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A hydrodynamical method is proposed which enables one to establish a connection between the singular
parts of the kinetic coefficients (the viscosity 7, the thermal conductivity «, and the coefficient & which
determines the diffusion) which depend upon the nearness to the critical point and the singularities of
a product of thermodynamic quantities, namely, the product of the correlation radius ro of the fluctua-

tions in the concentration and the derivative (8 u./8c)

p,T of the chemical potential with respect to the

concentration. The results depend on the ratio of the singular (Af) and regular (£,) parts of the
kinetic coefficients, extrapolated from the far region. In the region Af{ < £, all coefficients increase
upon approach to a critical point: An, Ak, Aa ~ [ro(au/ac)p T]". If AE = £, then the coefficient of
thermal conductivity remains finite; as for the remaining coefficients one can only assert that

AN Aa ~ [ro® u/ac)p’T]". The coefficient of thermal diffusion does not have a part which increases

as the critical point is approached.
1. METHOD OF INVESTIGATION

THE critical points of binary mixtures are character-
ized by the vanishing of the first two derivatives of the
chemical potential of each component with respect to the

concentration:
(%), =(5), .= )

A sharp increase in the mean square of the fluctua-
tions of the concentration {(Ac?®) and of the integral of
the correlation function Wi (r) of these fluctuations
already follows from the definition of the critical
points‘*!:

(Ac®) = (e(r)— o) ~ (3c/0n) .15 § Wee(r)d'r ~ (9c/op)p, 7. (2)

Upon approach to a critical point it is necessary to
take into consideration nonlocal and nonsynchronous re-
lations between thermodynamic quantities (spatial and
temporal dispersion‘®’), which leads to finite expres-
sions in (2). At the same time the correlation radius of
the fluctuations in the concentration, which characterizes
the distances over which correlation of the fluctuations
is essential, increases as a critical point is approached
and, according to estimates from experiments on scat-
tering, reaches a value of 10™* to 107 cm.

Thus, the specific properties of the critical region
consist in the appearance of a new characteristic dis-
tance ro, and also a < ro < L, where a is the average
distance between particles and L is the size of the con-
tainer.

It is natural that one should expect anomalies in the
kinetic properties associated with a displacement of the
liquid’s particles over distances of the order of or lar-
ger than ro, whereas for a displacement over a distance
of order a the particles ‘‘do not know’’ about the critical
state. In other words, if the kinetic coefficients are
represented in the form of a sum of two parts: £ = &,

+ A%, defined respectively by scales of order a and ro,
then upon approach to a critical point the strong depen-
dence on (T — Tc)/Tc can apparently only be associated

with the ‘‘singular’’ part of the kinetic coefficients, but
not with the ‘‘regular’’ part.

Such an assumption is confirmed by the fact that dif-
ferent methods of investigation of one and the same sub-
stance (ethane) lead to different results;" in neutron
scattering experiments (the characteristic displace-
ments of the particles are of order a ~ 1077 to 10~ cm)
no anomalies in the particles’ motion were observed in
the critical region,®®! in spin-echo experiments (dis-
placements of order ro ~ 107 to 10™® cm) the decrease
of the self-diffusion amounts to several tens of a per-
cent, and an abrupt slowing down of the diffusion is
observed by chemical methods™’ (displacements of
order L ~ 1 cm).

The goal of our calculation is to obtain the tempera-
ture dependence of the singular parts A{ of the kinetic
coefficients, which determine the macroscopic proper-
ties of the liquid, whereas one can hardly determine the
regular part without microscopic considerations.

Two assumptions are made as the basis of the calcu-
lation. First, since we are interested in the behavior of
a liquid over macroscopic distances of the order of ro,
as the equations of motion we take the equations of
hydrodynamics for an inhomogeneous and nonstationary
mixture. A ‘‘hydrodynamical volume’’ has linear dimen-
sions larger than a but smaller than ry, i.e., here only a
partial averaging over the fluctuations is carried out.

Later on external currents will be introduced into
the equations of hydrodynamics, and the changes of the
fluctuations caused by these currents will be deter-
mined. In the entropy production due to these fluctua-
tions a final averaging of the fluctuations is carried out
over distances larger than or of the order of r,, but
smaller than the dimensions of the system L; this also
leads to the appearance of singularities with respect to
(T — Tc)/Tc in the kinetic coeificients.

The second assumption concerns the form of the

DWe compare experiments near the critical point of the pure sub-
stance [3*] and diffusion in this substance, [®] which, however, is not
essential for the qualitative considerations presented here.
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equation of state which must be added to the system of
hydrodynamical equations. Generally speaking the fluc-
tuations are independent or are only correlated, i.e.,
there is not a unique relation between them. However,
in the same way that the two scales of distance indicated
above exist, it is natural to also assume that two scales
of characteristic times exist: a time for dissipation of
the fluctuations in the concentration, which tends to in-
finity upon approach to the critical point, and a time for
the establishment of equilibrium in the remaining varia-
bles, whose fluctuations do not possess anomalies at the
critical point. Such an ‘‘adiabatic approximation’’ means
that for a given nonequilibrium (fluctuation) distribution
of the concentration, the remaining thermodynamical
variables assume definite values, i.e., one is able to
formulate an equation of state in the sense of a nonlocal
and nonsynchronous relation between the change of the
chemical potential y and the distribution of the concen-
tration c:?

a 7 7 ! 7 s
() — o=\ -?;Z—(r—r’,t——t)c(r,t )de dt

on ou
+ﬁT(l‘,t)+ p(x1). 3)

ap

Here and in what follows the kernel of the integral
operators, which determine the spatial-temporal dis-
persion, will be denoted in the same way as the corre-
sponding thermodynamical derivatives to which the zero-
Fourier components of the kernel reduce.

The assumptions indicated above lead to a complete
system of equations of the form

Life} + Lofw, ¢} =0, 9= {v, 0, 1, t}. (4)

The general scheme of the subsequent calculations
consists in the following.*’ Let us represent all varia-
bles ¢ in the form of a sum of fluctuating parts ¢g and
averaged parts ¢y which are determined by the ex-
ternal gradients (for example, the velocity gradient
€y = 9vay,/0y):

(5)

Expanding the fluctuating quantities in a series in powers
of the external gradients

=01 + Pav.

¢n =9oa’+cepnl

(6)

we isolate the terms of corresponding order in € in the
system of equations (4).
The equation of zero order in €

Li{fena® + Le{on®% 9% =0

describes the equilibrium thermal fluctuations in the
absence of external gradients. The method of investiga-
tion of Eqgs. (7), which is based on the fluctuation-dis-
persion theorem and associated with the introduction of
the so-called external forces!™ into the system of

(7)

2 Temporal dispersion, as usual, takes the retardation in time into
account. Of course, it does not have a rigorous thermodynamical mean-
ing and corresponds to the fact that averaging over the time is equiva-
lent to averaging over ensembles. However, the presence or absence of
temporal dispersion does not affect the final results.

3 An analogous calculation for a pure substance was carried out by
us earlier. [>:9]
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linearized equations, enables one to investigate the
correlation properties of the fluctuations.
From the equations of first order in €

Li{pn!} = —Lo{pn® @av} (8)

one can find the change of the thermal fluctuations due
to the presence of the external currents.

Finally, the last stage of the calculations consists in
an evaluation of the entropy production and the identifica-
tion of the coefficients for the squares of the external
gradients with the singular parts of the kinetic coeffi-
cients:

a

— Josan= (Z: § 2(Vo nt)2d = VALees,
P

where V denotes the volume of the system.

Assigning the external gradients in a different way
we arrive at a system of equations which expresses the
singular parts of the kinetic coefficients in terms of the
kernel 8u./8c of the equation of state (3) and the param-
eters of the hydrodynamical equations, in particular, in
terms of the kinetic coefficients themselves.

As one would expect, the hydrodynamical method
which we are using does not enable us to directly deter-
mine the singularities of the kinetic coefficients. With
its aid one can only find relations between the singulari-
ties of different equilibrium and kinetic quantities.

In Sec. 2 the correlators of the hydrodynamical quan-
tities in binary mixtures and in the presence of spatial
and temporal dispersion are obtained from the system of
equations (7). The solution of Egs. (8) for the fluctua-
tions which are changing due to the external currents
and an analysis of expression (9) for the entropy produc-
tion comprise the contents of Sec. 3. Finally, in Sec. 4
the obtained formulas are analyzed, and the nature of the
singularities of the kinetic coefficients near the critical
point of binary mixtures is clarified.

©)

2. HYDRODYNAMICAL FLUCTUATIONS IN BINARY
MIXTURES IN THE PRESENCE OF DISPERSION

The total system of hydrodynamical equations con-
tains the equation of state and the conservation laws for
the mass of the mixture, the mass of each component,
momentum, and energy:

dp d d
?:—pdivv; pd—:z—divj; p?: = — Vp+divou';
ds dvi
T2 — —div(q— pi)— iV + on’ 10
oT v(q—pi) —iVp +oun 9 (10)

We shall assume that taking account of spatial-tem-
poral dispersion reduces to the appearance of a nonlocal
and nonsynchronous relation in the well-known expres-

sions for the currents:®®’

avi/ ‘ + v&v?
61;; axi

o’ = Sn(r—r’,t—t’)< >d3r’dt'

+6u § [g(r—r',t— t’)—én(r—r’,t— t')] -afm—ir—%t-l—d%’dt’;
G — Wim = — §[To(r — ', t — ') V,uu (¢', )
+y(r— 1, t — ) VoI (¥, )] d dt'; 1)
jm=—§ la(r =¥, t = ') Vo (¥, 1) +B(r — ¥/, t — &) VT (¢, ) PP/

Finally, in order to solve the system of equations (10)
it is necessary to use the relations which connect the
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entropy with the other thermodynamical quantities. With
dispersion taken into account, these relations have the
form

ds os ar (e, v)
E_S[ =)

A (', T)
—(r v, t—t )——W
+ Z_; (c—r,t— t')ﬁp-(;t—’,t)—] o dt. (12)

In order to study the correlation properties of the
equilibrium fluctuations, one can apply the fluctuation-
dissipation theorem which, as is well-known,!"”®! estab-
lishes a relation between the properties of these fluc-
tuations and the generalized susceptibilities—the linear
responses of the system to an external influence.

One can combine these two problems into one by
introducing the so-called external forces £ into the
equations of motion of the quantities x of interest to us,
assuming that these forces produce the given fluctua-
tions. Then the solution of the equations of motion

Zm(r,t)= ) S Omn (*— 1,8 — ') frX (v, t') dor’ dt’ (13)

immediately determines the correlation properties of
the quantity x, notably the Fourier components of the
correlation function are expressed in terms of the gen-
eralized susceptibility amp:
i hw
G (5, ) () Yo = 7—(2m)Poth =

[amn(m k) — amn" (0, k)]

iT 1 .
~ o (211)3;[(17,.7,((0, k) — tnm® (0, k)]. (14)

In Eq. (14) it is taken into consideration that in the
classical case of interest to us coth(hw/2T) can be re-
placed by 2T/hw.

The correspondence between the quantities x and £&X
is established with the aid of the expression for the rate

of change of the entropy:

;t §osarr =—10 3 § @tfmr, ) 2m(x, 1) dor.

Thus, the scheme for application of the fluctuation-
dissipation theorem is as follows: 1) selection of the
quantities x,, of interest to us; 2) determination accord-
ing to Eq. (15) of the corresponding generalized forces
ffﬁ‘, extraction of the solutions of the linear equat1ons
of motion for xy, in terms of the external forces f
the form (13); (4) expression of the correlators (14) in
terms of the generalized susceptibilities @y, found in
(13).

Proceeding to a realization of this scheme, we shall
utilize the following expression for the production of
entropy in a binary mixture:®!

(15)

o (a— i) VT 1
%Spsd3r=—ST—ozd3r—-ST—oJVpd3r
o’ (v | Ovg 5
+3 7, Gt o) o 16)

From a comparison of (15) and (16) we define three
types of generalized forces and coordinates:

@ _ tkmT ®)
- ,

m T Im = Lkml‘q Zyn = i/Zi (kmvn + kn”m),
[]
eX— i ex . ex ol
L e N ¢ 1))
140} 0
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In (17) and everywhere below, unless explicitly stated
otherwise we shall use the Fourier components of the
corresponding quantities, defined in the following way:

o= (;l 5 o (@, k) eitr-e. (18)

Now let us write down the linearized equations (3)
and (10)—(12) with the external currents (17) introduced
into them, where we choose as the independent variables
the chemical potential yu = (u1/m;) — (Lz/m;) of the mix-
ture, the density of the mixture p, and the temperature
T. Such a choice of variables is convenient since the
derivatives of the corresponding thermodynamical po-
tential with respect to p, i, and T do not have singulari-
ties at the critical point. In addition, the fluctuations of
only one of these variables—the density—increase
anomalously upon approach to the critical point. Ac-
tually, together with the fluctuations in the concentra-
tion (2) the fluctuations of all three quantities ¢ increase
provided 8¢/dc remains finite or decreases more slowly
than the square root of the fluctuations in the concentra-
tion, whereas according to Eq. (1) (81/dc) ,T abruptly
decreases as the critical point is approac éd and so
does aT/ac) (it follows from experiment that

(op/9 T)p c 1s f1n1te), meanwhile (8p/8c) remains finite.

The system of the linearized equations of hydro-
dynamics in the variables p, u, and T with external for-
ces may be reduced to the following form:*

I(w ,k) p(o,k)
[

ToGu(0, k) +i0 Topr + G (0, k) p(o,k)

= —ikm(gm®* — Wm™),
P(mr k) ex
G1 (0, k)———=— po*cok?u (0, k) = Emknomn,

+ Gs(0,k)p(0, k)= — ikmjn,

T(w,k)
Toprk? ———— —
oPT 7,

T (o, k)

Ga(o, k) T
0

— ipo¥co®

o(w,k)
Do
where the following notation has been introduced

ink®/ 4 .
Gi(o, k)= w2 — gy + - (g’l + ;) , Go(0,k) = — iwpoTosu + Topk?,
Po

G3(0, k) = —iwpocy + ak? Gi(o, k) = —iwpoTosr + vA2, (20)
a=oa(w, k)..., cp= (dc/dp)r, p..,

All of the ‘‘thermodynamical derivatives’’ appearing
in Egs. (19) and (20) are functions of w and k so that
strictly speaking only the components with w = 0 and
k = 0 have thermodynamical meaning.

For an unbounded medium the system of Egs. (19)
has the following solutions:

T 1
= ”A‘ {— iAukm(Qmex - lljmex)

T, - A21kmkn0'$n‘n

idskmim™},

“1In order to obtain Egs. (19) the equalities

(50).~()ont = (55)... = ~(50)..

were utilized which, generally speaking, are valid only in thermo-
dynamics, i.e., for w = 0 and k = 0. If the fulfillment of these qualities
is not required then, performing the following transformations we ar-
rive at susceptibilities (23) for which the principle of symmetry of the
kinetic coefficients (the Onsager relations) will be satisfied only upon
fulfillment of the indicated equalities. This is associated with the
“quasistatistical character” of the thermodynamical states we are con-
sidering.
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1 . A
_pg = K{iAizkm(q"Lex - l-l]mex) + Azzkmkno'mnex -+ lA32]mex}y
0

(21)

1
W= {— ik (gn™ — pjn™) — Agshumknomn — iAgjunt*},

1 R .
Va = K{Aﬂkakm@mex — Wim®) + Apskakmjm™} + iM(xman;’;,
where

1
— ipo® + nk?

—[popp — io (/M + £)1 A2 — PochAzs]}-

The determinant of the system of equations (19) enters
into formula (21):

k
Mom = {éam + ;‘Aﬁ‘ [TOPTAM

TGy ioTypr G,
A = |Topk?  —psGy  — pocok?| | (22)
G, — ipoZe,® Gs

and also the minors Aij of this determinant.

Now introducing the generalized forces and coordin-
ates (17) into (21), we obtain relations of the type (13),
from which one can easily find the generalized suscepti-
bilities a:

A .4 A
U = — 0 -—Aii Temben, a,ﬁz = —iw T%kmkn; afn"n = —ie Kai-kmk",
A A
Clan r= G/r mn = @ 2 kmknkr; amn = ar mn — ®- ikmk kr,
(23)

Umn, pr =—

A
- T{kr(kman + anm;ﬂ) + kp(kmMnr + anmr)]~

From (23) it is easy to see that upon fulfillment of
the equalities indicated in the footnote to formula (19),
the susceptibilities satisfy the symmetry relations of
the kinetic coefficients (the Onsager relations), which
have the following form in the w, k-representation:

amn(m, k) =+ anm((l), —-k),

(24)

where the + signs refer to the cases when the general-
ized coordinates x,, and x,, respectively, have the same
or different symmetries with respect to a change of the
sign of the time.

Now substituting (23) into (14) and taking the defini-
tion of the generalized coordinates (17) into account, we
obtain the desired correlation functions:

e = = ).
el ),
Dok = —%(2:;)3"'%1,11( _l_;) :
Tidan == 2N TIm(E ) adan =00 I

Now let us verify that the expressions obtained above
for the correlators do not contradict the well-known
thermodynamical formulas''’ and reduce to them if dis-
persion is neglected.

Taking the inverse Fourier transform in the correla-
tor {pp) o,k and using the Kramers-Kronig relations'!!

for the integration over w, we obtain
d’k
(2m)®

explik(r — 1))

f 26
Po(0, k) (26)

(o (r,1)p(x",8)) = Topa §
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The same limiting transformation for the correlator
of the temperature leads to the following result:
To S @k explik(r—7)]

Do

(2m)® (9s/8T)0,(0, k) °

It is not difficult to verify that the correlators (pT)
and (pu) give zero upon integration over w, which
corresponds to statistical independence of the corre-
sponding fluctuations.

Expressing the correlator of the concentrations in
terms of the correlators of the thermodynamical quan-
tities (25), we arrive at the well-known expression:

To &k  explik(r—r')]
(e e 0) =] i) o)

which gives the correct expression for the thermody-
namical fluctuations of the concentration!*! if dispersion
is neglected.

I. M. Khalatnikov has calculated the correlators of
the external forces in the hydrodynamical equations of
a superfluid liquid (without dispersion).'®’ Our Egs.
(19), written in the form xp, = a5, also enable us to
find the correlators of the external forces

(T(r,t)T (', 1))

(27)

(28)

Ty -
(fmexfnex>m =——1Im am:.,
o

which coincides with the results of article *®! in the ab-

sence of dispersion.

3. EVALUATION OF THE SINGULAR PARTS OF THE
KINETIC COEFFICIENTS

According to the general plan of the calculation indi-
cated in Sec. 1, we must now determine the change of
the thermal fluctuations (q)%l) associated with the ex-
ternal influences (the ‘‘average’’ quantities) applied to
the system. Substituting (5) and (6) into the system of
hydrodynamics (10), eliminating the velocity, and
collecting terms of first order in the external gradients,
we obtain

Tat(ek i@,k
Toaa(w,k>“—T“U+imTopTﬂ;—‘”—’Jer(m,k)pﬂ‘(w,k)=Ri<w,k),
0

Yo,k o,k
TokaZTﬂ (@, )—poG,(m,k)pﬂ (0,k)
To 0
— pitcok?p (0, k) = — Ry (0, k),
Ta ok 1o,k (29)
O L L TTRICR R NERS
0 ny
where
Sﬂ
Ry(r,t)= —(ooT —(poTav+TOPaV)_

— poTovayVs 0% — poT S v (¥, 1) [sp(r—1 t— 1) VT a(r', )
+su(x— 8 — ) Vpay (v, t) ] dor’ 4t +

0
Ovavi | Ovave ><6vﬂi aliﬂk ( Ovavi avﬂ B
_ 2 L — y
‘f‘ﬂ( oxy, oz oxy, + \—l- ¢ > 0x; Oz
] (30)
Rz(l‘, t): diVRQI_ [7{""— <§“|——n >A} RZ”
0 avav 1
E_dlv{Po[(‘avV)Vﬂ°+(V 1°V) Vav]+<pav +P )j
6 .
[ (s ) ]dw(pn‘)vw par¥ 0%);
[7] dc g0
Ry(r,t)=—pgq?® (iav_pav—cfﬂ — povavVe g
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— 00\ Vg, )l (r— ¥, t — ) VT (¥, V')
+ep(r—r,t =) Vypav(r/, t')]d% dt’.

The left hand side of Eqs. (29) represents the system
of linearized equations (19); its determinant and the
matrix of the minors of this determinant are given
above (see Eq. (22)). Only the terms responsible for
the dissipation of energy and momentum, each of which
is the product of the average quantities and the thermal
fluctuations (qogl) which were investigated in Sec. 2, re-
main on the right-hand sides of these equations.

The solution of the system of equations (29) has the
form

Tolek) 2 (o, k)Ri(0,k)  pgl(ok)
T, ‘1 ’ A (0,k) ’ 00
L 12((1) k) R;(0,k) o k) — & Ais(0,k)Ri(s,k)
Z" (o, k) ponat(ek) E A(o,K) (3i)
v, m(o, k)= A(k, 5 [Aat (o, k) F1 (0, k) + A2(0, k) Rs(0, k)]
, ikm 1 R,” (w,k)
+ My (0, ) Rea (m,k)-}-?(g-{-?)m,

and the function My, (w, k) is defined in Eq. (21).

Now let us consider the additional production of en-
tropy associated with these transformed fluctuations, for
which in the general formula (16) we substitute expres-
sion (11) for the currents of the fluctuating quantities.
Expanding the integrand in a Fourier series and carry-
ing out the averaging over distances larger than the
correlation radius, we obtain

mﬂ(m k, "‘)” k”) " oY
A kTl Bl Bl " K)Rp (0", K
(d k/ A(ﬁ)” k" <B"’(m ! ) ((’" )>

—Spsd3r—— 2’ S (k'k”)

m, n=1

osi
xexp {i[ (k' +K")r — (o + ") t]} &%’ &k do’ dm”d3r+< :t ) ,
visc

(32)
where
Dmn (0) k/ N/ k//) — (.1],, k’)Ami (‘DI’ k/)Ani (mllkll)
4 k/ 7 k/
+a(ﬁ)T ) Ams((!)’,k,)Ana((D”, kll)+l3(m]: ) Ami(m/,k/)An.i(m”,k”)
0 0

+ ﬁ (ﬂ)ll’ k”)

Ama(o’, k)4
TO m3("3v )

nt(0”, k). (33)

The term (8s'/8t)yic in Eq. (32) determines the en-
tropy production associated with the viscosity which, as
it turns out, does not have any singularities in the criti-
cal region.

The averaging of the integrand in (32) leads to the
appearance in the integrals (32) of the correlators of
the thermal fluctuations (25), i.e., the integral over the

frequencies in (32) reduces to expressions of the form

( @y (0,k)do

L=} A%(0, k) A2 (0, k)
D2 (0, k)do
L= SA((D k)A* (0, k) (0po+ink?) (mpo_lnkz) (34)

We shall evaluate the integrals (34) with the aid of
the theory of residues. The poles of the integrands
correspond to the solutions of the equations A(w, k) = 0,
A*(w, k) = 0, and wpo = ink® = 0. For an exact evalua-
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tion of these integrals it is necessary to know the spa-
tial-temporal dispersion of all of the liquid’s param-
eters; however, one can estimate the singular part of
these integrals without this. In fact, let wmijn(K) be the
lowest root of the equation A*(w, k) = 0, where wpy,jn(K)
— 0 as k — 0 and as the temperature approaches the
critical temperature. An analysis of expression (22)
indicates that such a root exists and under the natural

assumptions
po~ten™ipp~ (*/am + L) (Toay — To2p?) k2 << poTo(y + Toapr® + 2Tofur)
(35)
it is given by
(0 (Toay — Tetp) k2 36
mmln(k)——l(E )p,TTo(V+TOGMT2+2T0[3MT)_06 ( )

We notice that (au/ac)p,T(w, k) enters into Eq. (36);

this derivative decreases abruptly (like a step-function
with respect to (T — T¢)/T¢) as w — 0 and k — 0. In the
final analysis it is precisely this quantity which deter-
mines the singularities of the kinetic coefficients at the
critical point. The remaining roots of the equation
A*(w, k) do not contain (8 [.L/ac)p 1> and therefore if they
decrease as the critical point is’approached, they do so
according to a weaker law (logarithmic or close to it).
In what follows we do not consider the singularities in
the kinetic coefficients corresponding to these poles.
Now let us substitute A*(w, k) in the form

A (0, k) = [0 — omn(k)]A" (0, k). (37)

Since the remaining roots of the equation A*(w, k)
= 0, and also the ‘‘viscous’’ pole wyijgc (k)
= 1[77 (wyiscs K)k?/po] are much larger than Wmin®)s i
follows that

k), k] ~ A" (0, k). (38)

A comparison of expressions (34) and (32) enables
one to determine the explicit form of the functions
®,(w, k) and ®;(w, k), from which it is clear that the
residue at the pole w = wmip(k) gives the major contri-
bution to the integrals, i.e.
ﬂ(ﬂmzn k)q)i[(ﬂmm(k) k]

2~ AZ(0,k)A2(0, k)

Alk[ﬁ)mln(

Ii(k)z

(39)

Similarly
WOmin (k) D, [‘Dmin (k) ) k]

Ir(k) = mi A (0,k) A* (0, k) k2 [omin (k), k] .

(40)

Proceeding now to the integration of expressions (39)
and (40) over the wave vector k, first we note that, for
all reasonable forms of the function p (k) (for example,
according to Ornstem— Zernike . = a + bk®), small wave
vectors, k < rp), give the major contribution to the
terms in (32) which depend on (T — T,)/T.. Therefore,
integration over k may approximately be reduced to the
substitution k — rg' in the integrands (the ‘‘scaling-law
hypothesis’’). Physically such an approximation is quite
natural since altogether there is only one distinguished
scale, the correlation radius ro. Thus we obtain

7 Omin (To™1) D1 (Dmin (ro~1), 1o~ (ro1) 3
§ L@k ~ E3 A2(0, r~) A*2(D, ro1) ’
Omin(ro1) @y [©min (r0_1)1 ro~1)(ro~1)?

A0, 7071) A" (0, o= (2 [0min (ro~1), ro=1] (ro=1) &

(41)

{ Lkdk ~

The subsequent calculation in general form would be
overly cumbersome; therefore, as is usually done in
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kinetic problems, we consider two cases corresponding
to different external gradients being applied to the sys-
tem.

1. Vav, = &vY; Vavy =Vay, = 0; Viugy = 0; VTay = 0.

For such a choice of the initial problem expressions
(30) for R, Rz, and Rs are appreciably simplified. The
explicit form of the quantities ®,(w, k) and ®;(w, k) in
Eq. (41) may be obtained by substitutions into the integ-
ral (32) of expressions (30) and (32) evaluated at the
points w = wmm(ra‘) and k = ry'. In this connection it
turns out that the terms which are singular in

(T - Tc)/Tc are only associated with the fluctuations in
the density, which one would expect since it is precisely
these fluctuations (together with the fluctuations of the
concentration) which increase anomalously as the criti-
cal point is approached.

Expression (32) for the entropy production now takes
the form (9). Identifying the coefficient associated with
eﬁ, with the singular part of the viscosity, after certain
transformations we obtain

K2k,
An ~ pg? S {Zosoco[Das (@, k; —w, —k) + Dt (0, k; —0 —k)]
42)
{pp?s kd3kdm(
T2, Dis (0, k; —o, —k) -+ D (0, k; —o, —k —'—l——
+ To?p2 Dus (0, k; —0, —k)+ ¢p2Das(0, k; —ao, )}A(m k) A" (

Substituting the values of the correlator of the density
obtained from Eq. (25) into Eq. (42), we arrive at an ex-
pression of the form (34), and according to the scheme
of calculation (34)—(41) we finally obtain

e Lf Tt p,
(6u/0c)p,r @ a(y— p2T/a)
(0u/dc)p,r = (n/0c)p, r (®mm (ro—i), ro~!).

An ~ (43)

2. Vigy = €5 VTay = €1; Vay = 0. We assume that
there is no substantial pressure gradient, pyy = 0. In
this connection, one should consider all derivatives ap-
pearing in the system of equations (29) for p = const.
Thus, for example, sT(w, k) now denotes the kernel of
the operator connecting the Fourier components of the
entropy and of the temperature, which reduces to the
thermodynamical derivative (8s/8 T)“ P at w = 0 and
k =0.

In contrast to the preceding case, now the thermal
fluctuations of the density do not give any contribution to
the part of the integral (32) which depends on
(T — T¢)/Tg, i.e., they do not lead to anomalies of the
kinetic coefficients at the critical point. This is assoc-
iated with the fact that the density fluctuations in R; now
appear only in the form apﬂ/at (see Eq. (30)), which
leads to the appearance of an extra factor wpyj,(K) in
(41) and leads to the vanishing of the singularities as-
sociated with fluctuations of the density.

However, the fluctuations of the velocity turn out to
be important. In fact in the formulas for R(w, k)
and Rz(w, k), as one can easily verify by substitution of
(12) into (30) and changing to Fourier components, side
by side with v’f’l(w, k) stands the factor c'u(w, k) which
increases as the critical point is approached, and also
the quantities sp(w, k) and cp(w, k) are proportional to
cy(w, k).

After substitution of these terms into formula (32),
the expression for the production of entropy reduces to
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atS psdir ~ V(—A—aeu —I——-eT’—i—Z A B‘rﬁp) (44)

where the singular parts of the kinetic coefficients are
given by

k2?0, k)<l’oﬂ xvoﬂ 2D,k
~ 02T Tpr2Dy+ D
Aa ~ potlo S A0, K) A (oK) [TRur2 Dy + D (45)
+ ur(Diz+ Da)]dkdow; A= —prAa; Ay= Tous? Ac.

Substitution of the correlator <V§1 xvgl x>w
3 b

(25) into Eq. (45) and evaluation of the resulting integral
according to Egs. (34)—(41) leads to the following re-
sult:

Aa ~

Jk from

7‘0—1 1 .
(On/6¢) gz, 1 M (Omin, 7o)’

AR = —prAa; Ay= Topr?Aa.

Thus, we have obtained four relations (43) and (46)
for the parts of the kinetic coefficients of a binary mix-
ture which are singular in (T — T¢)/Te.

4. DISCUSSION OF THE RESULTS

The kinetic coefficients 0w ;. (5", ro'l,
Y[wmin(ral)’ ro'], a[wmin(ral)’ ro ), and B[wmin(ral)s ro']
appear in the right-hand sides of formulas (43) and (46);

these coefficients determine the energy, momentum, and
mass currents according to expression (11), i.e.,

N =m0+ An; y =vyo+ Ay, 0= ao+ Aa; p=Po+ 4B, (47)

where 1o, vo, ao, and B¢ do not depend on the nearness
to the critical point.

Relations (43) and (46) represent the equations for
the quantities An, Ay, Aa, and A3 whose values depend
on the relationships between the regular and singular
parts of the kinetic coefficients.

Not too near a critical point, when A < 7o, Ay < 7o,
Aa < ao, and AB < By Egs. (43) and (46) give the follow-
ing results for the singular parts of the kinetic coeffi-
cients:

ro_{

An, Ay,Aaq, AR ~ OnJ2) 7 [omin (7o), ol

(48)

The ratio ral/uc increases upon approach to the
critical point. In order to obtain the dependence on
(T — Te)/ T we shall utilize asymptotic estimates for
ro' and for the thermodynamic quantity U, assuming
that the dispersion of u, for small w and k (for T — Tg:
ro' — 0 and wyyj, — 0) is not important. Then if we use
the estimates of scaling-law theory''®! r

~ ((T—Te)/Te) ¥ and pe ~ (T — Te)/Te)? with v =2/3
and y = 4/3, then in the region where the singular parts
of the kinetic coefficients are small in comparison with
the regular parts (An <7, Ay < vo, Aa < ao, and
AB < Bo) we have

An, Ay, Aa, AB= ((T —T¢) [ Tc)

According to the classical theory of Gibbs-Landau
v="Y,y =1, and

(49)
(13

AT], A'Y: A(l, Aﬁ -~ ((T_ TC) / TC)_%. (50)

Such an increase continues as long as the corrections
to the kinetic coefficients which are due to proximity to
the critical point do not become of the order of the regu-
lar parts extrapolated from the far region. However, if
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AN 2 Mo, AY 2 Yo, Aa 2 ao, and AB 2 Bo, then the four
relations (43) and (46) asymptotically (in (T — T;)/T,)
reduce to

Aa Ay ~

—1

(6H/‘7_C) T :

AB= —prAo; Ay=Tour?Aa (51)
and one can only assert that either the viscosity increa-
ses without limit at the critical point and then a, B, and
v remain finite or, on the other hand, o and together
with it 8 and y increase, but the viscosity remains finite
as the temperature approaches the critical temperature.

Such a situation occurs even in a pure substance.®’
Apparently in both of these cases the proximity to the
critical point which is experimentally attainable corre-
sponds to case (48) but not (51).

In actual experiments the quantities @, B, and y are
not themselves measured, but rather certain combina-
tions™®) of these quantities are measured: the diffusion
coefficient D = @y, the coefficient of thermal diffusion
kD = To(ap + B), and the coefficients of thermal
conductivity which are measured differently. Let us
consider the behavior of these quantities as the tempera-
ture approaches the critical temperature.

The abrupt decrease of the coefficient of diffusion
near the critical point is a well-known fact,'®? which
follows immediately from the definition (1) of the criti-
cal point. It is of interest, however, that due to the
growth of o (at least in the region of validity of form-
ulas (48)) the decrease of D goes according to a slower
law than u,. Actually Aa increases upon approach to
the critical point, and according to estimates from
scaling-law theory (49) and from the classical theory
(50): ra' ~ u'” ie., Aa ~ pg” and the “‘singular’’ part
of the diffusion coefficient AD ~ ué/z but it is not pro-
portional to u.. If the growth of Aa is maintained into
the region of validity of formula (56), then such a law
governing the change of the diffusion coefficient holds
over the entire neighborhood of the critical point.

This result is apparently confirmed experimentally
in a recently published article™!! where, for the diffu-
sion coefficient of the isobutyric-acid-water system, it
was observed that D ~ p¢” in the temperature interval
down to (T — T.)/T, < 107

From formula (46) it follows that the coefficient of
thermal diffusion ap + 8 does not have any singulari-
ties which are associated with the decrease of u. upon
approach to the critical point, but in general it may
only have weak (logarithmic or close to it) singularities,
which we have not taken into consideration. Thus, it
follows from our calculation that the coefficient of
thermal diffusion cannot increase strongly upon ap-
proach to the critical point (although its ‘‘composite
parts’’ aup and B increase).

The coefficient of the so-called pure thermal conduc-
tivity is defined as the coefficient of proportionality be-
tween the heat flux and the temperature gradient in that
case when no matter transport is present. Assuming
jav = 0 in (11) and eliminating Vu 4y from the expression
for the heat flux q, one can easily verify that the coeffi-
cient of thermal conductivity is given by y — (°To/a).
In the region of validity of formula (48) this coefficient
grows according to the law (49) or (50)), but for An
2 Mo, Aa 2 ay, if this region is accessible to experi-
ment, from (51) it is seen that A(y — 8°To/a) is bounded,
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i.e., the growth of the coefficient of thermal conductivity
is retarded in the immediate vicinity of the critical
point, and it apparently remains finite at the critical
point.

We note that in the experiments'?! known to us, no
substantial dependence of the coefficient of thermal con-
ductivity on (T — T,)/T, was observed, which is in
agreement with our results.

The coefficient of thermal conductivity, determined
under the condition that ¢,y = const, equals ¥ + a Tokp
+ 2BTol and, as is clear from (46), in general it does
not have any singularities in the critical region.

Finally, the coefficient of thermal conductivity, de-
termined under the condition that p,, = const (i.e., the
changes of the temperature and concentration cancel
each other), is equal to y, and its behavior was dis-
cussed above (see Egs. (48) and (51)).

In conclusion, let us compare our results with the
article by Swift,®! which is devoted to this same prob-
lem. From simple physical considerations Swift
attempts to establish an isomorphism between the criti-
cal point of a pure substance, near which the singulari-
ties of the kinetic coefficients were calculated by him
earlier,™* and the critical point of a binary mixture.

In order to do this it is necessary to make the assump-
tion (in our opinion, this is not completely obvious) that
the coefficient of thermal conductivity does not have any
singularities at the critical point of the binary mixture.

In addition, Swift utilized all of the assumptions in the
article by Kadanoff and Swift'*! which have been dis-
cussed by us previously.'®! We note that the character-
istic frequency wmin(k) given by Eq. (36), which appears
in the singular parts of the kinetic coefficients, is a
combination of the diffusive and heat-conducting hydro-
dynamical branches. Such a frequency does not appear
in article!®! or in other treatments which are based on
a simple dynamical theory of similarity, where the
hydrodynamical states which are in local-equilibrium
are assumed in advance to be noninteracting. The indi-
cated difference finally leads to the result that in form-
ula (3) for the diffusion coefficient given in article!*’
the viscosity at the high frequency wp = ink®/po appears,
whereas in our formula (46) the viscosity enters at the
low frequency wp,jn(k). Therefore, it appears to us that
Swift’s assertion about the finite value of the viscosity
at the critical point is unproved.

The authors thank I. M. Lifshitz and M. Ya. Azbel’
for useful discussions.
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