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The self-effect of electromagnetic wave beams in a magnetoactive plasma is stuided for the case of
longitudinal propagation. In the weak-nonlinearity approximation a parabolic equation is obtained for
the amplitude of the transverse component of the electric field of a wide (on the scale of the wave-
length) wave beam. The nonlinearity mechanisms for the magnetoactive plasma are studied and ex-
pressions are obtained for the nonlinear corrections to the refractive index due to the striction,
heating, and nonlinear motion of a single electron. A necessary condition for self-focusing is ob-
tained for this case and the characteristic parameters for self-focusing are determined. Estimates
are given which indicate the possibility of self-consistent nonlinear channelization of atmospheric
whistlers in the ionisphere and decimeter electromagnetic waves in a laboratory plasma.

A number of papers in recent years have been devoted
to the theoretical and experimental investigation of self-
focusing of electromagnetic waves in nonlinear media
(cf. for example the reviews in'™21), The overwhelming
majority of these publications have been concerned with
investigations of this effect in the optical region, in
which it is possible to achieve extremely large electric
fields (10’—10° V/cm) by means of lasers. We note,
however, that in early work®™®! on the theory of self-
focusing of waves discussions were given of the features
of the dynamics of self-channelization of fields in a
plasma because in a plasma the nonlinear effects be-
come important at rather low electric fields. The re-
sults of the ‘‘optical’’ theory of self-focusing of electro-
magnetic waves also apply to an isotropic plasma under
appropriate conditions and we need only consider the
specific mechanisms for the nonlinearity and the re-
laxation processes’; however, the self-effect of the

waves in the plasma in a fixed magnetic field has a num-

ber of interesting features and merits special investi-
gation. Various aspects of self-channelization (uniform
in the direction of propagation) of beams in a magneto-
active plasma have been considered in'®®’. In the pres-
ent work certain features of the propagation dynamics
of wave beams will be illustrated using the example of
high-frequency waves propagating in the direction of the
fixed magnetic field H, (longitudinal propagation).

1. PARABOLIC EQUATION

We consider waves in an anisotropic medium char-
acterized by the dielectric tensor
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The components of the dielectric tensor are functions of
the electric field. The nonlinearity is due to the depen-
dence of the stationary distribution of electron density
in the plasma on the field strength which arises as a

(1.1)

consequence of heating, striction or ionization; the rela-

tivistic dependence of the electron mass on kinetic en-

Y These problems have been considered in detail in [?].

ergy and the nonlinearity of the Lorentz force can also
provide nonlinear behavior.

The amplitude of the electric field of the stationary
wave beam & = Eé’(r)e“*’t is given by the equations

AL — grad div g’-+ k%ég: 0,
dive& = 0.

(1.2)
(1.3)

In what follows we shall limit ourselves to the weak-
nonlinearity approximation in which case the dependence
of the components of the tensor (1.1) on the field ampli-
tude can be written in the form

e=rtef(E), o= ew+ef(E).
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and No and m are the electron density and mass in the
region in which the alternating field vanishes while e is
the electron charge. The forms of the nonlinearity co-
efficients €, €/, and €|, and the function £( ) will be
given in detail below.

We consider a plane (two-dimensional) beam of elec-
tromagnetic waves propagating in the direction of the
fixed magnetic field:

&y =Ey(z, t)e ™,

&y =Ey(z, z)eks, &, = E,(z, z)e~i*2, (1.5)

Let the characteristic scale size for the amplitude of
the field in the longitudinal and transverse direction
Ay and A, be large compared with the wavelength

EAc>1, kA, >1, (1.6)
where k = kon, n is the refractive index for the linear
medium; n® = €0 % €30 = 1 — w}/w(w * wy) Where the
upper sign corresponds to the ordinary wave and the
lower sign to the extraordinary wave. Then, the longi-
tudinal component of the field E, is small compared
with the transverse components (E, < Ey, Ey) and can

be expressed in terms of these by means of (1.3):
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L9 (eEs— ita,). (1.7)

B:=— ii;a; oz
If we assume that the normal waves in the linear
medium are circularly polarized in longitudinal propa-
gation, i.e., Ex = +iEy and E| = E |(xo * iy0)/V2; Xo, Yo

are unit vectors, substituting Eq. (1.7) in Eq. (1.2),
after some simple manipulation we obtain an equation
for the amplitude of the transverse component of the
electric field

— 2ik i?fl +aALE, + ke f(E)EL =0, (1.8)
as well as the linear relation between E, and E :
Ez= — div_LEJ_. (1'9)
ikogjo

Here, A and div, denote vector operations of differen-
tiation with respect to the transverse coordinates,

€' =€ +eyand a=(1/2)(1 +n*/e;,). It is easy to show
that Egs. (1.8) and (1.9), which have been obtained for a
two-dimensional beam, also hold in the three-dimen-
sional case.

Equation (1.8) is a parabolic equation for the field
amplitude in the wave beam propagating in the direction
of the fixed magnetic field. In the limiting case wy — 0
we find €, — 0 and € — ¢} and Eq. (1.8) becomes the
usual parabolic equation for a weakly nonlinear isotropic
medium. When wy # 0 in the general case @ # 1 and
transverse diffusion of the rays will occur either more
rapidly or more slowly than in the isotropic medium?’
depending on the relations between the parameters wL/ w
and “’H/ w. Furthermore, in certain frequency regions
the diffusion coefficient a is negative. Since ao < 0 for
the ordinary wave in the frequency range wo < w < wy,
where w, is one root of the cubic equation

(T)()3 + (I)ozﬁ)y —_ (T)ou)Lz— ]/Z(I)Lzﬁ)H =0.
It wL > wH then 50 P~ wL - (1/4)0)H and for (JJL < wH
we find wo~ w} /2wy. For the extraordinary wave in a
plasma with wy, > wpy the coefficient ag < 0 for fre-
quencies wy/2 < w < wy; however, if wy > wi, the
diffusion coefficient is negative when Ee <w<wy,
B — DPFOy — Bewr? + Yortons = 0.
In a strong magnetic field (wyg — *) a¢
= 2w’ - w])/2w® - wi)-

We now wish to examine the physical situation assoc-
iated with the negative coefficient of transverse diffu-
sion @ < 0. For this purpose in Eq. (1.8) we make the
substitution of variables

E, = Eo(ry, z)exp[—ip(ry, 2)]; ' =k
and, omitting primes, write a system of equations for
the real amplitude E, and the phase ¢:

d¢ & AE
25 b a(Vig)r = /(B + o, (1.10)

AR 2 )
7 + a le_L(EOZV(p) =0.

2 The difference between the coefficient a and unity can be due to
the contribution of the longitudinal component of the field in the beam
which need not be taken into account in the isotropic medium in the
quasioptical approximation (1.6) (the so-called scalar problem). This
means that in the case of an anisotropic medium the scalar approximation
can lead to important errors.
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If we neglect the last two terms in the first equation
in (1.10) we obtain the equations of geometric optics for
the case of quasi-longitudinal propagation in a linear
magnetoactive plasma. These equations, in particular,
are satisfied by spherical waves which, in the quasi-
optical approximation, can be written in the form

r,? Ag? ry
= erme P wnry Genag)
Here, ho = Ry is the radius of curvature of the initial
(z = 0) phase front in the isotropic medium R g, = R;
F is an arbitrary function which determines the initial
distribution of amplitude across the beam.

1t follows from Eq. (1.11) that when z — —R,, E}

— o that is to say the beams intersect at the point
z =—Ro =—Ryo/a; when a > 0, as in an isotropic
medium, focusing of the beam corresponds to phase
fronts with negative radius of curvature Ry, < 0 and
when a < 0 we have phase fronts with Ry, > 0.

Qualitatively this effect can be understood as follows.
As a rule, in anisotropic media the directions of the
phase and group velocities are not the same. In a mag-
netoactive plasma, for certain values of the parameters
it is possible to have cases®’ in which the angle between
the wave vector and the direction of the fixed magnetic
field H, is opposite in sign to the angle between the ray
vector and Ho. It is precisely in these cases in which a
converging beam corresponds to divergence of the phase
fronts and vice versa.

In view of the considerations given above it is not
difficult to show, for example, that the boundary between
an isotropic medium and an anisotropic medium with
a < 0 will exhibit focusing properties.® Thus, if we
locate a point source in an isotropic medium at a dis-
tance zo from the boundary (z = 0), in the anisotropic
medium at a distance z = |zo/a| from the boundary we
will have a real image (caustic). Similarly, it can be
shown that a plane uniform layer of linear magnetoac-
tive plasma can be used as a lens.

2. NONLINEARITY OF THE MEDIUM

In order to investigate the self-effects of the electro-
magnetic waves we must take into account the actual
form of the dependence of the refractice index on the
amplitude of the electric field. The nonlinearity in the
plasma is due to the modification of the distribution of
the density of charged particles which occurs because
of the inhomogeneous electromagnetic field (striction,
heating, ionization); it can also be related to the non-
linearity in the motion of a single charged particle in
the field of the electromagnetic wave. Without consider-
ing the details we shall present the pertinent expres-
sions directly.

Electrostriction plays a dominant role in a collision-
less plasma (more precisely, when the characteristic
inhomogeneity in scale size for the field Lg is small
compared with the mean free path: Ly < [). In this
case

wr2e? (
\

ELl | B
4Tmo (0 =+ o) 2

(0 =+ o) [0} >’

[#'F(B)Je = (2.1)

3) These cases can easily be seen by tracing the surfaces of the re-
fractive index.
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where T is the sum of the electron and ion temperatures
measured in energy units.

Taking account of Eq. (1.9), for a two-dimensional
beam we find

E¢ nt  (dEo\?
[“)(m =+ mH) + 20)2£;|02\ Zi) jl ! (2'2)

Since the longitudinal component of the electric field
E,, which is given by Eq. (1.9), is small compared with
the transverse component, under ordinary conditions the
second term in Eq. (2.2) can be neglected. As a result,
the expressions for the nonlinear corrections to the re-
fractive index assume the following form, which is stan-
dard for a weakly nonlinear cubic medium:

or2e?
4Tmo (0 + o)

[#'f(Eo)le =

#f(Bo) = B|EL|? (2.3)

mLzez
T 4Tme (0 + o)

Be (2.4)
In the ordinary wave the striction interaction leads to
an expulsion of plasma from a region of strong field
while in the extraordinary wave, with w < wyy, this
effect can lead to an increase in the plasma density in
the region of strong field; nevertheless, the coefficient
of cubic striction of the nonlinearity is positive g, > 0
for both waves at all frequencies w. In a sufficiently
strong magnetic field wy > w it is necessary to take
account of the dependence of the refractive index on the
longitudinal amplitude E.

Heating always leads to an increase in the kinetic
pressure in the field region and, consequently, to a
reduction in the plasma density at the axis of the beam.
For example, if the amplitude of the electric field in a
weakly ionized plasma does not vary greatly over an
electron mean free path Lg >>> 1/V0, the correction to
the refractive index due to heating can be written in the
form

o 2e? / |EL|2
m(m—l— mH)TmB\ (0 + wn)?

/. E| 2
Bl — + 55 (@25
where 0 is the fraction of the energy lost by an electron
in one collision with a heavy particle. In particular, if
the magnetic field is not too strong, in which case the
cubic approximation to the nonlinearity (2.3) is valid,
the appropriate coefficient g is given by

wr2e?

Br T 3(0 + on)’0Tmd |

In the ordinary wave B > 0 regardless of the frequency;
in the extraordinary wave S < 0 when w < wy and
Bt > O whenw > wy.

The disturbance of the balance between recombina-
tion and ionization that occurs under the effect of the
field usually leads to an increase in the density of
charged particles. Since there is no universal expres-
sion for the correction €’f(E) associated with ionization
(methods of computing this expression for certain cases
are given, for example, in®’'°!) we note here only that
the coefficient for the cubic ionization nonlinearity
Bj < 0 for the ordinary wave; for the extraordinary
wave B; > 0 when w < wy and B; < 0 when w > wgy.

If the nonlinearity mechanisms considered above are
characterized by long relaxation times!™ then the
weaker nonlinearity due to the motion of a single
charged particle becomes essentially inertialess and

(2.6)
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can play a dominant role in the self effect for short
pulses of the high-frequency field. The appropriate
cubic nonlinearity coefficient 8¢) can be written in the
form
3wr%? n?

B :4mzcz(mim3)3m< _—18—) ’ (2.7)
The first term in Eq. (2.7) is related to relativistic
effects while the second is due to the nonlinearity in the
Lorentz force. The sign of the coefficient 8¢) depends
on the magnitude of the refractive index n, that is to say,
on the relations between wy, and wy. In particular, in
an isotropic plasma (n® < 1) the nonlinearity associated
with the Lorentz force is negligibly small as compared
with the relativistic contribution and 8g; > 0 that is to
say, in an isotropic plasma in principle it is possible to
have inertialess self-focusing of electromagnetic waves.

3. SELF-FOCUSING OF ELECTROMAGNETIC WAVES

It follows from the considerations given above that
in a modestly strong fixed magnetic field the self-effect
of stationary wave beams in longitudinal propagation
can be described by a scalar equation of the form

py 05 (3.1)

L4 QAJ_E_L','%lE_leEJ_:O«
z n

Mathematically, Eq. (3.1) is identical with the equation
for one-dimensional wave packets in a weakly nonlinear
dispersive medium.!**? Hence a number of the results
given below can be based on the results of investigations
of self-compression and self-modulation of wave
packets.*! In particular, the characteristic parameter
that determines the possibility of self-focusing is the
ratio /a. If B/a > 0, self-focusing of wave packets
occurs and a plane wave is found to be unstable against
perturbations of its spatial structure and so on.?’ If
B=0n?/8|E |* > 0 and a > O the nonlinearity leads to a
retardation of the wave and when 8 < 0 the self-channel-
ization of the wave is found to be faster than that for
waves in a linear medium®* while the self-focusing beam
exhibits a phase front with a positive radius of curva-
ture.

For example, we can consider the structure of a two-
dimensional single beam
18

i 18
E| = Epn(ch umz)-le-ivz 'y=-2——2Em2, um2=3--—-—-nza

E.2 (3.2)
and the expression for the growth rate of the spatial
instability of a plane wave E| = EcelP%, p = 1 + (8/n*)Ej}
with respect to small perturbations of the form
e, =ejexp(—ik r —T,)
oy, ? ]
re =2 ( 2 P

nza

B —x?). (3.3)
The maximum growth rate I',,. = (8/n)Ej is exhibited
by perturbations with transverse wave number K"’l

= (B/an®E$. As has been shown in'**! as a result of
development of this instability a plane wave breaks up
into a cluster of narrow beams; the power of the beams
can be estimated from Eq. (3.3)

4 The possibility of self-focusing of fast waves in an anisotropic
medium was first indicated in [®] for a plasma in an infinite magnetic
field.
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W = cA?n (128 /a)t' = P (3.4)

The quantity W is of the same order of magnitude as the
power of a three-dimensional single beam.!?!

It follows from Eqgs. (3.2) and (3.3) that the necessary
condition for self-focusing is the inequality /o > 0.
This requirement determines the frequency region in
which various actual nonlinearity mechanisms can pro-
duce self-focusing. For example, self-channelization of
the extraordinary wave near the gyroresonance in a
plasma with wy, > wy can be due to heating and the
relativistic nonlinearity; in a plasma with wy, < wy the
effect can be due to ionization and striction. When
w < wg self-focusing is caused by ionization and stric-
tion while defocusing is caused by the relativistic effect.
Self-channelization of the ordinary wave at frequencies
[wi, + wflﬂl]l/2 - wy/2 < w < wy, is possible only in a
plasma with an ionization nonlinearity.

It is also possible to show that the self effect of wide
(on the wavelength scale) stationary wave packets
E, =E|(z, r|, tlelwt is described by a parabolic equa-
tion of the form

—zi’%Ez'—J-+aAJ_E_J_+kUmIE'(T”+’Ij_ZIE_L|2E_L:0. (3.5)
Here, 7 = k(z — vt) and v = 8w /8k is the group velocity
of the wave in the linear medium. In particular, we find
from Eq. (3.5) that even if 3/o < 0 a plane wave in a
nonlinear medium is unstable against small space-time
perturbations in certain ranges of frequencies when
B/vw/ > 0. Furthermore, it follows from Egs. (3.5) that
there are three-dimensional self-channelized wave
packets in space which move with velocity v.

In conclusion we present numerical estimates that
indicate the possibility of self-focusing of electromag-
netic waves in a plasma in a magnetic field under
laboratory conditions and astrophysical conditions.

As a first example we consider the instability of low-
frequency waves (atmospheric whistlers) in the ioni-
sphere at heights above h = 300 km. The frequency of
these waves w < wy; furthermore, at these heights the
condition wy, > wy is satisfied while the mean free path
for the electrons is large compared with the character-
istic scale size of the inhomogeneity. Hence, the basic
nonlinearity mechanism for the plasma in this region is
electrostriction; the coefficients in (3.3) can be written
in the form

=~ olt/oen, a=1

B=nmEy% El=400ogTm/e?
we can simplify the expressions for the optimum
dimenisonless parameters: k% = 2E8/E% ., Iyax
= EY/E,,. With wp =107 sec™, wy = 10° sec™,
w =10* sec™ and T = 4000°K the characteristic field
Eepr ~ 3 x 107 V/em and n = 10°. Typical fields for
atmospheric whistlers in the ionisphere!®’ are found
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to be E°~ 107* V/cm and the characteristic dimension
corresponding to the developed instability of the beams
A = 7/kk | ~ 60 km while the self-focusing length is
Ay 1/kT =~ 300 km. The critical power for self-focus-
ing

P _ w2t T'm ( 2)”’&)1

16¢2 ® wr,

for these values of the parameters is P, ~ 4 x 10° W.
This rather rough estimate indicates the possibility of
self- consistent channelization of whistlers in the ioni-
sphere.

On the basis of the considerations given above we
can also estimate the parameters for self-focusing of
helicons in a laboratory plasma. In a plasma with Ny
=10"cecm™, Ho=3 x 10° gand T = 1 eV the critical
power for self-focusing of electromagnetic waves at a
frequency w = 10'° sec™ (Ao~ 20 cm, A = A¢/n~ 1 cm)
is Popr ~ 2 x 10° W. This power is easily obtained under
laboratory conditions with standard sources of electro-
magnetic energy.
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