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Formulas describing the main characteristics of a superconducting interferometer with two point
contacts are derived on the basis of the theory of the Josephson effect. A comparison is made with
experimental data obtained by investigating interferometers with point contacts of the S — S (super-
conductor—-superconductor) and S — N — S (superconductor —normal metal-superconductor) types.

A physical model of the resistivity of a contact and the conditions of maximum sensitivity of the in-
terferometer to an external magnetic field are discussed.

IN previous papers''»?! we reported investigations of
superconducting interferometers constructed by the
method of Clarke.f?! The important role of the differ-
ence in the resistance of the two interferometer con-
tacts (the asymmetry of the interferometer) which leads
to the detection of varying signals in the absence of a
transport current through the interferometer and to
other peculiarities was explained using such interfer-
ometers. Further investigations were carried out with
interferometers prepared in accordance with a new
method!*! which made it possible to control accurately
the area of the interferometer circuit and the position
of the microcontacts, and to produce point contacts both
of the S-S (superconductor-superconductor) and of the
S—N-S (superconductor—-normal metal-superconductor)
type. For an analysis of the obtained data we have de-
rived standard working formulas describing the behav-
ior of the superconducting interferometer with two point
contacts and based on the existing theory of the Joseph-
son effect in tunneling junctions.t®? The analysis of the
experimental data carried out makes it possible to for-
mulate the basic requirements essential for producing
high-sensitivity instruments (in particular, a magnet-
ometer) based on superconducting interferometers.

1. EXPERIMENT

Superconducting interferometers with S-S type con-
tacts were preparedt*! by micropuncturing of the oxide
layer on Nb or Ta platelets with subsequent vacuum
deposition of a tin film (Fig. 1). In order to obtain
S—N=S type contacts after puncturing the oxide we de-
posited a 1300 A silver film and then a tin film up to
6000 A thick. The time between the puncturing opera-
tion of the oxide and the placing of the sample into the
vacuum chamber amounted to several minutes. The
deposition was carried out in a vacuum of 107° Torr.
During the deposition of the silver and tin the substrate
was cooled to about —100°C and after the tin was de-
posited it was immediately placed in a cryostat. The
oxide on the niobium and tantalum was grown electro-
chemically; its thickness was determined very accu-
rately.“’] The punctures were produced on a special
device by means of a steel needle and had a diameter of
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1 to 10 u. The distance between the punctures was var-
ied between 0.05 and 5 mm and the oxide thickness was
varied between 40 and 4000 A.

The interferometer, placed inside a solenoid, was
shielded by a system of magnetic shields. The voltage
V across the interferometer, the current through which
was set by a circuit, was measured by means of a
F116/1 microvoltmeter with an x-y recorder as a func-
tion of the transport current I or of the magnetic field
H. The interferometer parameters varied were the
area of the quantizing circuit (the thickness of the oxide
and the distance between the contacts) and the resistance
of the contacts in the normal state R which varied from
0.1 to 10 ohm at room temperature and from 8 x107° to
3 ohm at 4.2°K.

2, THEORETICAL ANALYSIS OF THE INTERFER-~
OMETER OPERATION

In order to analyze the operation of an interferome-
ter, one must have formulas which describe the proper-
ties of a system in the form of a superconducting cir-
cuit with two superconducting point contacts connected
in parallel in a magnetic field (Fig. 1). It will be shown
below that these formulas can be obtained by transfor-
mation of an already known equation for the phase of a
Josephson tunneling junction”] (a consideration of the

3
FIG. 1. Schematic diagram of a ==
superconducting interferometer: 1— = =
platelet of Ta or Nb, 2 — layer of 2 = A
oxide Ta, Os (Nb,Os), 3 — Sn film —

deposited into the oxide punctures !
and directly onto the oxide or

through a layer of normal (N) metal T p
(Ag); 4, 5 — point contacts of Sn

(S-S type) or of Ag (S—N-S type)

at the punctures, 6 — current-carry- 3

ing and voltage leads (S — super- ’

conductors).
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one-dimensional case does not change the final re-
sults):

%) = Lsing, (1)

¢ 1(0?cp ¢\ _
Yot/ = ap

dz? ;? ot

where ¢ is the phase difference at the junction; y

= 1/R{C is the attenuation coefficient expressed in
terms of the normal resistance of the junction Rj and
its capacitance C; Aj = [fic®/(16merpjc)]'/? is the Jo-
sephson penetration depth; co = wyAj = (2el/HC)"/ %is
the Josephson plasma frequency; I, is the critical cur-
rent of the junction.

Making use of the small dimension of the junction
and of an expansion of the phase in x, ¢(x, t) = ¢(0, t)
+Cx +%Cx*+..., as well as of the Josephson rela-
tion between the phase and the magnetic field 3¢/3x
= (4erp,/fic)H and Maxwell’s equation curl H = 4w)/c,
one can find the boundary conditions for the magnetic
field:

h
C oL = ﬂli, )
c

H(LY) = H(0)= 7

eAr

Ij = jL* where L* is the dimension of the junction
along x., Hence we find

P

—— =
ox?

16mercl; 1
C, = = 3
> hecL” 7‘._7'2 7.0 ( )

and after simple transformations Eq. (1) is obtained in
the form

I.
¢+W>+moz<sin<p—-—,'—> =0,

¢=2dg/0t, ¢=3&g/or, (4)
which coincides with the equations obtained in !™®! when
the displacement current ~ @ is neglected.

In the case of a doubly connected superconducting in-
terferometer with two contacts one must take into ac-
count the known condition®! for the phase

@1 — @2+ 20(D [ Do) = 2an, (5)

where ¢; and @2 are the phase differences at the con-
tacts, ® is the total magnetic flux connected with the
interferometer circuit, ®, = hc/2e is the magnetic flux
quantum, and n is an integer.

Furthermore, making use of Eq. (4) in the form

I = I (sin ¢ + v / wo’g), (6)

which does not take into account the displacement cur-
rents, we write for the total current through the inter-
ferometer I =1, + I where I, and I, are the currents
through the interferometer contacts with resistances
R; and R; respectively

1= Ici(sin(pi—l-(:Tzz(pi) +Icz< sin @z - Y; o ) ("N

o

From (5) and (7), introducing the notation ¢,(t) + 1®/®,
= 3(t), we obtain

. ad . D
=Ic1sm(1p-—a>+1czsm<‘b+—(p—0>'f‘ﬁ‘h (8)
where B = (hi/2e)(R;" + R, ). If one now makes the re-
placement i(t) = 6(t) + @ and « is taken from the con-
dition*

* tg = tan.
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Ici_Ith '(
Tn+1o o @y

tga =
then expression (8) takes on the form
.. 2
I = I, (®)sin 8(z) + B8, O=7eu, 9)

where v is the instantaneous value of the voltage across
the interferometer, and

2
Im(cp)z[ (It — L)+ 41(11:.2‘?()5231%] (10)

0
is the critical current of the interferometer.

For currents below the critical current, the station-
ary solution of (9) is of the form 6 = sin™ (I/I,,) and
v=0.

For a symmetric interferometer R, = R,, I¢c, = I¢;
= I, and, as is seen from (10), the modulation of the
critical current by the magnetic flux reaches a maxi-
mum and the current has the usual form (see, for ex-
ample, '97)

I, (@) == 2I.|cos n® [ Dy].

The current is in this case modulated to zero (Fig. 2a),
whereas with increasing asymmetry of the interferom-
eter (R, # R;, I¢, # Igp) the depth of the modulation de-
creases (Fig. 2b). The current maxima occur for val-
ues of the flux equal to an integral number of flux quan-
ta & = n®, and the minima for & = (n + %)&,.

For currents larger than critical |I| > I, Eq. (9)
has a solution of the form

0 _ Im _ Im 2 tV12—1m2
g =+ Vi=(3) e (11)
the voltage v(t) # 0 and has a period
Ty = 20p/VE + L,2(D); (12)
the mean voltage measured in the experiments
_ |2 h E 2n _ /T2 T 2Oy
V= b= = RV =L (D), (13)

where R = R,R,/(R, + R;).

On going over to a single contact the solutions and
formulas presented take on, within the accuracy of the
corresponding results of [ 7> ®!, the form obtained by the
other method.

The temperature dependence of the critical current
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FIG. 2. Oscillations of the critical current of the interferometer
calculated according to formula (10) for a symmetric (a) and asym-
metric (b) interferometer for equal values of I =1, + I, of areal
Nb-Sn sample, R = 0.22 ohm, T = 3.715°K. I; and I, are the cri-
tical currents of the contacts, ¢* is the phase shift connected with
the asymetry and with the magnetic field of the transport current [2].
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FIG. 3. Volt-ampere characteristics of an interferometer (a) plott-
ed according to (13) for values of the critical current and resistance
of a real sample: Nb-Sn, R = 0.22 ohm, T = 3.715°K (see Fig. 5a)
forl — ®=n®,;2 — ®=(n+%)P,. The oscillations of V(P/d,)
(b) obtained from the volt-ampere characteristics 1 and 2 for values
of the transport current I = 67, 97, 112, 148, 150, 155, 180, 200,
220, 300 pA; p* is the phase shift corresponding to the shift in Fig.
2b.

I.(T) and of the normal resistance I;(R) given for a
Josephson tunneling junction by the formulal 0l

(7). [AD)

14
(1) =5 = S, (14)
can near T, be represented by the formula
_ mAX(T)
I(T,R)= WekTR (15)

which differs from the corresponding formula for point
contacts of the S-S type of %! only by the factor /.
Since we carried out the experiments mainly with S-S
type point contacts, all the derivations and comparisons
below will refer to interferometers with such contacts;
the cases of S~N-S contacts will always be described
separately.

In Fig. 3a we present the volt-ampere characteris-
tics plotted in accordance with formula (13) for normal
resistance values R = 0.22 ohm and critical currents at
T =3.715°K and & = n®, and & = (n + '4)®, correspond-
ing to one of the interferometer samples based on
Nb-Sn. The fact that curve 1 and the curve for H = 0 do
not coincide is a result of the real asymmetry of the in-
terferometer contacts which also leads to a phase shift
@* of the oscillating part of the voltage V(& /&,)'?!
plotted for various values of the transport current I in
Fig. 3b.

Both the calculated and experimental dependences of
the oscillation amplitude of V(H) on the magnitude of the
transport current are presented in Fig. 4.

Here it should be noted that the flux @ is practically
equal to the flux of the external field H if Ll¢; ..

< &, /2 where L is the induction of the interferometer
circuitand i =1, 2; & = S;H. The samples investigated
in this work with L ~ 10™%¥-10"" h satisfy this condi-
tion and considering the dependences I(H) and V(H) is
equivalent to considering the dependences I,(®) and
V(@).

The following expressions for the amplitudes AI and
AV of the oscillations of I,(H) and V(H) with allowance
for the asymmetry of the interferometer given by the
coefficient a = R,/R, = 1 follow from (10), (13), and

FIG. 4. Volt-ampere characteris- ;A
tics calculated in accordance with %
(13) (solid lines) and obtained ex-
perimentally for two values of the
magnetic field corresponding to an \ 05|
integer 1 and half-integer 2 number
of quanta of flux ®,, and the corre- 7
sponding AV(I) dependences of the gz} a2/
amplitude of the voltage oscillations 1 L o 100 200
on the magnitude of the transport 7 200 400 600 800 V.MV 4V, uv
current.
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(15); assuming for the sake of definiteness R, = R, and
Io; =I¢,, we have
(16)

P 2
AI"‘(F’ a) =1 Immm = 2]"'2 =4 (T) 073_1

Mmmax ~

(we note that ALy ~1/Ry);
— 2Va
AV(T, 1, @)|ier,, = AV(T, @) = 2RV Ilo =A(D 534 (17)

[we note that (3AVyy, /3Rj)a = 0, i =1, 2] where

A(T) = nA2(T) | 4ekT.
In addition,

AV=B]/12_ (Icl _1(2)2’ if Ic1_1c2 <I<Icl+102
and
AV ~ Rl I, if I>Tq+1.

(see Fig. 4 on the right). It is seen from (16) and (17)
that the temperature dependence of AI and AV is de-
termined by the I-(T) dependence, and that with increas-
ing asymmetry of the contacts the amplitude of the vol-
tage oscillations decreases much more slowly than the
amplitude of the oscillations of the critical current.

If Licimm > &,/2 then the modulation of the critical

current decreases, becoming Al = 2igjpc = ®,/L where
igire is the current circulating in the interferometer
circuit,”] and ceases to depend on the temperature (if
the amplitude of the modulation is not limited by a
strong asymmetry of the contacts).

The amplitude of the voltage oscillations also de-
creases by about a factor of (I./AI)*/? and depends in
the vicinity of T, on the temperature as [A%(T)/T]'/?
(in the case a = 1).

3. EXPERIMENTAL RESULTS AND DISCUSSION

The volt-ampere characteristics of the interferom-
eter contacts produced by the method described above
have the usual resistive non-hysteresis character which
differentiates them from the volt-ampere characteris-
tics of superconducting tunneling junctions. The mag-
netic field, by modulating the critical current, also
modulates the volt-ampere characteristics with a pe-
riod corresponding to a magnetic flux quantum in the
cross section of the quantizing circuit (Fig. 5a) in ac-
cordance with (10) and (13).

Deposition of a film over the oxide layer produces a
region having the properties of a band resonator. With
an appropriate choice of the dimensions of the film one
can obtain natural frequencies of the resonator in the
microwave region. The Q of the resonator turns out to
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FIG. 5. Experimental volt-ampere characteristics of the interfero-

meter (a) at various temperatures and two values of the magnetic field
corresponding to 1 — ® =ndy, 2 — & =(n + %) ¥, for the Nb-Sn
sample, R = 0.22 ohm. Experimental AV(I) dependences at various
temperatures (b). The form of the voltage oscillations V(H) (c) for
various values of the current I: 1 — 100;2 — 110; 3 — 140; 4 — 180;
5 —200; 6 — 220; 7 — 325; 8 — 400 uA for an Nb-Sn sample, R =
0.22 ohm, T = 3.715°K.
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FIG. 6. Experimental “steplike” volt-ampere characteristics of two
(I and II) interferometers for two values of the magnetic flux (a): 1 —
®=ndy, 2 — ®=(n+Y%)P,. Form of the V(H) oscillations of the
interferometer II (b) for currents I = 760, 800, 810, 820, 880, and
1000 pA.

be sufficient for the appearance of self-synchronization
of the point contact which in the presence of a potential
difference across it freely generates high-frequency
electromagnetic oscillations.™'! As a result current
steps (Fig. 6a) appear on the volt-ampere characteris-
tics of a point contact, as in the case of a Josephson
tunneling junction,

Deposition of a (1300 &) silver film producing a
S~N-S type point junction gives rise to no qualitative
change in either the volt-ampere characteristic itself,
nor in the current steps, nor in the interference pat-
tern (Fig. 7). The magnitude of the critical current at
all temperatures turns out to be considerably smaller
(Fig. 8) compared to pure tin contacts with the same
normal resistance R. The critical temperature is also
lower and is ~3.6°K (for S-S type contacts it is 3.8°K).
An increase of the T of the contacts connected with the
proximity effect has been observed with samples of the
Nb-Sn or Ta-Sn type. Therefore, when comparing the
Ic(T) and I.(R) dependences with formula (15) we took
the value of A(T) to be the tin gap Agn(T). As is seen
from Fig. 8, the agreement for I;(R, T) of S-S type
contacts is quite good, but the critical current has val-
ues somewhat lower than the calculated values.

The quantum oscillations of the voltage V(H) corre-
spond qualitatively to the formulas obtained. The maxi-

DMITRENKO, BONDARENKO, and NARBUT

mum of the amplitude AV corresponds to the current

Immax (Fig. 5). The nature of the AV(I) curve is close

to that of the theoretical curve (Fig. 4) and the magni-
tude of AV 5x increases with decreasing temperature
(Fig. 5).

The appearance of current steps on the volt-ampere
characteristics changes the form of the V(H) oscilla-
tions appreciably; there appears a characteristic flat-
tening of the extrema (Figs. 6b and 7b), and the ampli-
tude AV varies sharply in a narrow range of currents.
The appearance of current steps is undesirable for
magnetometric measurements and they should be sup-
pressed by an appropriate choice of the sample geom-
etry and an increase of the resistance of the contacts.

There are considerable discrepancies between the
calculated and experimental values of the amplitude of
the voltage oscillations. In Fig. 4 the dashed curve is
taken from the experimental data of ! '®) for clamped
point contacts. The values of AV 5% for the contacts
investigated in that work are by a factor of 2.5 smaller
than the values which follow from the calculations. This
is above all connected with the deviation of the volt-
ampere characteristics from the theoretical ones. In
the work of McCumber! ! this discrepancy has been
qualitatively removed by taking into account the induc-
tion of the contact. In this case the equation for the
phase is solved only by numerical integration, and the
corresponding volt-ampere characteristic has a slope
which corresponds to the experimental one. The lack of
an analytical expression for the volt-ampere character-
istic unfortunately does not allow one to obtain more ex-
act formulas analogous to (10) and (13). With decreas-
ing temperature (increasing I.) it is often possible to
observe a change in the slope of the initial section of
the volt-ampere characteristic and the appearance of
hystereses which also follow from the considerations of
McCumber and Stewart.t '] Possibly the appearance of
hysteresis of the volt-ampere characteristic is also
connected with thermal effects, and its initial slope is
determined to a considerable extent by fluctuations.t 5]

The question of the resistive state of the contacts
for I>1, is of great physical interest in investigations
of superconducting point contacts. It cannot be consid-
ered to be a purely normal state with the loss of the
doubly-connected nature in the case of interferometers,
as is assumed in ''®1 since the volt-ampere character-
istic for I > I attests to the presence of a supercon-
ducting component of the currents (apparently up to val-
ues of V of the order of several magritudes of A/et1"1),
and the presence of quantum oscillations of the voltage
attests to the fact that the density of superconducting
electrons ng > 0 remains finite everywhere in the
quantizing circuit. Also, one cannot in general agree
with the interpretation in terms of the motion of quan-
tized vortex rings at the contact, since for the diameter
of the contacts d < £(T) this mechanism is impossible®’
(¢ is the coherence length).

1) With increasing R the phenomenon of generation disappears be-
fore the quantum interference (for R ~ 1 ohm) [*?].

2 Quantum interference is observed with normal resistances of the
contacts between 1073 and 10? ohm, i.e., for diameters of the order of
1073 — 107%cm.
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FIG. 7. Experimental volt-ampere characteristics of an interfero-
meter with point contacts of normal metal (S—N—S type) (Ag thick-
ness = 1300 &) in a constant magnetic field ~ 1073 Oe and various
temperatures (a). Form of the V(H) oscillations for the same inter-
ferometer with contacts of normal metal for various currents I, R =
0.1 ohm (b).
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FIG. 8. Experimental points and theoretical curves (1 — R =0.1
ohm for Ta-Sn; 2 — R = 0.22 ohm for Nb-Sn) of the dependences of
the critical current I of superconducting point contacts of the S—S
type on the reduced temperature T/T; B — experimental values of
I for an S—N—S point contact Nb-Ag-Sn (Ag thickness = 1300 .&),
R = 0.1 ohm (a). Experimental points and theoretical curves of the
dependences of the critical current of superconducting S—S type
contacts on their normal resistance R at various temperatures (b).

At 3.7°K® — Ta-Sn, O — Nb-Sn; at 3.6°K @ — Ta-Sn, X— Nb-Sn;
at 3.4°K A — Ta-Sn, A — Nb-Sn; at 3.0°K O — Ta-Sn, B — Nb-Sn.

The induced current steps observed by Clarke!!®? on
the volt-ampere characteristic of S-N-S type sand-
wiches and the observation of current steps and quantum
interference in our interferometers with a silver layer
(Fig. 7), as well as the form of the I.(T) dependence at-
test to the fact that the microscopic approach in terms

of the proximity effect taken in the work of Aslamazov
and Larkin,'7»8) is the most correct approach for point
contacts. The appearance of a resistive state, regard-
less of the fact whether the contact itself is made of
normal or superconducting metal, can be interpreted!?
as a result of the nonlinear dependence of the supercon-
ducting current on the superfluid velocity'2°! and a de-
crease of the order parameter due to the action of the
transport current I or the circulating current igjpre
flowing in the circuit.

Preliminary experiments with interferometers whose
weak links were in the form of tin ‘“whiskers’’ of 1 u
diameter and 2-3 . long showed the absence of quan-
tum interference both in the critical currents and in the
voltage. This gives grounds for assuming that the Jo-
sephson effects and the quantum interference are rather
critical [I < £(T)] to the length I (along the current) of
the region of weak coupling with a lowered value of the
order parameter than to the cross section of this re-
gion. A lowering of the parameter n; can be achieved
by means of the contact material or by the proximity
effect, as well as by a local increase of the temperature
or of the current density.

In conclusion we shall summarize the conclusions
concerning the construction of an optimal superconduct-
ing interferometer with a maximum sensitivity to a
magnetic field. First of all, it follows from (16) and (17)
that it is more convenient to use an interferometer in
the resistive regime, since it is less sensitive to asym-
metry. In order to obtain a maximum sensitivity of the
interferometer AV/AH (or AI/AH) where AH = &,/S,—
the period of the oscillations for a circuit area S,, one
must ensure the following:

1. The symmetry of the contacts, i.e., a = 1.

2. A maximum value of A(T) both by choice of mate-
rial and by lowering the temperature.

3. A maximum possible area of the quantizing cir-
cuit Sy, retaining nevertheless the condition LI, < &,/2
which is possible by simultaneously decreasing I, i.e.,
increasing the normal resistance of the contacts. In
this case there are limitations connected both with the
technology and with the action of fluctuations which lead
to the total disappearance of superconductivity.?*!

4. The construction of contacts of such a nature
(this still requires detailed clarification) that the volt-
ampere characteristics have a form close to (13); this
ensures a small amplitude of the ascillations of V(H).

The authors are grateful to I. O. Kulik for assistance
in carrying out the theoretical analysis and for useful
discussion of the work, and to E. I. Balanov for help in
preparing the samples.
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