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Asymptotic expansions of the nonlinear field solutions are set up near the singular wave-vector 
values for which the usual single-mode expansion in powers of the amplitude is impossible. In 
this case one either has to solve the nonlinear one-dimensional equation for the principal mode 
or, what is simpler, to employ several harmonic modes. Two-dimensional solutions that are 
close to the exact nonlinear periodic one-dimensional waves are set up. Regions of permissible 
values of the wave vectors are determined. 

1. INTRODUCTION 

As was already shown by us earlierC 1l, a productive 
method in the theory of nonlinear electromagnetic waves 
for two-dimensional (and three-dimensional) problems 
is that of solving the equations of nonlinear electro
dynamics with the aid of asymptotic expansions in 
terms of a small nonlinearity. This has made it possi
ble to construct a number of wave solutions of the non
linear field equations, both for the case of small elec
tric field amplitudes and for the case of a strong field, 
when the asymptotic expansions are constructed near 
the exact one-dimensional solutions. The theory of 
nonlinear waves developed in[ll was connected with 
power-law expansions of the solutions in terms of 
small amplitudes. In analogy with the ordinary oscilla
tion theoryE 2 l, the elimination of the secularities called 
for the introduction of a dependence of the wave vec
tors on the wave amplitudes. The nonlinear waves in
vestigated in[ll were charaeterized by asymptotic 
power expansions of the equations that determine the 
dependence of the wave vectors on the amplitudes. At 
the same time, it was observed in many cases that for 
certain expansion coefficients, singularities arise near 
definite values of the wave vectors (the so-called small 
divisors). This indicates that the simple power-law 
expansions used for the construction of the nonlinear 
waves in[ll cannot be used in the vicinity of such singu
lar values of the wave vectors. 

The present communication is devoted to the devel
opment of a theory of nonlinear electromagnetic waves, 
which makes it possible to construct asymptotic ex
pansions of the solutions of the nonlinear field equa
tions near the singular values of the wave vectors. As 
will be shown below, this affords two possibilities. 
First, the systems of linear equations obtained for the 
field amplitudes in the simple expansions in powers of 
the amplitudes give way, even for the fundamental 
amplitude of the harmonic expansion of the wave in 
terms of any particular variable, to a nonlinear differ
ential equation with respect to another variable. In 
other words, the harmonic expansion of the fields in 
terms of all the variables is not productive near the 
singular values of the wave vectors. In the second 

case, to the contrary, the effectiveness of such har
monic expansions is retained, but the amplitudes of 
two (or more) modes become commensurate, and this 
is to some degree analogous to the situation character
istic of the intersection of molecular terms. 

Just as in[ll, we shall focus our attention on the 
study of wave solutions for an electric field in the form 

E(r, t) = E(r)sin[wt + 'l'(r)], 

which are described by the equations [1, 31 

(1.1) 

1'1E + [kco2 - (V'l') 2 - x.2 + x.2 (E2 / Ec2 ) ]E = 0, (1.2) 

div [E'V'l'] = 0. (1.3) 

Here k~ = (w/c) 2, Ec is an electric field value char
acteristic of the nonlinear properties of the medium, 
and 

wz 
x.2 = ~[1- e(w)], (1.4) 

where E ( w) is the ordinary linear dielectric constant. 
Just as in PJ, we confine ourselves in the discussion to 
two-dimensional solutions, which make it possible to 
understand many essential features of three-dimen
sional solutions, too. 

2. STANDING WEAKLY- LINEAR WAVES 

The simplest case of deviation from the power-law 
expansions occurs in the case of small-amplitude 
standing waves ('II= const), when E = aEce(x, z), and 
a can be regarded as a small quantity. Then Eq. (1.2) 
makes it possible to represent the first terms of the 
asymptotic expansion obtained in [ 11 in the following 
form: 

(ax.) 2 [ 3 
e(x, z) = cosk_j_xcoskuz +1:'2il k_1_2 cos3k_j_xcoskuz 

+~cosk_j_xcos3kuz+ 1 cos3k_j_xcos3kuz] + ... (2.1) 
kuz kco•- x.z 

The longitudinal and the transverse components of the 
wave vectors are connected by the relation 

9 3(ax.)' [ 1 9 9 J _ 
kJ_z+ ku'= kcoz-x.z+.i"6(ax.)2+ 2048 k2--z +k2+k2 + ... 

"' - x. _!_ II (2 .2 ) 

As was already indicated in[ll, the appearance of 
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small divisors (when k1 - 0 or k11- O) signifies that 
the parameter a loses the meaning of the amplitude of 
the fundamental two-dimensional mode, since, for ex
ample when k 11 - 0, not only cos k1x cos k11z, but 
also the higher modes of the type cos nk11z cos k1x 
reduce to the fundamental two-dimensional mode. This 
statement actually means that at small values of k 11 the 
field distributions in the medium must be sought in the 
form of one-dimensional harmonic expansions 

e(x,z)= ~ ezn-H(z)cos(2n+1)k.LX- (2.3) 
.... o 

Equation (1.2) yields for the functions e211+1 an infinite 
system of one-dimensional nonlinear diffraction equa
tions, which can be solved under the assumption that 
e1 is much larger than the remaining amplitudes of the 
expansion (2.3). Namely, e2Il+l ~ a 211 • With this, in the 
region of small k 11 , which is of interest to us now, we 
have kf ~ k~ - K2• Using this fact, we can obtain a 
system of successive-approximation equations. 

In the first approximation we obtained for the am
plitude e1 

Retention of the nonlinear terms becomes necessary 
in the case of a slow z-dependence of the solutions, as 
is the case under the conditions when the coefficient 
preceding e 1 in the left side of (2 .4) is small. 

In the next approximation, the amplitude e3 becomes 
different from zero, and the equation for it is 

(ax) 2 J 1/ 3(ax) 2 ' 
ea(z)~ 4 (9k.L'+x'-k"'') en\ zy k.,•-x•+-4- .(2.12) 

The higher amplitudes of the asymptotic expansion 
are determined in similar fashion. It should be noted 
that the transition from the asymptotic expansions of 
the type (2.1), based on the use of the principal mode 
of the linear approximation, to the asymptotic expan
sions using the principal mode (2 .6) and (2. 7 ), actually 
correspond to separation of the terms that deviate from 
the expansion (2 .1) at small values of k 11 in the summa
tion of the most important infinite sequence in this 
expansion. 

3. WAVE IN A MEDIUM WITH A NONLINEAR PLANE 
WAVE 

The problem of small divisors was raised in[ll also 
in a construction of solutions that are close to the 
exact solution, with constant amplitude of the electric 
field. Here 

E 
E(x,z)= xcl'x'+koo'-km2[1+ae(x,z)], {3.1) 

'l'(x, z) = -kooz + a\jl(x, z)-

To construct a weakly-nonlinear non-one-dimensional 
field distribution that is suitable in the region of the 
small divisors (see[ll ), we represent the sought am
plitude and phase in the form 

e(x, z) = cosX.Lscos xu~+ a.L cos 2X.LS +au cos 2xu~ + a(s, ~). (3.2) 
¢(x, z) = bcosx.L6sinxu~+ busin2xu~+ ~(s, 6), 

(2.5) where 

such linear inhomogeneous equations determine the 
amplitudes of the higher harmonics. 

The first-approximation equation (2 .4) can be 
readily seen to have the following solution 

e1 = cn(zl'k"'2 - x2 - k.L' + 3/.(ax)2, ku), k"'2 - x2 - k.L2 > -3/.(ax)'-
(2 .6) 

e1 = dn(l'3/saxz, ku-•), - 3/s(ax) 2 > k"'2 - x2 - k.L2 > -•/.(ax)'-
(2 .7) 

Here dn2(y, k) = 1 - k2 sn2 (y, k), where sn(y, k) and 
en( y, k) are the Jacobi elliptic sine and cosine. The 
modulus of the elliptic functions is determined by the 
formula 

ku = l'3fsa/fk"'2 -x2 -k.L2 + 3/•(ax) 2• (2.8) 

Periodic solutions of (2 .6) and (2. 7) correspond to 
longitudinal components of the wave vector 

ku = -~--y'k"''- x2 - k.L2 + 3/.(ax) 2 
2K(ku) 

ku = ~-.;3ax/2K(ku-•), 

(2 .9) 

(2 .10) 

where K is a complete elliptic integral of the first 
kind. 

In the region of the small divisor k~ - K2 - kf 
$ (aK)2 , and the z-dependence of the fundamental mode 
e1(z) is slow, while k 11 ~ aK. When k~ - K 2 - kf 
- -{%){aK)2 ± 0, the solutions (2.6) and (2.7) go over 
into a bounded non-periodic solution 

e1(z) = ch-1 (f3axz/2). (2 .11) 

The solution of the second-approximation equation 
(2.5) can be readily obtained and, for example for the 
case of (2. 7) at small values of k 11 , we get 

s = y'2 (x2 + koo2 - k"'') x, ~ = ")'2 ('X" + koo2 - k"'2) z, a 1, a.L, au, b, bu 

and 1, a1, a 11 , b, and b 11 are the total amplitudes of the 
separated modes, while the functions a and {3 are 
orthogonal to the separated modes. Substitution of 
(3.1) and (3.2) in (1.2) and (1.3) leads to a system of 
equations for the separated amplitudes and for the 
functions a and {3. In the first approximation, the 
system determining the amplitudes of the separated 
modes leads to 

a.L ~ -~ a [ 1 +~ (XooXIIX.L) 2 J (3.3) 
8 1-4x.L2 3 (X.L'+xu2) 2 ' 

au~-~ a [ 1+~Xoo2 -1!_ ~xu')' J (3.4) 
8 1 + 41Goo2- 4xu' 3 3 (X.L2 .L xu')' ' 

bu ~ lGoo [ au+ ( 1- 4xu' ) a]. 
XII X.L 2 + XU2 

(3.5) 

Using (3.3)-(3.5), we obtain an equation for the con
nection between the projections of the wave vector: 

1 2 2 + 4 (XooXu) 2 _ 9 2{ 1 [ 1 + 16 (lGooXIIX.L) 2 ] 

-x.L-xu X.L'+xu'-16a 1-4x.L2 3(x.L'+xu')' 

+ 1 r 1 + 4 2 16 (xooxu) 2 ][ 1- 4 2 
1 + 4xoo2- 4xu2l 3 Xoo - 3 X.L2 + xu• 3 Xoo 

-~ (XooXu2
)

2 + 32 (lGooXu) 2 ]}+~a2xoo•f 1 + 4xu' )'-
3 (X.L2+Xu2)2 3 X.L2+xu' 4 \ X.L2 +xu• 

(3.6) 
We note that in the derivation of (3.6) we did not use 

the assumption that the amplitudes a1 and a 11 of the 
separated modes are small compared with unity, i.e., 
compared with the amplitude of the fundamental one
dimensional mode. To determine the result of such a 
procedure, we shall investigate further, at Xoo =0, the 
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region of the small divisor xi ~ %, x;! ~ Y4. Let xi 
=% + ~1. I ~11 « 1. Then (3.6) leads to 

(xr~)± ~ 1/4{1- 1/2!l.L±'/ 1Ml.L2+ 9/s4a2} (3.7) 

and to the following expression for the amplitude: 
3 a 

(au)±~ -4 !l.L=t=(!l.L2+9ftea2)''·· (3.8) 

Let us consider one of the branches, for example the 
one corresponding to (xji )+, (a11 )+. Outside the region 
of the small divisor we have I ~11 » a 2, and when 
~1 < 0 relations (3.7) and (3.8) lead to 

(xrn+ ~ 1/4(1-!l.L), (au)+~ 3a/Bil.L. (3.9) 

When ~ 1 > 0, the amplitude ( a 11 )+ increases on going 
through the region of the small divisor, and ( x ~ )+ 
- Y4 • In the vicinity of the small divisor, under the 
condition that I ~1 1 « a 2, relations (3.7) and (3.8) 
lead to 

(3.10) 

For the other branch, relations similar to (3.9) and 
(3.10), are of the form 

(Xu2)- ~ 1/4(1- !l.L), (au)-~ -3a!Bil.L 

for !l.L > 0, I .<\.1. I > a2, 

(au)-~ -1 

(xu2)- ~ 1/4(1- 3fsa), 

for l!i.LI ~ 1. 

(3.11) 

We note that the considered branches lie on opposite 
sides of the straight line xi + x;! = 1' which character
izes the linearized problem, and that the amplitudes 
grow in opposite directions. 

The curve corresponding to the implicit function 
(3.6) at Xao = 0 is shown in Fig. 1. Outside the region 
of the small divisors, only one of the branches of the 
curve (3.6) is close to the straight line xi+ xfl = 1 
when a 2 « 1, whereas in the region of the small 
divisors a pair of branches of the curve (3.2) is simul
taneously close to the aforementioned line. The curves 
shown in Fig. 1 indicates that, on passing through the 
region of the small divisor, the branch corresponding 
to xi + xfl 2:" 1 moves away from the straight line 

xi + x~ = 1 and approaches the asymptotes xfl = Y4 
and xf = %. Such a behavior of this branch shows that 
on passing through the region of the small divisor the 
two-dimensional field distribution goes over into a 
distribution close to the exact one-dimensional periodic 
solution. The latter, of course, is determined far away 
from the region of the small divisor by the exact non
linear equation (see below). 

We present an expression for the first-approxima
tion correction a ( ~, ?; ) to the distribution of three 

modes (Xao = O): 

<1l(S1;)= _ 3 {_!_+ a.1.2+au2 +(.!_+ )cos2X.L5cos2xrr!; 
a ' a 8 4 8 a.Lall 1- 4X.L2- 4xrr2 

1 2 cos 4x.L5 :+- 1 2 cos 4x11!; 
+4a.1. 1-16M2> 4a11 1-16xu2 

(3.12) 

From this we can readily determine the values of the 
wave vectors at which new small divisors appear. 
However, even for these, the solutions can be analyzed 
in the manner indicated above, the only difference being 
that the approach of other modes must be considered. 

4. WAVES CLOSE TO A STANDING PERIODIC WAVE 
OF A STRONG FIELD 

We now turn to non-one-dimensional field distribu
tions close to the exact one-dimensional solutions of 
the nonlinear field equations. Accordingly, the one
dimensional solution satisfies the equation 

e.L" + e.L + 3/2A.Le.L2 + 1/2A.L2e.L3 = 0, (4 .1) 

where A1 can be called the amplitude of the exact one
dimensional distribution. 

For the amplitudes A 1 ~ f2- 1, the solution of 
(4.1) is given by 

e.L(s) = (1 +A.L)dn[l/2(i +A.L)5, k.L] -1, (4.2) 

where the modulus of the elliptic function k1 and the 
wave number x1 characterizing the fundamental period 
of the field are determined by the expressions 

k _ '/2A_L(2 + A.L) _ 1 + A.1. (4 .3) 
.L- 1 + A.L ' X.L- n2K(k.L) 

In particular, when A1 « 1, relations (4.2) and (4.3) 
yield 

e.L (5) ~ cos 5, X.L ~ 1 + A.1_. (4 .4) 

In the limit as A - f2 - 1 - 0, when the modulus of 
the elliptic function tends to unity, we have K(kl) 
~ ln ( 4/v' 1 - kf} and x1 - 0. Then the solution (4 .2) 
degenerates into an aperiodic solution 

¥2ch-1 (5/l'2) -1. (4.5) 

For the amplitudes A1 > f2- 1, the solution of (4.1) 
is 

e.L(s) = (1 + A.L)cn [ 1~1'(1 + A.1.) 2 -1, k.1.-1 J (4.6) 

and when A1 - f2- 1 + 0 it also goes over into (4.5). 
To construct non-one-dimensiona field solutions 

close to the one-dimensional solutions (4 .2) and (4 .6 ), 
we put 

(4.7) 

In the linear approximation we get a solution of the type 

e (5, !;) = E (5, xrr) cos xu~. (4.8) 

where E ( ~, x 11 ) is an eigenfunction of the equation 

[ ~2+ 1- x112 + 3A.Le.L(5) + ; A.L2e.L2(6) ]E(s, XII)= 0. (4.9) 

Of direct interest for our purposes are only those 
eigenfunctions of (4.9) which lead to non-negative 
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values of the proper parameter xll. Assume for con
creteness that A1 < ..f2 - 1. Then, using the explicit 
form of the one-dimensional distribution (5.2) and going 
over to a new independent variable y = (1 + A1)~/2, 
we transform (4 .9) to the Jacobi form for the Lame 
equation[4J 

[ :. +v-6kJ.2sn2(y,kJ.) JE(y,y)=O. (4.10) 

Here y/2 = 3 - ( 1 + 2x~ )/ (1 + A1)2, and the condition 
that x~ be non-negative leads to the inequality y ::= 4 
+ kf, which determines that part of the spectrum of 
the eigenvalues of the Lame operator which leads to 
bounded solutions of the linearized problem in terms 
of the variable t;. 

Let us investigate the periodic solutions of (4.10). 
On the basis of the theory of the Lame equation[4J we 
reach the conclusion that equation (4.10) admits of 
five periodic solutions represented by polynomials of 
elliptic functions. Out of the five Lame polynomials, 
four satisfy the condition that x~ be non-negative. 
Using the recurrence relations given in[ 41, we obtain 
the explicit form of the Lame polynomials: 

where 

H_ H_ 
Ec-= 1---+-sn2(y kJ.) 

2kJ.2 kJ.2 ' ' 
Es- = cn(y, kJ.)dn(y, kJ.}, 
Eso = sn(y, kJ.)cn(y, kJ.), 
EcO = sn(y, kJ.)dn(y, kJ.), 

H-/2 = 2- kJ.2 -l'(2- k'-2)2 + 3kJ.4• 

(4.11) 

Further, it can be shown that when A 1 > ..f2 - 1, 
the periodic solutions represented by Lame polynomials 
coincide with the polynomials (4 .11 ), but the modulus of 
the elliptic functions becomes in this case kJ.1 • The 
eigenvalues of the longitudinal wave number, corre
sponding to the eigenfunctions (4.11), are given by 

x112 (Ec-) = 1/2{1 + [4- 6(1 + A..L)2 + 3(1 + A.L) 4]''•}, A.L ~ y'2 -1, 

x112(Es-) = 3/,(1 + A.L)", A.L ~ ")'2- 1, x1r(Es0} = 0, A.L < "}''2- 1, 
(4.12) 

X'12 (Ec0) = 0, A.L > "f2- 1, Xu2(Ec0} = 3"£2- (1 + A..L) 2), 

AJ. < -y2 -1. 

In the plane (xjj, A1), the curves corresponding to (4.12) 
break up this plane into regions in which bounded solu
tions of (4.10) exist or do not exist. Besides the finite 
number of periodic eigenfunctions represented by the 
Lame polynomials, there exists, as is well knownC4 1, 

ES 0 

.ff-1 1 A, 

FIG. 2. 

an infinite sequence of periodic transcendental Lame 
functions. However, the eigenvalues for the transcen
dental Lame functions are such that xjj < 0. In the 
plane (xjj, A1) there appear two allowed bands of the 
continuous spectrum of longitudinal wave numbers. In 
Fig. 2, one of the allowed bands lies between the curves 
Ec- and Es-, and the other lies between the curves 
Es0 and Ec 0 , Periodic solutions are realized on the 
boundaries of the allowed bands, and inside the bands 
we get bounded but non-periodic solutions. 

We call attention to the fact that the degeneracy of 
the upper allowed bands when A1 - ..f2- 1 ± 0 into 
a point region (the point of tangency of the curves Ec
and Es-) reflects the appearance in the medium of a 
localized distribution-a plane waveguide layer. When 
A1 - ..f2- 1 ± 0 the Lame polynomials (4.11) degen
erate into the eigenfunctions that appeared earlier[ll in 
the investigation of non-one-dimensional distributions 
close to a plane waveguide layer. When A1 « 1 and 
a « 1, the first terms of the asymptotic expansion of 
the non-one-dimensional field distribution correspond
ing to the choice of Es- ( y) cos x 11 t; as the principal 
non-one-dimensional mode, are given by 

E(x, z) = A.L{e.L(s) +aEs-(y)cosxn~+ ... } = (4.13) 
= A.L {cos 2x..Ls +a cos X..Lscosxn~ + ... }, 

h 2 11 2 3J h . A w ere x1 R:: /4, x11 R:: /4, and t e quantity a 1 should be 
regarded as the amplitude of the principal non-one
dimensional mode. The obtained expression indicates 
that one of the non-one-dimensional field distributions 
close to the exact one-dimensional periodic field dis
tribution is produced in the vicinity of the previously 
investigated small divisor xi R:: 7'4, x~ ~ %. 

5. WAVES IN A MEDIUM WITH A TRAVELING 
PERIODIC NONLINEAR WAVE 

Let us consider the solution of the system of equa
tions for the field phase and amplitude, determining 
the steady-state non-one-dimensional distributions of 
the field in the presence of an energy flux. The system 
of equations (1.2) and (1.3) admits of an exact one
dimensional periodic solution in the form 

E/Ec""' e.L(x), '¥ = -kooz. (5.1) 

Here e 1 ( x) satisfies the equation 

e.L" + [kro2 - x2 - koo2 + x"e.L2]e.L = 0, (5.2) 

and koo determines the longitudinal energy flux in the 
medium. Putting 

e(x, z) = e.L(x) +aE(x)coskuz, 

S(x) 
'l'(x, z) =- kooz +a--sin kuz 

e..L(x) 

(5.3) 

and k~ - K 2 - k!, > 0, we find that a non-one-dimen
sional steady-state field distribution close to the ex
act one-dimensional periodic distribution (5.1) is de
termined in the linear approximation by the solution of 
the problem for the eigenvalues of the longitudinal 
wave number k11 

[ d~• + 1- xu"+ 3y2e.L2 J E + 2xoox11S = 0, 

2XooXnE+[ ~2 + 1-xu"+v"e..L2 ] S = 0. 

(5.4) 
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We have used here the notation 

2 _ k~.~ 2 _ .~x_2 __ 
Xll,oo- koo2- x2- koo2' y - koo2- x2- koo' , 

and the one-dimensional distribution is given by 

eJ.(£) = AJ.cn(~l''i + (yAJ.)2, kJ.), 

k_1_ = yAJ. /i2(1 + (yA_1_) 2). 

(5 .5) 

(5.5') 

Putting cp = ~ ..J 1 + ( yA1 )•~ and making the substitu
tion sn cp =cos 11, which is used to go over to the 
trigonometric form of the Lame equation[ 4 J, we rewrite 
(5 .4) in the form 

tPE dE 
(1- kJ.2COS2l] )-·+ k_1_2COSl] Sinl]-

dl]2 dl] 

+ [ 1 - xu• + 6k 2 sin" ] E + Zxoo'Xll S = 0 
1+(yAJ.J2 J. TJ 1+(YAJ.) 2 ' 

tPS dS 
[1- kJ.2cos211]- + kJ.•cos11 sin l]-

dl]2 dl] 

(5.6) 

+ [ 1 - 'XII2 + 2k z sin" J S + 2XooXII E = 0 
1 + (yA_1_) 2 J. TJ 1 + (yAJ.)" . 

The eigenfunctions of the system (5.6), and consequently 
also the fundamental non-one-dimensional mode of the 
linear approximation to the exact one-dimensional 
periodic field distribution with an energy flux can be 
represented when ki << 1 in the form of a series in 
powers of ki: 

E = E<Ol(l]) + k_j_2E(Il(11) + ... ' s = S<0l(l]) + k.L•S<Il(TJ) + ... ' 

(5. 7) 

For the functions E(O) and s<o)' the system (5.7) leads 
to 

(O) (0) ·· 
2x~XII E<Ol+(1-(XII ) 2]S<'l+S<0l=0. 

(5.8) 

One of the solutions of (5.8) is 

E<0> = a cos 2nl], s<o) = ±a cos 2nl]. (5.9) 

The latter corresponds to the eigenvalues of the longi
tudinal wave number 

'XI\0' = Xoo ± 1X~2 + 1 - (2n) 2, x\~l = -X~± l/Xoo2 + 1 - (2n) 2• 

(5.10) 
Here n is an integer determining the number of oscil
lations of the eigenfunctions within an interval corre
sponding to the period 21T, and satisfies the obvious 
inequality 

(2n) 2 < 1 + Xoo2. (5.11) 

Consequently, the number of oscillations characterizing 
the field distribution in the transverse dimension is 
determined by the magnitude of the longitudinal energy 
flux. 

The system of equations for E< 1 ' ( 11) and S0 ' ( 1)) has 
a solution in the form 

E<1> = A2(n+1)COs2(n + 1)·'1 + .42(n-1)COs2(n -1)1], 
(5.12) 

8(1) = az(n+1lcos2(n+ 1)1] +az(n-I)Cos2(n -1)1], 

if x:ll) is determined from the condition that there be 
no secular terms in such a system of equations. The 
exclusion of the secular terms causes the asymptotic 
expansion of the eigenvalue of the longitudinal wave 
number x11 (n, kf), corresponding ton-fold oscillations 

in terms of the transverse variables within the interval 
of the fundamental period, to assume at small values 
of ki the form 

M 1-3~ ( ) xu(n,kJ.) 2=xu (n)+ k.L 2 +0(kJ.'). 5.13 
X\r'(n) ± Xoo 

the amplitudes Aam±Il and a 2m±I) are determined by 
a simple system of algebraic equations, the determinant 
of which differs from zero at any integer value of n. 
The solution of the latter raises no difficulty. 

The asymptotic expansion (5.13) shows that four 
points x\1°'(n) are located in the plane (x 11 , k1 ) on the 
axis k 2 = 0, symmetrically to the axis XII =0, for any 
specified number of oscillations n satisfying the in
equality (5 .11) and for kf - 0. When kf « 1, each of 
these points is the starting point of two diverging 
curves ("whiskers"), on which (Fig. 3) periodic solu
tions are realized. 

In the absence of an energy flux (koo = 0, k~ - K 2 

> 0 ), the Lame equation, into which the equation for 
the field amplitude of the system (5.6) degenerates, can 
be investigated in greater detail. Namely, it is possi
ble to ascertain that this equation admits of three 
periodic solutions represented by Lame polynomials. 
The latter coincide with the polynomials Ec-, Es-, and 
Ec 0, with the obviously replacement of the modulus of 
the elliptic functions by the quantity determined by re
lation (5 .5' ). On the other hand, the admissible values 
of the longitudinal wave numbers are determined by 
the expressions 

xn2 (Ec-) = -1 + (4 + 6(yA_1_) 2 + 3(yAJ.) 4]'!., 

(5.14) 3 
xu2 (Es-) = 2 (yAJ.) 2, xu2(Ec0} = 0 

These three solutions account for all the periodic Lame 
eigenfunctions that lead to the linearized-problem field 
distributions bounded in terms of the longitudinal 
variable. The curves shown in Fig. 4 delineate in the 
plane ( x~, A 1 ) regions in which bounded solutions 
exist or do not exist. The regions bounded by the 
curves Ec- and Es- correspond to the only band al
lowed in this case, that of the continuous spectrum of 
the eigenvalues of the longitudinal wave numbers X II. 

We note that the solutions (5.3) can serve as the 
basis for the construction of asymptotic expansions. In 
this case, in particular, when Xoo =0, and XII is deter
mined by relations (5.14), it turns out that if the prin
cipal four-dimensional mode corresponds to the upper 
limit of the allowed band of the continuous spectrum 
x 11 ( Ec-1 ), then there are no divisors in the asymptotic 
expansion of the two-dimensional distribution in the 
field in terms of integer powers of the principal-mode 

0 1/'IZv'I+! rA, 

FIG. 3 FIG. 4 
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amplitude. To the contrary, in the case of the lower 
limit of the allowed band of the continuous spectrum, 
there exist discrete values of the amplitudes of the 
one-dimensional distribution of the field A 1, for which 
small divisors arise in the asymptotic expansion. The 
corresponding values of the amplitudes are given by the 
formula 

2 [(m2 -2) 2 +3m•-4)'1•-m2 +2 
(A.L')m=z 3 • 4 ' 'V m-

(5.15) 

where m 2: 2 is an integer. It follows from this, in 
particular, that small divisors likewise do not arise 
when AJ. > (A1k=2· In the vicinity of the points (5.15), 
the construction of two-dimensional solutions can be 
carried out in accordance with the exposition in the 
second and third sections. 

In conclusion it must be emphasized that in the 
more general case, when, unlike in our case, the non
linear one-dimensional periodic wave solutions cannot 
be written in explicit form, a medium with such a 
periodic wave becomes nevertheless effectively in
homogeneous, owing to the nonlinear polarization. In 

this connection, bands of admissible values of wave 
vectors of waves close to the strong nonlinear wave 
will arise. The regions of existence and nonexistence 
of small divisors corresponding to intersection of 
terms can be revealed there in the same manner. 
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