/flwa ::::J 10. 

2. In metals, semimetals, and degenerate semicon­
ductors with m/ma « 1, it may turn out that the dis­
persion law is quadratic but anisotropic: 

Pt2 pi- P32 e=-+-+-. 
2m1 2m2 2ma 

(8) 

This condition is satisfied for Bi, Sb, and As if we 
neglect the deviation of one of the axes of the effective­
mass ellipsoid from the trigonal axis by 6° l 17J. The 
condition (8) can also be extended to Ga, Zn, and C 
(graphite). Expression (5) remains in force for such 
samples, but in this case we have in (5) 

( m- )'/, 
Z -+ ~ --;;; UiXi, 

(9) 

where ai are the direction cosines of the magnetic field 
relative to the principal axes of the effective-mass 
ellipsoid. The indirect exchange interaction in such 
substances is anisotropic and depends on the direction 
of the magnetic field, N{3 = N{3(H). 

The EPR line width of impurities in metals is due to 
the following processesu8 ' 19 : spin relaxation as a re­
sult of the s-d exchange interaction, magnetic dipole­
dipole interaction, and indirect exchange interaction. 
According to the measurementsl18 ' 19J carried out at 
temperatures T ::o 5-10°K, the EPR line width is deter­
mined by the pair interactions of the impurities. When 
N j3 ::s 20, the asymptotic expressions (6) and (7) are not 
suitable. 

The table lists the values of the constants in expres­
sions (5) and (2) for semimetals that are apparently the 
most suitable for an experimental observation of the de­
pendence of Hji on H. The values of the constants were 
taken froml2aJ. For samples with impurity concentra­
tion c ::::J 2-0.1 at.% (R ::::J 5 x 10-6 em), the energy of the 

I mdmo 

I 
m~/mo 

I m3fmo I EF· to-" 
erg 

A! 18-t!P I 
I I 

6 
Ga 0,2 0.02 0.4 4.6 
Zn 5.3-10-. 1.0 0.2 4.9 
Bi 2.4-10-3 2.5 0 05 2.9 
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indirect exchange interaction is equal to Hji 
R=< 10-22-10-23 erg, which is larger by one order of mag­
nitude than the energy of the dipole-dipole interaction 
at the same distance, Hd R< 3 x 10-24 erg. 

We choose the direction of the magnetic field along 
the axis with mi = mmax· The difference in the values 
of N{3 and Nf3'• which is equal to m*/mo R=< 10-2 , can be 
neglected. Using the recurrence relations for the 
Laguerre polynomial ll4J , 

N+1 
lN'(y)= ---[lN+t(y)-lN(Y)], 

y 

we obtain for the function F, which describes the depen­
dence of Hji on the field at z = 0, 

_(N+1)2[ (xza) (xza)Jz 
F- x' ZN+! 2 - lN 2 . 

The figure shows plots of F(a, x, z) against EF/flw 0 

(w 0 R=< H-1) at different orientations ~j relative to H. 
An expression for the indirect exchange interaction 

in nondegenerate semiconductors at H = 0 was obtained 
inl2 ll. Integration with respect to kz and k~ for a non­
degenerate semiconductor leads to replacement of 
si z (n, n') in (5) by 

exp (-yB12)C1 + exp [ -y(B 12 + Bi') I 2] si az, 

where 

B,~z= 2;2 [ E,+ ( nt,z+--} )nwo+ll~.~·-EF(H) ], 

a= yB,2 - B22, n1 ;;;;: nz, 

fj2 1 
y=--

2m kT 

C1 = 1 V n e-z'IV[sinaz + z_ll>·( 1 + e-b, ~. ~)], 
e-b+yb 2 l'v 2 2 y 

Ec is the energy of the electron at the bottom of the 
conduction band, .P(a; y; {3) the confluent hypergeome­
tric function, and b = R7Y. 

Unlike metals, where all the magnetic levels up to 
the Fermi level are filled when p = fl w0/kT » 1, only 
the lower levels are mainly populated in semiconductors 
at the same temperatures. The dependence of the in­
direct exchange interaction on the magnetic field in a 
nondegenerate semiconductor is determined mainly by 
statistical parameters-the change of the population of 

the magnetic levels and of the total number of electrons 
in the conduction band with changing field. 

The oscillatory effects due to the change of the wave 
function of the electrons participating in the exchange, 
at R R=< 10-5-10-6 em, have large periods, t:. R=< 5 x 103 G, 
when p > 1, and are determined by the relation 

[a(H + .ll)- a(H) ]z :::::< n/ 2. 
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