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The one-dimensional quasilinear relaxation of an electron beam in a plasma with small concentration 
inhomogeneities is investigated. It is shown that the set of quasilinear equations are appreciably mod
ified if the effect is taken into account. In particular, quasilinear relaxation leads, in the presence of 
small concentration inhomogeneities, to the appearance of electrons with velocities appreciably ex
ceeding the initial beam velocity. The role of regular concentration inhomogeneities in the problem 
of stationary injection of a beam into plasma half-space is also elucidated. 

1. INTRODUCTION 

THE problem of quasilinear relaxation of an electron 
beam in a homogeneous plasma was formulated already 
in the first papers on the quasilinear theory. [l, 21 The 
one-dimensional model of quasilinear relaxation was 
investigated in detail in the same papers. It was estab
lished that, within the framework of such a model, the 
relaxation process leads to the formation of a plateau 
on the electron distribution function. 

Of greatest practical interest is the case when the 
initial velocity of the beam v0 greatly exceeds the ther
mal velocity of the plasma electrons VT, and the initial 
velocity spread in the beam ~v0 is small compared 
with v0 • According to the results of [1, 21 , the electron 
distribution function in the final stage should have under 
these conditions the form of a "step" with a leading 
front located at the point v ~ v0 (Fig. 1), i.e., relaxation 
should not lead to the appearance of accelerated elec
trons (with velocity v > vo). 

There are, however, a number of experiments (for 
example, [ 3 1) in which, on the one hand, the conditions 
for the applicability of the one-dimensional model were 
apparently satisfied, 1 > and on the other hand accelerated 
electrons were observed. We shall show in this paper 
that this effect finds a natural explanation if account is 
taken of the role of the inhomogeneities of the plasma, 
no matter how insignificant they are. 2 > 

We assume that the beam moves in the direction of a 
strong magnetic field parallel to the x axis. We assume 
further that the dependence of the plasma concentration 
on the coordinate x is of the form n(x) = n0 + ~n(x), 
where n0 is the average value of the concentration and 
~n(x) is a small and time-independent deviation of the 
concentration from the mean value. It is immaterial in 
what follows whether the function ~n(x) is a random or 
a regular (periodic) function. It only matters that its 

•>For example, the presence of a strong magnetic field (such that 
the electron cyclotron frequency greatly exceeds the electron plasma 
frequency) parallel to the beam axis. 

2>We note that theoretical investigations devoted to the acceleration 
of electrons in three-dimensional relaxations have already been made 
(see (4 ]). 

FIG. I. Relaxation of electron 1 
beam with small initial velocity spread. :1 r,M 

f0 (v)- distribution function of beam l :\ 
electrons at the initial instant of time; :: 
f00 (v)- the same after the end of the : \ 
relaxation process. The areas under the foof.v! : 1 

f0 (v) and f00 (v) curves should be equal, --..=:.-'------~ 
but for clarity this circumstance is not -- --~ 
reflected in the figure. 

spatial scale a is large compared with the characteris
tic wavelength of the Langmuir oscillations excited by 
the beam: 

(1) 

here wp = (4rrnoe2/m) 1 12 is the electron plasma fre
quency calculated from the mean value of the concentra
tion. In real experiments, inhomogeneities of this type 
can result from the development of various low-fre
quency (for example, drift) instabilities, as well as a 
result of the imperfection of the method used to pre
pare to the plasma. 

When inequality (1) is satisfied, the Langmuir oscil
lations of the plasma can be described as a superposi
tion of quasiparticles (wave packets), the motion of 
which in phase space is described by the Hamiltonian 
equations (see [S' 61 ): 

dk {) 
dt= - 8; w(k, x). 

Here x and k are the coordinate and momentum (wave 
vector) of the quasiparticle and w (k, x) is its Hamil
tonian function (frequency), which is determined from a 
solution of dispersion equation. The quasiparticle is 
characterized also by the magnitude of the phase veloc
ity Vph = w (k, x)/k, the interaction between a quasipar
ticle and an electron having a velocity v being possible 
only if Vph = v. The momentum distribution of the qua
siparticle is described by the spectral energy density 
W(k, x). 

In our case we have 

( 1 Lln(x) ) 3 k2uT2 
w(k,x) ~ Wp 1 +--- +---, 

2 n0 , 2 Wp 

(2) 

131 



132 D. D. RYUTOV 

where VT is the thermal velocity of the plasma elec
trons, assumed small compared with v0• As seen from 
this relation, the Hamiltonian of the quasiparticle coin
cides with the Hamiltonian of the ordinary nonrelativis
tic particle in a potential field, and the first term plays 
the role of the potential energy while the second plays 
the role of the kinetic energy. 

Let us determine the concentration inhomogeneity 
an necessary in order for the inhomogeneities to begin 
to influence strongly the motion of the quasiparticles. 
To this end we note that the characteristic momentum 
k of the quasiparticles produced as the result of two
stream instability is equal to wp/v0 , i.e., the "kinetic 
energy" of the quasiparticles is of the order of WoVT/v~. 
It is obvious that the influence of the inhomogeneities of 
the concentration, i.e., of the term an(x)(n0 in formula 
{2), will be appreciable if wpan/Ua ~ WpVT/v~. We shall 
henceforth stipulate satisfaction of an even stronger in
equality 

/),.nfno';i!>v?fvo2 (3) 

(this simplifies the derivations). 
We can now determine how the presence of concen

tration inhomogeneities leads to the appearance of ac
celerated electrons. To this end, it should be noted that 
the quasilinear diffusion coefficient in velocity space 
D{v) is proportional to W(k,x)jk = w/v• i.e., the diffu
sion of the electrons with velocity v is determined com
pletely by the energy density of the quasiparticles with 
phase velocity Vph = v. Quasiparticles with phase veloc
ity are produced only if 

8f/8vl•=•ph > 0, 

where f is the electron distribution function. As ap
plied to our problem, this means that quasiparticles 
are produced only in the phase-velocity region Vph < v0 • 

Since the momentum of a quasiparticle in a homogene
ous plasma does not change after the quasiparticle is 
produced, its phase velocity likewise remains un
changed. Consequently, in a homogeneous plasma the 
diffusion coefficient D(v) differs from zero only when 
v < v0, i.e., the relaxation proceeds in the direction of 
small velocities and no accelerated electrons appear. 

In an inhomogeneous plasma, when condition {3) is 
satisfied, the situation changes greatly. Although, as 
before, the quasiparticle has at the instant of produc
tion a phase velocity vph < v 0, now this quantity no 
longer remains constant during the course of quasipar
ticle motion. Assume, for example, that the quasiparti
cle is produced at the point Xo (Fig. 2). At the instant of 
production, this quasiparticle has a momentum k 
~ wp/v0 and moves to the right. During the course of 
the motion, it falls into the region of large values of the 
"potential energy," as the result of which its momen-

4.n(zj 

• 

FIG. 2. Dependence of the plasma concentration on the coordinate 
x. The points Xi denote the minima of the function ~n(x). 

tum k decreases and vanishes in general at the turning 
point.3 > This means that on moving to the turning point, 
the phase velocity of the quasiparticle (vph = w(k, x)/k 
~ wp/k) increases from the initial value (~ v0 ) to in-
finity. Therefore the quasilinear diffusion coefficient 
D(v) turns out to be different from zero not only when 
v < v0, but also at arbitrarily large values of v, i.e., 
the relaxation goes both in the direction of v < v 0 and in 
the direction of v > v 0• 

It must be emphasized here that the influence of the 
concentration inhomogeneities on the relaxation process 
will be appreciable only if one more condition is satis
fied, namely 

{4) 

( y is the increment of the two-stream instability), for 
otherwise each particle will not have time to cover 
during the time of the quasilinear relaxation a distance 
sufficient to "sense" the inhomogeneity of the plasma. 
Bearing in mind the fact that I aw/akl ~ vT/v0 andy 
~ wpn' /no (where n' is the beam-electron concentra
tion), we obtain from (4) the condition 

Therefore our analysis is valid only for sufficiently 
weak beams. 

{5) 

2. DERIVATION OF QUASILINEAR EQUATIONS FOR 
A WEAKLY INHOMOGENEOUS PLASMA 

The evolution of the spectral function of the quasi
particles W(k, x, t) can be described with the aid of the 
Liouville equation:[5 ' 61 

fJW 8ro8W 8ro8W _ 2 W (6) 
---;n+ ok Tx- ox fik- 'Y ' 

where w = w (k, x) is the solution of the dispersion equa
tion and y = y(k, x, t) is the increment of the two-stream 
instability. Strictly speaking, it would be necessary to 
substitute in {6) the quantity N = W/w, called the "num
ber of quasiparticles"/ 61 instead of the quantity W, 
but since w ~ Wp = const it follows that W ~ const • N, 
and consequently W satisfies the same equation as N. 

The two-stream instability increment y is expressed 
in terms of the beam -electron distribution function f, 
which, as we shall show later, can be considered inde
pendent of x. In calculating the increment, we can neg
lect also the inhomogeneities of the plasma concentra
tion, since they are small. Accordingly, we can use the 
following formula for y: 

rr n'( of) I y(k,x,t)~y(k,t)=-zrop- v2a . 
no v v=rop/k 

{7) 

Here the distribution function of the beam electrons is 
assumed to be normalized to unity: 

~ fdv= 1. 

In solving Eq. {6), it is necessary to take into ac
count the condition {4), which means that the energy of 
each wave packet changes "slowly" in the time scale 
al aw/akl-1• The latter circumstance makes it possible 

3l A turning point must exist if condition (3) is satisfied. 
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to characterize the rate of energy growth of the wave 
packet with the aid of a certain average increment y. In 
order to find this quantity, we change over in (6) from 
the variables t, x, k to the variables t, x, w. As the 
result we get 

&W &wiJW 
-+--=2yW, 

&t iik &x 

where W, aw/ak, and y are now regarded as functions 
of the new variables. Taking the inequality (4) into ac
count, we seek the solution of this equation in form of a 
series in powers of y. Since it is obvious that a/at~y, 
we obtain aw<o>;ax = 0 in the zeroth approximation in 
y, i.e., w<o> = w<o>(w, t). The dependence of w<o> on 
the time can be obtained from the condition that the 
equation 

iJWI'> 2yW1°>- iJW<0>/iit 

iix &w/iik 
(8) 

which determines the first correction to W, have a so
lution. 

As will be shown later, the main role in the relaxa
tion process is played by the quasiparticles that exe
cute finite motion near the bottoms of the potential 
wells. For such quasiparticles, the condition for the 
solvability of (8) is 

,\:, 2yW<0>- iJW<0>/&t 
'j' iiw/iik dx = 0. (8') 

The integral is taken here over the trajectory of the 
quasiparticle between the turning points at w = const. 
Recognizing that w<o> does not depend on x, we can 
transform (8') into 

iJWIO) I iit = 2yW<">, 

where y is the sought average increment: 

y = [ ·~ v iJ:;iJJ [ 9 iJ~~iJkr 
An expression of this type can be obtained also by an
other method based on the use of the quasiclassical 
quantization rules. [ 7 ' 81 

We note that since the beam contains only particles 
with v > 0, we get y = 0 when k < 0, and consequently 

1 l;l2)(w) J l<(2)(w) ~-1 - dx I dx 
r = 2 ~ r ii'JJ(iik 1 ~ iirof&k . , 

'(l)(w) _;l:>,w) J 

where ~< 1 > and ~< 2 > are the left and right turning 
points. 

(9) 

To obtain an explicit expression for y, let us con
s~der in greater detail an individual potential well, the 
bottom of which is located at the point x =Xi (the index 
i denotes the number of the potential well). Near this 
point, i.e., when I x -xi I << a, the following expansion 
is valid 

L'>n(x) = L'>ni + l~'>nd (x- Xi) 2 / 2ai'· 

We have introduced here the notation 

L'>ni = L'>n\ ~- _i_ii'L'>n \ 
x=x i ' ai2 - l11ni I 8x2 x=x i 

thus, the Hamiltonian function for the quasiparticles 
moving at the bottom of the i-th potential well is given 
by 

1 L'>n; 1 (x- x;)' 3 k.2vT' (10) 
w = consl+ w,-n- +--- . 

.:no 2a;2 2 uJ 

The use of (10) makes it possible to carry out the in
tegration in (9). It is convenient here to go over to a 
new integration variable v, which is connected with x 
by the relation 

v= wp(k(x), 

where k(x) is determined from the condition w (k, x) 
= const. The physical meaning of the quantity v is ob
vious: this is simply the phase velocity of the quasipar
ticle at the point x. Simple calculations show that 

a,2vT2 ( 1 1 ) &w vT2 
(x-x;)'=-- --- ' iik =3-v' 

8i u2 v2 
(11) 

where q = l6ni l/6fio and u = wp/k(xi). The quantity u, 
which is the phase velocity of tlie quasiparticle at the 
bottom of the potential well, is uniquely connected with 
the frequency w. This makes it possible to express the 
spectral function W and the increment y not in terms 
of w but in terms of u, as we shall do from now on. 

Substituting (11) in the integrals of (9), we get 
00 

_ ( ) w p n' ~ iif(v, t) ( 1 1 )-';, v u,t =-- --- --- dv 
2 no u iiv u2 v' 

(12) 

(we have used expression (7) for y). 
It is very important that the last result does not de

pend on the parameters ai and 6nh which determine 
the form of the potential well, and is therefore applica
ble to each of them. We note further that in case when 
the beam-particle velocity spread 6v is small com
pared with the average beam velocity v0 , the maximum 
value of y is of the order of magnitude wp(n' /fio) 
x (v0/ 6v)3 12 , whereas in a homogeneous plasma the cor
responding estimate gives a much larger value, viz., 
wp(n' /fio)(vof6v)2 • For a smeared-out beam with 6v 

~v0, the characteristic increment is y = w n' /fio, which 
coincides with the corresponding estimate for the homo
geneous plasma. 

In the derivation of (12) we used the expansion (10), 
and this imposes definite limitations on the conditions 
for its applicability. As seen from (11), the distance 
from the turning points ~1 1 ' 2 > to the bottom of the poten-

tial well is expressed in terms of the phase velocity u 
of the quasiparticle at the bottom of the well: 

Since the expansion (10) is valid only when I x- xi I 
<< ai> this yields the following limitation on the permis
sible values of u: 

u ?- uo = VT / l'e.-~ Vr Yno ( L'>n. ( 13) 

Since the condition (3) leads to the inequality u0 << v0 , 

formula (12) can be used only so long as the quasilinear 
relaxation does not lead to the appearance of electrons 
with velocity of the order of u0, i.e., essentially to the 
very end of the relaxation process (Uo << v0 !). The lim
itation (13) is therefore not essential. 

We now consider the quasilinear equation for the 
beam electrons: 

of &f a of 
-+v-=~D-at iix 8v iiv 

(14) 
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where 

D"""D(u,:.c,t)= 41t2e2W(k,:.c,t) I 
m 2v A=wplv 

is the quasilinear diffusion coefficient. Averaging (14) 
with respect to x, we get 

of =.!__D of 
ot ou ou 

(the bar denotes averaging with respect to x). 
In analogy with the procedure used above for Eq. (6), 

it can be shown that if 

a/uo~r:, (15) 

where T is the characteristic time of the quasilinear 
relaxation, the function f does not depend on the coordi
nate x: f Rl i. But since T ~ wp1 n/n', the condition (15) 

is certainly satisfied if inequality (5) holds. Consequent
ly, the quasilinear equation can be represented in the 
form 

where 

of _!.._ 15 of 
ot- ou ou' 

1 L 

15 =lim-~ D(:.c, u, t)d.x 
L-+oo2L 

-L 

is the average diffusion coefficient. 
It was noted above that two-stream instability leads 

to the production of only those quasiparticles that exe
cute oscillations at the very bottoms of the potential 
wells. Therefore the expression for :5 can be repre
sented in the form 

:.:.,+; 

15== 2~ ~ ~ D(:.c,u,t)d.x, 
t :t(-; 

where the summation is over those wells that fall in the 
interval (- Ll L), and the quantity ~ is chosen from the 
condition I~~ ' 211 << ~ <<a. To find the i-th term of 
this sum, it is necessary, as can be readily seen, to 
calculate the integral 

~ ~ 

I;= ~dy[W;(k,y,t)lk~m,tv]= ~ dyW;(w: ,y,t), -· -~ 
where we have introduced a new variable y = x- xi. The 
index i of the function W denotes that this function 
corresponds to the i-th potential well. Since Wi = 0 
when I y I> ~. we can replace the integration limits in 
this formula by infinity. Further, we can use the fact 
that Wi(wp/v, y, t) Rl Wl01[u(y, v), t], where the function 
u(y, v) is determined by formula (11), and change over 
from integration with respect to y to summation over 
u. As the result we get 

i.e., 

where 

I; = 2 a;UTU ~ w~·> ( u, t) du 

l'e; o u21'v2- u2 

- 1 ~ W=lim-'-l 
L-+oo 2L 1 

a1W\01 (u,t) 

fe; 

We emphasize that the integral in formula (16) con-

(16) 

verg~ since the function W101 (u, t) and consequently 
also W(u, t) vanishes when u ~ vT/..fE, where E is the 
characteristic value of the quantity Ei· 

It remains still to find the equation for W. This can 
be done by recognizing that y(u, t) does not depend on 
the number of the potential well, so that 

oW(u,t) 
at 2y (u, t) W(u, t). 

3. INVESTIGATION OF NONLINEAR EQUATIONS 
We first write down the system of nonlinear equa

tions in the compact form 

of a --of 
at= au D au' 

8 22 • -w ·- ne r d D=--UT J u, 
m2 o uzyvz- uz 

aw rat= 2yW, 

y =~Wp_n~U r uof/ou du. 
2 n "l"u2- u;2 

The system (17) -(20) has an energy integral 

d [ ""~ mn'u2 ""~ W J - --f dv + 2nwpuT -du = 0, 
dt 2 u3 

0 0 

(17) 

(18) 

(19) 

(20) 

(21) 

where the first term represents the energy of the beam 
particles, and the second the quasiparticle energy. It is 
interesting to note that the concrete form of the function 
An(x) does not enter into Eqs. (17)-(21), and in this 
sense these equations are just as general as the quasi
linear equations for a homogeneous plasma. It is fur
thermore important that although the beam produces 
only quasiparticles with phase velocity u < v0 , the dif
fusion coefficient D differs from zero also when v > v0 , 

i.e., the quasilinear relaxation proceeds both in the di
rection v < v0 and in the direction v > v0 • The reason 
for this phenomenon was explained in the Introduction. 

We now change over in (17)-(21) to new variables by 
making the substitutions 

n - f 
!--+-, 

uo 
t--+ -- t, V--+- VoV, U-+ VoU, 

n'rop 

where the quantities f, W, t, v, and u on the right-hand 
side are already dimensionless. With the aid of such a 
substitution, Eqs. ( 17) -(21) are transformed into 

(22) 

&W _ r u&f /fJu 
-=Wu j·----du 

O't u l"v2 - u2 ' 
(23) 

d 1"" ,. -
-[- r u2Jdu+ r ~au]=o (24) dt 2 J J u;3 • 

0 0 

We shall assume that only thermal noise exists in the 
plasma at the initial instant of time. Since the energy 
of this noise is small compared with the beam energy, 
it follows from (24) that 

(at the initial instant of time J""v2 f dv = 1). 
0 

(25) 

The solution of Eqs. (22) and (23) can be represented 
in an easy-to-understand form only for the initial stage 
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of the quasilinear relaxation, so long as the velocity 
spread in the beam is small compared with the initial 
velocity. Introducing in place of u and v the variables 
L\u = u- 1 and L\v = v- 1, and using the condition 
IL\vl, IL\ul << 1, we can write equations (22), (23), (25) 
in the form 

(26) 

(27) 

+oc +oo 

~ 11vfdl1v + ~ W'd!1u = 0. (28) 

Equations (26)-(28) admit of the self-similar solu
tion 

f(l1v, t) = g(£)t-'h, W(11u, t) = h(11), (29) 

where ~ = L\vje/3 and 17 = L\uje/ 3 • Substituting (29) 
and (26)-(28), we get 

(30) 

(31) 

+::~a +x: 

~ sg ds + ~ h d11 = o. (32) 

In terms of the self-similar variables, we can also 
write down the conditions for the conservation of the 
number of particles in the beam: 

(33) 

The boundary conditions for Eqs. (30) and (31) are of 
the form g - 0 as I ~ I - oo and h - hT as 17 - - oo 

(where hT is the dimensionless energy of the thermal 
noise). 

To solve the system (30)-(32), we used the method 
proposed in l 9 1 • This method consists of using the 
small parameter A-\ where A is the logarithmic ratio 
of the final energy of the quasiparticles to their initial 
energy. Since this ratio is very large in cases of prac
tical interest, the quantity A is not sensitive to the final 
energy of the quasiparticle; roughly speaking, A is 
equal to the Coulomb logarithm. 

In order to use the parameter A -l in explicit fashion, 
we write down the solution of (31) in the form 

where 

r(l1) =-~ f dl1' f dg/d£ ds-
21"2 _00 11' ~' l'£- 11' 

The function h( 17) reaches a maximum at the point 71 
= T/o < 0, which is determined from the condition 

f'(l1o) = 0. (34) 

Introducing the notation h( 770 ) = ho, we get 

f(l1o) =ln(ho/hT) ~A~1. (35) 

It is obvious that near the point 17 = T/o 

h(11) = ho exp [1/2f"(11o) (1'] -1']o)2], 

with r" ( 770 ) < 0. Estimating the quantity r"( 170) by 
means of the formula 

If" (11o) 1- f(l1o) /1']o2 =A I 11o2, (36) 

we find that the function h( 71) is significantly different 
from zero only in a very narrow region of values of 71 :4 > 

I (11 -1']o) flloi~A-'h~ 1. (37) 

It can therefore be assumed that 

h = A6(1']- 11o), 

where A is a certain constant. Using this formula, we 
can determine g from (30): 

6<11o, (38) 

s>l1o 

where B is an arbitrary constant. 
The problem now consists of finding A, B, and T/o· 

To this end it is necessary to use the conditions (33), 
(34), and (35). 5 > Introducing the notation 

4y] l11ol'1•= P, Bl11•l= q, _!B __ = r, 
15A 2y2A I 11o I '1, 

we can transform the foregoing conditions into 

.. 2 
q ~ exp[ -p(z + 1)'1•( z --)] dz = 1, 

-1 3 

xexp [- p(z + 1)'1·( z- 2_) J dz- 5 f yz(z + 1)ln(yz + 1-yZj. 
0 

X exp [ - p ( z + 1) 'I, ( z - 2
3 ) J dz} 

and thus determine p, q, and r. A simple investigation 
shows that this system of equations has a unique solu
tion, with p, q, and r positive and of the order of unity. 
Consequently A~ A- 5 73 , B ~ A2 /S, and ITJol ~ A- 2 13 • 

The form of the function g(~) is illustrated qualitatively 
in Fig. 3. 

Since ~ = L\vje/ 3 , it follows from the solution of (38) 
that the dimensionless beam width L\v increases with 

g(E.) 

FIG. 3. The function g(~). 

4> A more detailed investigation, too complicated to report here, 
shows that actually this region is even narrower: l17~17 0 1/11'/o I :::;; A -1. 

The inaccuracy of formula (37) is connected with the fact that the esti
mate (36) is too crude. 

s) As to condition (32), it is the consequence of (34) when All> I. 
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time like t::.. v ~ (t/ A) 213 , and becomes of the order of 
unity when t ~ A ( t is the dimensionless time). The di
mensionless quasiparticle energy 

+oc +» 1 ( t )''• 
) WdL\u= t'") h(TJ)dl] ~A A (39) 
-.x -oo 

also increases with time. But even at the instant t ~A, 
when the beam is already smeared out by an amount on 
the order of unity, the quasiparticle energy remains 
small compared with the initial beam energy, which 
equals Y2 in terms of the dimensionless variables. This 
means that the number of accelerated electrons (with 
v > v0) appearing during the process of quasilinear re
laxation is approximately equal to the number of decel
erated electrons (with v < v0). In this sense, the ob
tained solution differs radically from the corresponding 
solution in a homogeneous plasma. [ 91 

4, REFINEMENT OF CONDITIONS FOR THE 
APPLICABILITY OF THE THEORY 

We have assumed above that the condition for the ap
plicability of the Liouville equations (6) is 

amp I v0 ~ 1, 

i.e., the wavelength of the quasiparticle should be small 
compared with the characteristic dimension of the poten
tial well. In fact, however, the applicability condition 
turns out to be much more stringent. The reason lies 
in the following. When the quasiparticle moves, its 
phase velocity changes in a wide range (from a certain 
minimal value at the bottom of the well to infinity at the 
turning point), so that the quasiparticle interacts with 
the beam electrons only in a small section t::..x of the 
potential well. It follows immediately from relation (11) 
that in the case of a narrow beam (t::..v/v0 << 1)6 > 

L\x ~ a-=.. ~- <{a. VT ( L\V)'f• 

Vo l'e Vo 

On the other hand, in the calculation of the quantity y 
that enters in the right side of the Liouville equation, 
we have used formula (7), which is valid when the inter
val t::..x spans a large number of wavelengths: kt::..x 
~ Wp t::..x/v0 >> 1. It is therefore necessary to use in 
place of (1) the stronger condition 

amp vT ( L\v )'" 
~--=- ~1. 

Vo Vo l'e v0 
(40) 

For a similar reason it is necessary to replace a in 
the inequality (5) by t::..x. Taking furthermore account of 
the fact that in the case of a narrow beam y ~ wp(n'/n) 
x (v0/t::..v)2, we obtain in place of (5) the condition 

awp n' Vo ( Vo )'" 1 --.~-- ~. 
vo n vTl'e L\v 

(41) 

It follows from (40) and (41) that a should satisfy the 
inequalities 

It is clear that if we let t::..v approach 0 in these in
equalities, then these inequalities no longer hold. In 

6>For clarity, we transform here to dimensional variables. 

other words, the very first stage of the quasilinear re
laxation cannot be described by (17) and (18). But if the 
conditions 

Vo v0 a Vo n vT 
--<{-<{----
Wp VT l'e Wr. n' Vo 

(42) 

are satisfied, then (17) and (18) become valid already 
at very small values of t::..v: 

L\v { ( v0 )2 v02 ( awp n')''} -;?max e -~ --; e-'i> --- <{ 1 
Vo aw T VT,2 VT no 

and describe essentially the entire relaxation process. 
We can therefore assume the inequalities (42) to be in
deed the conditions for the applicability of our theory. 

In the derivation of (17) and (18) we have assumed 
that the amplitude of the concentration inhomogeneities 
is bounded from below 

e = L\n I no ~v.2 I vr?. (43) 

It turns out that in the case when the inhomogeneities 
are random, it is necessary to stipulate that this quan
tity be bounded also from above. Indeed, if the inhomo
geneities are random, then the instability increment :Y 
experiences a change from one potential well to the 
other, by an amount t::..y ~ t::..n/no:Y (owing to the fact that 
the value of the concentration at the bottom of the wells 
change in random fashion from well to well). On the 
other hand, in Sec. 2 we have neglected this scatter. 
The latter is valid only if t::..yT << 1. Recognizing that 
T ~ A/y, we obtain the following limitation on the ratio 
t::..n/no: 

e = L\n I no<{ A-1• (44) 

Since A is not too large a quantity (on the order of 10), 
this condition is not too stringent. If it is still not satis
fied, then the relaxation process will proceed in the 
manner described above, but only some of the potential 
wells (those with maximum increment) will contribute 
to the diffusion coefficient, and not all of them. 

It must be emphasized that condition (44) does not 
hold at all in the case of periodic inhomogeneities. 

An interesting feature of the solution obtained in 
Sees. 2 and 3 is that the quasiparticles generated by the 
beam execute oscillations at the very bottoms of the po
tential wells, in regions of width of the order of 
avT/v0 /E <<a. The energy transferred from the beam 
to the quasiparticles is localized precisely in these re
gions, and its exchange density U can be estimated 
from the formula 

(see (39)). Since U can greatly exceed the beam energy 
density mn'v~/2, it is of interest to estimate the charac
teristic time T nl of the nonlinear processes. Using the 
results of [10 - 121, it is easy to show that 

~ ~ ( .!!!._ r mn' vrJ ~ I '!!___ r -1::--~ 1, 
-r vT AU vT ' l'e 

i.e., the influence of the linear processes can be neg
lected. It can thus be assumed that the theory proposed 
in this paper is valid if inequalities (42), (43), and (44) 
are satisfied. The last inequality pertains only to a 
plasma with random inhomogeneities. 
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5. DISCUSSION OF RESULTS 

Let us examine the extent to which it is realistic to 
expect satisfaction of the conditions (42)-(44) in con-

. . t d 'b d . (13 ] crete expenments. In expenmen s escn e 1n 
there were observed in the "Tokamak" streams of 
runaway electrons with energy rs on the order of 105 eV 
and relative concentration n' /r~o on the order of 10-5 

10-6 • The plasma electron temperature T was 102 eV, 
and the electron density was 1013 em -3 • The inequalities 
(42)-(44) then take the form 

4cm, < afl'e < 4(102 -10") em, 10-3 < e < 10-1• 

Assuming somewhat arbitrarily E ~ 10-2, we find that 
the characteristic scale of the inhomogeneities should 
lie in the range between 0.4 and 4 x (10-100) em. This 
seems quite realistic. In the experiments of the type 
described in ( 3 \ dealing with beam injection in a plas
ma, the following values of the beam and plasma par am
eters are standard: rs ~ 103 eV, n'/11o ~ 10-3 , 11o 
~ 1012 cm-3 , and T ~ 10 eV, i.e., the inequalities (42)
(44) take the form 

0.4 em< a!l'"B < 4cm, 10-2 < e < 10-1• 

These conditions are also quite realistic. 
However, one remark is called for here. For a theo

retical description of the experiments of the type de
scribed in ( 31 it is necessary to consider the stationary 
boundary-value problem involving the injection of a 
beam into a plasma half-space. In the case of a homo
geneous plasma, the stationary character of the solu
tion is ensured by the fact that the generation of the 
quasiparticles in the case of two-stream instability is 
compensated by the fact that the quasiparticles drift 
away in the beam direction. ( 141 On the other hand, if 
the plasma is inhomogeneous and inequality (43) is 
satisfied, then the quasiparticles are "trapped" in the 
potential wells and the instability is not offset by the 
drift of the quasiparticles. 7 > Therefore there are no 
stationary quasilinear solutions in the boundary-value 
problem in the presence of concentration inhomogenei
ties satisfying the condition (43). 

On the other hand, if the plasma density changes 
monotonically with the coordinate, then stationary solu
tions are possible, since the quasiparticles produced by 
the beam are not trapped in the volume of the plasma 
(Fig. 4). In the case when the plasma concentration in
creases in the direction of beam motion (Fig. 4a), a 
quasiparticle produced, say, at the point Xo experiences 
a reflection at a certain point x1 and subsequently goes 
off to the wall or is absorbed by the plasma electrons. 
When the quasiparticle moves from Xo to x 11 its phase 
velocity increases to infinity. The same pertains also 
to quasiparticles produced at other points. Therefore 
the quasilinear relaxation must be accompanied by the 
appearance of accelerated electrons. On the other hand, 
if the plasma density decreases in the direction of the 
beam motion (Fig. 4b), then the phase velocity of the 
produced quasiparticles decreases, and no accelerated 
electrons appear. 

The dependence of the appearance of accelerated 

7lThis pertains in particular to potential wells near the plasma 
boundary, where the beam is not yet spread out in energy and the incre
ment is maximal. 

a 

_r ~ 
"• u r "o 

_r ~ 
"• v rc r v0 v 

FIG. 4. Quasilinear relaxation of electron beam in a plasma with 
regularly varying concentration n(x). The cross hatching denotes the 
boundaries of the plasma. The beam is injected into the plasma from 
the left. The dashed lines shows schematically the character of motion of 
the quasiparticles. On the left and on the right are shown the distribu
tion function of the beam electrons on entering the plasma (f0 (v)) and 
on leaving the plasma (f1 (v)). 

electrons on the sign of the concentration gradient can 
be used for an experimental verification of the con
cepts developed in this paper. 
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