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The interaction between nonlocalized excitons and fluctuations of magnetic induction density in mag-
netic substances is considered and it is shown that exciton-magnon interaction is responsible for the
final establishment of an equilibrium exciton distribution. The time required for establishment of the
exciton distribution function and the time for levelling out of the spin and exciton system temperatures
are calculated by the nonequilibrium density matrix technique. The mechanism of mutual transforma-
tion of triplet and singlet excitons into each other is discussed.

1. INTRODUCTION

The study of collective properties of excitons!*"*) in
connection with the possibility of obtaining high exciton
densities in crystals (of the order of 10® ecm™) by
means of laser sources, became recently of much in-
terest. The excitons are sufficiently accurately de-
scribed as a boson gas (see!®! and, particularly,®7)
with a known dispersion law Ef(k) (f is the set of
exciton quantum numbers, and k is the wave vector).
The equilibrium distribution of an exciton gas

n” (k)= {exp< E—v——f(kT)_ §> — 1}_1 (1)

(¢ is the chemical potential) is achieved after a cer-
tain time 7,. This time should be much shorter than
the exciton lifetime Tgp relative to the crystal transi-
tion to the ground state (absence of excitons). Thus, in
order to be able to talk about exciton distribution func-
tions it is necessary to indicate exactly the processes
that lead to the equilibrium distribution n!® (k). The
usual mechanism establishing the distribu ft1on (1)in
nonmagnetic crystals is the exciton-phonon interac-
tion[®). After a time 7{6f) ~ 107°~1072 sec the exciton
achieves thermal equilibrium with the lattice, and its
distribution function is determined by Eq. (1), in which
T is the lattice temperature.

Since the order of magnitude of the lifetimes of
singlet and triplet excitons is 10"%and 10™ sec, re-
spectively, the excitons can be described as a boson
gas during a suff1c1ent1y long time 7 satisfying the
condition T(e V<1< Tem.

Cons1der now magnetic crystals (ferrodielectrics
and antiferrodielectrics), in which exciton states can
be formed" (we discuss only exciton states of the
Wannier-Mott type). It is clear, that besides interact-
with the phonons excitons interact with the oscillations
of the magnetic moments of the magnet. Our problem

1) A number of experiments on light absorption in antiferrodielec-
trics [¢] have shown that in order to explain several optical effects it is
necessary to take into account magnon-exciton interaction. Mott and
Phillips [?] even assume that exciton states can be formed in the ferro-
magnets Fe, Co, and Ni.

is the calculation of the establishment time 7 (()es) of
exciton-magnon equilibrium and, consequently, the de-
termination of conditions in which the equilibrium dis-
tribution (1) is valid. In view of the fact that the times
to reach equilibrium is different for a system of exci-
tons and for a system of ordered spins, the tempera-
tures of the exciton and spin systems may differ from
each other in the general case. At high but quite
achievable exciton concentrations, a single tempera-
ture is established after a time of the same order as
7.5/, A study the interactions of excitons with oscil-
lations of the crystal magnetic induction density allows
us to investigate effects connected with transitions of
triplet exciton states into singlet exciton states. The
transition of an exciton system to the equilibrium state
is described by the nonequilibrium density matrix
technique developed in!®®! for quantum systems. The
dynamic variable operators are conveniently written
down in the second quantization representation.

2. THE HAMILTONIAN OF AN ELECTRON-HOLE
BOUND STATE IN A MAGNET

As is well-known[m], a nonlocalized Wannier-Mott
exciton can be represented in the effective-mass ap-
proximation as a bound electrostatically interacting
electron-hole pair moving through the crystal. Such a
model of the exciton describes quite well all the
presently known magnetic effects occurring in a con-
stant magnetic field, like the Zeeman splitting of ex-
citon energy levels and diamagnetism. We use the
same exciton model. Let an crystal exciton state be
formed in a magnetic dielectric. A characteristic mag-
netic property of such a dielectric is the magnetic in-
duction at an arbitrary crystal point R, which we de-
note by B(R). Thus, since the electron and hole have
spins

Sh = 2—0‘h,

we have to add to the ordinary interaction Hamiltonian
of the electrons and holes

Se = — ey
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which leads to a bound exciton state, the interaction of
electron and hole spins with the magnetic induction:

eh( 1 1 3
Hiny = P o.B(R.)— ot orB(Ry) } . 3)

c \mg

The following notation is introduced in Egs. (2), (3):
m¢ and mf; are the electron and hole effective masses,

Reh is their mutual distance, e = ~| e | is the electron
charge, c is the light velocity, h is Planck’s constant,
and € is the dielectric constant of the crystal.

Consider now a fluctuation of magnetic induction at
point R:

b(R) = B(R) — (B(R)) = B(R) —B,

where the brackets (( ... )) denote an average over the
equilibrium Gibbs state of the magnet. Such an averag-
ing is meaningful if it is recognized that the establish-
ment of an equilibrium Gibbs distribution in a magnet
is due to strong exchange interactions of spins and
occurs after a short time 75 ~ 107°—107"! sec. We re-
place in Eq. (3) the induction B(R) by b(R) + Bo. The
terms containing the constant induction B,, which plays
the role of a uniform magnetic field, cause effects such
as the Zeeman effect. It is, therefore, convenient to
combine them with the Hamiltonian 58,. Choosing the
direction of the vector B, as the z axis, we represent
the total Hamiltonian of the electron-hole system in
the form

% == %Ds + %inty

Hos = Ho ~+ gesiBo(L. + 52),

eh 1
%int =1
2¢ Um,

4)

1
oub (R) — —- chb(Rh)},
h

where geff is the effective gyromagnetic ratio of the
pair, Lz is the projection of the orbital-momentum
operator of the electron and the hole, and Sz is the
projection of the total spin of the electron and the hole.

The effects due to the constant magnetic field, and
described by the Hamiltonian #,g, are by now well
knownm, and we shall not discuss them in detail here,
geff is also assumed to be a known parameter. We
write down the Hamiltonian # in the exciton occupa-
tion-number representation. Since the energy and
wave function corresponding to a certain exciton quan-
tum state are found from the equation

Ho VW = EV, (5)
where
Pexe® h2k?
Ej (k)= Enmss, (k) = E¢5 — heint + figesiBo(m - o) +m'
1.
q'rnlm;SSZ: x(R, p; O, On) = ??/-‘eZkRFnlm(p)XSSZ (Ge, O1) . 6)

the Hamiltonian 2% is in the second quantization is

H=Hy+ Hin = 3 Eubitby+ 3, Wbby,  v={fk. (7)
The following notation is introduced in Eqs. (5) and (6):
n, 1, and m are the main, orbital, and magnetic quan-
tum numbers, respectively, pex is the exciton effec-
tive mass, R = (m§Re + mfyRp)/(m¥ + m})) is the
center-of-mass coordinate of the bound pair, p = Re

- Ry is the radius-vector of the electron and hole
relative motion, Fpjny, is the normalized modified
hydrogenlike function for z — 1/€, xgg7(0e, Opn) is the

normalized spin function of the singlet (S =0) or

triplet (S =1) state, and E‘é’ = Lexe?/2h%e®n? is the

energy of forming a bound pair w1th spin S. The quan-
tity W” ¥ in (7) is a sum of two terms, WY ¥ and WYV,
where!'!]

vy

Wi v 2 Z XSS.’Z(Um Gh)UAinssl(Ge, On) S etk RE " (p)
i 0,0, X
" XA4(R, p)Fa(p)dp dR,

w 1 . ~ Kk .
W™ — 2 33t (06 01)Setss (e on) § e CIREL (p)

7 0u0p

XA (R)Fo(p)dp dR, (8 )
and
_ehgr 1 1 1 ob(R)
Mt o) = Ao PO+ o SR @)
eh
Az(R)ZZJe’:Cb(R)-

The operators G, = Gg + Oh and G, =0g ~ O in the
expressions for WY’V and WYV act on the spin func-
tions ygg(0e, Op) in such a manner that the interaction
Hamiltonian

ﬁum = Z W™ botby
vy

produces transitions of triplet excitons from one quan-
tum state into another, and the Hamiltonian

flzini == Z
vy

produces transitions of triplet and singlet excitons into
each other.

We turn now to finding the establishment time of the
exciton equilibrium distribution function in a magnet in
a given quantum state. We assume at the same time
that equilibrium of the excitons with the phonons in the
system has already been established ('rgef) ~107*2 sec).
We consider exciton concentrations such that the mutual
interaction of excitons can be neglected, but the Bose
commutation relations are still satisfied for excitons(®!,
It is also assumed, that the wave functions of the exci-
tons do not overlap, and consequently no correlation
capable of leading to exciton ‘‘metalization’’ exists be-
tween the excitons.

3. ESTABLISHMENT OF THE EXCITON EQUILI-
BRIUM DISTRIBUTION FUNCTION

For the study of interactions of excitons with a
magnetic system we note that the equilibrium state in
the spin system is achieved after a time 75~ 107*° sec.
Therefore, the general density matrix can be repre-
sented in the form of a product of the equilibrium
density matrix of the spin system pg and the non-
equilibrium exciton density matrix pex. At the same
time the Hamiltonian of the system of excitons and
magnons equals

Wy bytby

Je = H,+ H = I, + Ho+ Hiu,
where ﬁs is the Hamiltonian of the spin system. Using
now the results ofm, we write down immediately the
kinetic equation for the time variation of the exciton-
number density ny = Tr(pexpsny) and for the quantity
Hs = Tr(pexpsHs)= ( Hs )
) — () |

any
9)
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Equation (9’) describes the exciton action on the
spin system and enables us to study the temperature
equalization of the exciton and spin systems. The spec-
tral function I, ,, (wy p,) characterizing the magnet is

. 172
determined by the equation

Loy, (@) = 43 dreiot <<va Wy, W pillss We-illye, (10)
Taliing into account the determination of the quantities
WYV (Eqs. (8') and (8")), we rewrite relation (10) in
the form

Lu(0) = DasBS.5r (4, 0),

q=k—kK, a= {nim}.

For v — v’ transitions occurring without a change of
the total spin of the bound pair, we have
a‘q ql (Dow: (I)aa’

1 /enn\ef/ 1 1 \2
D"”“ZV(ZE)K 7_n7‘_mh"> aaal—*—(me -+ mp")? }’ (11)
©) == bgsr B (58,718, 89, <SS, 8,71 58,5 (b g

3

B, (q,

where
(SS, I’&ijISSz> = 2 )(.;s'Z (Ger oh)AUinss'Z (Ges On),

%n

(Daon =~S Fo (’1F0¢( )de, (12)

{bibi Ya,0 == 21; S eI~ ¢b 3 (R) b7 (0)) dr dR.

. N4
Since the correlation function ({ blbJ »q,w is propor-

tional to a 6-function of the form §(w® - w3 (q))

(wg(q) is one of the branches of the spin oscillations),
the strongest interaction between excitons and fluctua-
tions of the magnetic induction density will be observed
in absorption or emission of spin waves by the excitons,
i.e. under the condition

Ei(k) —Ep(K') = +hos(q), q=kFkK. (13)

Until now we did not specify the form of the mag-
netic crystal. Therefore, the equations obtained above
are applicable both for ferrodielectrics and for anti-
ferrodielectrics. For further calculations it is neces-
sary to know the explicit form of the correlation func-
tion,

We calculate, for example, from Eq. (9), the estab-
lishment time 7(€8) of the exciton equilibrium distri-
bution function for an antiferrodielectric of the ‘‘easy
axis’’ type. Using Eqgs. (10)—(12) and taking the expres-
sion for {{bibl’ ))q w from!*?] we have, in case of weak
magnetic fields and a small amsotropy energy for the
transitions S =8',S; = S; = 1

1 1672 p? Oy (ak)? {  hoes(0) \]
T(fg)~ 5 a3fl 6; n [1+2€Xp\ T /, ’ (14)
1 Ox2
€ T <€ hoo
50, < T<<hos(0),
1 22 w2 T ak

A —— —— —

w0 " 30 O m Ox > 1> h:(0).

In case of strong fields we have, from!**], for the same

transitions
1 un < flgM0> T
= St —- ak,
2 8 a’h

On>T.
oy /) 6. N>

(15)

The following notation was used in Egs. (14) and (15):

e/ 1 1 K2
M= ( T _—.>! O =5,
2¢\ m, my 2(me" + my")a?

1
O = hghoy2n (o — o) —-,

where a is the lattice constant, and 7, @, and a’ are
the exchange constants.

Transitions to other spin states with S =8’ can be
similarly described. Quantum transitions with S = S’
are generally realized by transfering from the electro-
magnetic wave to the system the energgr ne((:esssary to
compensate for the large difference E which,

according to definition (5), arises in the energy conser-
vation law (13).

Let us estimate numerically the values of T(es) for
magnets having low Neel temperatures (for example,
for the antiferrodielectric RoMnF;, 63 ~ 82°K). At

~ 10°K we have for weak fields 7 (es) ~ 107° sec, and
for strong fields T(es) ~107% sec (the somewhat large

values of TV0 for strong magnetic fields is connected
with the high sensitivity of antiferrodielectrics to ex-
ternal fields after spin flipping). Thus, the final exci-
ton equilibrium distribution (1) is established in the
magnet in a time T’(}E(!)S) ~ 10°—-10"° sec and is main-
tained up to a time 7 ~ Tgn.

Let us dwell briefly on the influence of the excitons
on the spin system. At exciton concentrations of the
order of 10" cm™, when the Bose commutation rela-
tions still hold, one obtains from Eq. (9') the following
equation for the establishment time of the equilibrium
temperatures of the spin and exciton systems (strong
fields):

1 2:1 w2 mx  (hgM,)?

(Mo g ST s T
T ang ey@nty:  Ov>T>Te

Here tg = Cg/koN is the spin heat capacity per crystal
cell, Tgeg ~ @exk?’, and « is the relative exciton
concentration.) The numerical value of 77 at

T ~ 10°K and ¢{g ~ 1 is about 107°—107° sec, which
coincides with the establishment time of the distribu-

: (0)
tion n;”.

4. CONCLUSION

The foregoing scheme for calculating the establish-
ment times of the exciton equilibrium distribution is
applicable to any magnet, antiferrodielectric or ferro-
dielectric, in which exciton excitations of the crystal
can occur in addition to spin excitations. Although the
case of nonlocalized excitons was considered, the
scheme can be generalized also the case of Frenkel
excitons (in crystals like KNiF3, K.NiFy, NiF;, MnO,
and others!*!), At the same time it may happen that
the stronger interaction will be not the interaction of
the excitons with the magnetic induction fluctuations,
but the exchange interaction between electrons that
cause spin excitations of the crystal and electrons
that cause exciton excitations of the crystal.

The author is grateful to V. G. Bar’yakhtar, S. V.
Peletminskii, and V. V. Eremenko for discussing the
results of this work.
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