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A nonlinear theory is given for Cerenkov excitation of longitudinal waves and transverse waves in a 
transparent "inverted" dielectric, the waves being excited by a modulated current. The peak ampli
tudes and characteristic times for the radiation induced by the current are computed. The physical 
mechanism responsible for stabilization of the growth of the field amplitude is discussed. 

AT the present time, Cerenkov radiation in equilibrium 
meaia has been studied extensively and used widely in 
various fields of physics. On the other hand, it is of 
interest to investigate the features and potentialities, 
for practical use, of Cerenkov radiation in nonequili
brium media since the existence of a nonequilibrium 
condition provides the possibility for conversion of the 
force of the Cerenkov field that acts on the radiating 
particle. This effect was first discussed and investi
gated by I. E. Tamm for the case of a charge interact
ing with a moving dielectric. It was pointed out by 
V. L Veksler that it would be possible to realize a . 
moving dielectric by means of electron beams. Veksler 
proposed to use the conversion of the sign of the Ceren
kov field for coherent acceleration of ions. 

A similar effect obtains in a medium at rest in which 
the nonequilibrium is due to the inversion of the popu
lation of its energy levels. The possibility of conver
sion of the sign of the Cerenkov field in such a medium 
was noted by V. P. Silin (cf.[l1) and the corresponding 
problem for the case of an oscillator was solved by 
V. L. Ginzburg and V. Ya. EidmanY1 It is of interest 
to investigate the possibility of using this effect for the 
acceleration of charged particles. The first suggestion 
for acceleration in an active dielectric medium by 
means of direct conversion of energy of the medium 
into kinetic energy of a beam of accelerated particles 
was given by Ya. B. Fa'lnberg while acceleration in in
verted paramagnetic medium was proposed by E. K. 
Zavo'lskil. 

The present work is devoted to a theoretical analysis 
of Cerenkov acceleration of a beam of charged particles 
in a transparent dielectric with an inverted population 
level, the inversion being due to the field induced by 
the beam. The field is comprised of longitudinal (polar
ization) oscillations and transverse waves (Cerenkov 
radiation). 

In the general case the accelerating field induced by 
the beam due to the interaction of this beam with the 
inverted level population of the medium is comparable 
with the retarding field that acts on the beam due to the 
noninverted levels. The efficiency of the interaction of 
the beam with the active atoms of the medium can be 
enhanced by modulating the beam at an appropriate fre
quency. In this case the intensity of the emission of 
the inverted level population is enhanced by virtue of 
the coherent addition of the fields of individual bunches 
in the beam, as a consequence of which the amplitude 

·of the accelerating field is increased substantially. In 
view of this circumstance we will consider the excita
tion of longitudinal and transverse waves in the medium 
by a modulated current. 

The complete system of equations which, in the non
linear approximation, describes the collective interac
tion of a beam of charged particles with the dielectric 
medium consists of Maxwell's equations with a forcing 
term due to the current j together with the equations 
of motion for the medium: 

rotE= -~aH 
c at' 

1 a 4n. 
rotH= cat(E + 411P)+ 7J; 

(1) 

a2p 2d . 
at2 + Q2p = ±-,;-[(NdQ)2-P2-Q2P2)'/•E. (2) 

Here, P indicates the dielectric polarization of the 
medium, N is the density of active centers, d is the 
electric dipole moment per center, and U == (E2- E1)/n 
is the appropriate resonance frequency. In the general 
case the right side of Eq. (2) is proportional to N1 - N2, 
the difference in the populations of the lower ( E1) and 
upper (E2) energy levels;[2J hence the upper sign in 
front of the radical in (2) corresponds to the normal 
condition while the lower sign corresponds to an in
verted population level at the initial time ( t = E = H 
= p = p = 0). 

The two-level approximation (2) applies for the de
scription of the interaction of the medium with the field 
when the characteristic frequencies of the electromag
netic fields are close to the resonance frequency of the 
medium n.£ 2 -s] In the case of Cerenkov radiation and 
the excitation of polarization oscillations these condi
tions are satisfied for modest densities of active cen
ters ( 81rNd2 « tm) and also for the excitation of a 
medium by a modulated current if the modulation fre
quency wm is reasonably close to the appropriate 
resonance frequency (I wm - U I « n ). 

In the linear approximation ( F2 + U2 P 2 « (NdU)2], 
which corresponds to.neglecting the change in the level 
of population in the medium under the effect of the 
radiation, using Eq. (2) we can find an effective die
lectric constant for the medium: 

E±(w) ""'1 ± wl/ (Q2 - w2), wr2 ""' BnNrJ'Q/i-1. (3) 

Thus, in an active dielectric the frequency region in 
which the Cerenkov condition is satisfied ( {3 2 L > 1) is 
higher than the resonance frequency U while the re-
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fractive index ( L )112 falls off with frequency in the 
transparency region (negative dispersion). Under these 
conditions the frequency of the polarization oscillations 
is smaller than the resonance frequency [wp = n2 

- 2 )1/2] wp . 
Substituting (3) into the general expressions [61 for 

the Cerenkov field and the polarization field that act on 
the particle and taking account of the change in the 
phase of the logarithm due to the change in the order of 
traversing the zeroes and poles of the argument of the 
logarithm in the active medium, we have (cf.[ 7 - 11 1) 

E = +-e ~ wdw [1--1-], 
c 2c'w,±>t ~2e±(w) 

e k zvz 
Ev=+ 2V' wp'lnQ,:w'' 

- r 

where e is the particle charge and V is the particle 
velocity. 

(4) 

The feasibility of practical use of this effect for the 
indicated purposes is determined by the amplitude of 
the accelerating field and the emission time. These are 
essentially nonlinear characteristics which can only be 
found from a nonlinear analysis, to which we now turn. 

We start with the polarization oscillations, which 
can be considered in the one-dimensional approxima
tion. Assume that polarization oscillations in the die
lectric are excited by a sequence of charged plane 
sheets with surface charge density a which move in 
the medium with velocity V in the direction of the 
normal to the plane surface. In this case the field in 
the medium is determined by the one-dimensional sys
tem of equations consisting of Eq. (2) and Poisson's 
equation: 

a +~ 

-(E+4nP)=4ncr 2}b(z-Vt-sl), 
iJz 

where l is the distance between charge sheets. 

(5) 

Assume that the modulation frequency wm = 211V/l 
is equal to the frequency w11 = ( n2 - wf, )112 which cor
responds to the linear polarization osc1llations; we now 
seek the nonstationary solution of the system in (5) 
using the Bogolyubov method: 

E (z, t) = Nd[A (t) cos <D + B(t) sin <D], 
P(z, t) = 1Yd[a(t) cos <D + b(t) sin <D], (6 ) 

<D (z, t) == wpt- knz, kn = 2n I l. 
The dimensionless coefficients a(t) and b(t), which 

vary slowly in time, are described by the following 
system of equations: 

2 da -nb+n(b+Ip) (1-a2 - b2)'i• = 0, 
d.,; . 

db 
2 d.,; + na - na ( 1 - a' - b') 'I• = 0, 

8nNd' w2, I = _cr_ 
n == hQ == gz ' rr- 4n'Nd' "I"== wpt. 

Making use of the notation 

a+ ib =sin lJle'~. c:p(O) = n, lJJ(O) = 0 

we have from Eq. (7) 

~'!'- = ~ ni [ 1 -I - 2 sin'_!_ tg2 J:.l't. 
dr 2 P P 2 2 _ 

(7) 

sin c:p = Ip -• sin 2 ~ tg t. (8) 

It follows from Eqs. (5 )- (8) that the excitation of 
polarization oscillations alternates periodically with 
the absorption of the field of the oscillations in the 
medium.r4 ' 5 l For small values of the current (Ip << 1) 
the period T p in units of n-1 is 4n - 1 I ji-21 3 • The peak 
amplitude of the accelerating field and is determined 
from the condition A = 0 and for Ip << 1 is found to be 

(9) 

It is evident that in the cases being considered 
(a « Nd) this field is large compared with the surface 
charge field 211a. The increment of kinetic energy per 
unit surface of the layer referred to the density of 
energy stored in the medium (efficiency) is found to be 
proportional to Ip213 • 

Physically, the saturation of the amplitude of the 
field arises as follows. Excitation of polarization os
cillations occurs by virtue of the energy stored in the 
atoms in the medium so that as the field amplitude in
creases there is a reduction in the difference of popu
lations in the levels. The frequency of the longitudinal 
oscillations wp increases and violates the resonance 
between the frequency of the exciting force wM and 
the frequency of the characteristic oscillations of the 
medium. When T ~ T p the phase of the field changes 
sign and the acceleration becomes a retardation, even 
though the difference in the population levels (cos z/!) 
does not change sign. 

We now consider the problem of Cerenkov radiation 
due to a modulated current in a dielectric at a negative 
temperature. In this case, in order to estimate the 
peak amplitude of the Cerenkov field and the correspond
ing lifetime of the pulse we consider a model problem 
in which the Cerenkov radiation of the inverted medium 
is excited by a current with a density 

(10) 

where n is a unit vector along the z-axis while the 
wave numbers k 11 and k1 satisfy the dispersion equa
tion obtained from the linear theory: 

(lOa) 

Substituting the current (10) in Maxwell's equations 
we seek a solution of these equations together with the 
equation of state of the medium (1 ), again using the 
Bogolyubov method: 

E(r, t) = "Yd[A(t) cos 'l' + B(t) sin'!'"], 

P(r,t) = ,\d[a(t) cos'¥+ b(t) sin'¥]. 

We then obtain the following system of equations in 
total derivatives for the slowly varying amplitudes a1 
and b1 of the transverse component of the polarization 
vector, assuming 

d [ L'.u ] 2n zi 
2 dT ( 1 -I u I') ;, - ~\ ( 1 -I u I')'' 

- inu[(1-lul 2)-'f, -1] = -iKj_ni, (11) 
where 

-r == Qt, n == 8n1\"(f2 I nQ, I == io I Q.\"d, 
1 == 1 - w,12 I Q 2, Kj_ == kj_c I Q, u == Uj_ + iiJj_. 

In this case the amplitude of the longitudinal field 
component E 11 , which determines the effectiveness of 
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the interaction of the beam with the medium, is given 
by the relation 

4nK.L 26.!_ + da.L 
An=-K.LA.L= n 1-a.L2-b.LZ)'" (12) 

An investigation of linear solutions of the system in 
(11) shows that in the nonstationary regime accelera
tion of the beam by radiation from the medium can 
occur only when the condition 1 - nA -2 < 0 is satisfied. 
It is evident from Eq. (lOa) that this condition is equiva
lent to the requirement that the group velocity of the 
excited wave be negative. Assuming that this inequality 
is satisfied with margin, making use of the substitution 
u = sin 1/J exp ( i<P) we have 

dljl __ 'I'm [ i _ (_'I' )6 J 'I• ' 
dt T \'I'm 

'I'm:= 2(K.Ll)-'h, 

( IJl )3 4d ( n) , sin<p = ~ , T == n 1- d 2 (K.Ll) h. (13) 

It will be evident from this equation that if relaxa
tion effects are neglected the process of emission of 
the Cerenkov field in the medium and the acceleration 
of the beam alternate periodically with the inverse 
process of absorption in the medium and retardation of 
the beam. The characteristic period for the radiation 
is of order T (in units of n-1 ) while the peak ampli
tude of the longitudinal component of the field is given 
by the expression 

(An) max= 4rcK.L ~(K.Ll)'l•. {14) 
n 

Strictly speaking, this expression applies when 
Ki ~ n/ I A I « 1 ( n > A 2 ). However, for the purpose of 
making estimates we can take K1 ~ 1. Thus we find 

(En) max = lmNd (2jo I QNd) •r •. (15) 

Physically, the stabilization in the growth of the 
field amplitude is explained by the dependence of the 
characteristic frequency of the field in the medium on 
its amplitude: as the amplitude increases the synchro
nism between the wave and beam is disturbed and as 
a result the field radiation and the particle accelera
tion are converted to field absorption and beam re
tardation. When 1/Jm << 1, in a time corresponding to 
one cycle only a small fraction of the energy stored in 
the medium ( ~<jJ~) is converted into radiation. The 
energy of the field can be increased by programming 
a change in the frequency of modulation of the beam. 

Above, in analyzing the Cerenkov interaction of a 
beam of charged particles with an active dielectric we 
have assumed that the beam current is specified. In
asmuch as it is difficult to provide modulation of a 
beam by external sources in the shortwave region, one 
could make use of the Cerenkov instability of an un
modulated beam. 

For the case of a beam whose diameter a is large 
compared with the wavelength (a»;\) the dispersion 
equation for longitudinal oscillations is of the form (l 2 J 

ro• 
1 ± QZ_: wz 

where nb is the beam density. 

Wb2 == 4ne2nb ' 

mu 
{16) 

Using this equation and assuming wb « w: << Q 2 

we can obtain the growth rate for the longitudinal 
oscillations: 

Thus, the Cerenkov instability of a beam with re
spect to longitudinal oscillations can actually be used 
to obtain the modulation of the beam. The authors are 
indebted to Ya. B. Fainberg for suggesting the topic and 
for useful discussion and also to V. P. Silin, B. M. 
Bolotovskil and R. V. Khokhlov for useful comments. 
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