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The behavior of the amplitudes and phases of electromagnetic waves at the threshold of appearance of
a new electromagnetic wave (a spectrum of a new order) is considered for the case of scattering by a
transparent diffraction lattice or by the open end of a cylindrical waveguide.

THE anomalous behavior of the amplitudes and phases
of electromagnetic waves when a new mode is produced
was considered in '*? for certain diffraction problems,
and a theory of Wood’s anomalies was developed for a
reflecting diffraction grating. It was shown that the en-
ergy-conservation law makes it possible to determine
the behavior of the phases and amplitudes of the elec-
tromagnetic field near the threshold of occurrence of
the new harmonic. It is easy to see that in the problem
of light scattering by a reflecting diffraction grating,
the appearance of a new harmonic denotes physically
the creation of a diffraction spectrum of higher order.
It has been shown that the creation of the new spectrum
is accompanied by characteristic changes in the ampli-
tudes of the already existing spectra. These character-
istic changes were experimentally observed at the be-
ginning of the century by Wood'?! and are called Wood’s
anomalies. Wood’s anomalies are a typical threshold
effect.

We shall consider below two problems connected with
threshold effects in electrodynamics: Wood’s anomalies
in the diffraction of light by a transparent diffraction
grating, and the diffraction of electromagnetic wave by
the open end of a waveguide.

1. WOOD’S ANOMALIES IN THE DIFFRACTION OF
LIGHT BY A TRANSPARENT DIFFRACTION
GRATING

Let us consider a transparent diffraction grating that
is periodic along the y axis and has a period of arbitra-
ry structure; the coordinate axes are chosen as shown

in the figure, with the x axis perpendicular to the plane
of the figure. Assume that a plane electromagnetic wave
in the form

W = exp {—iks? + ikyy — iot} (1)
is incident on the grating from the upper half-space

x > 0. We assume henceforth that either the electric
field or the magnetic field is directed along the x axis.
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Therefore the quantity ¥ stands for either Ex or Hy.
The remaining components of the field vectors can be
easily expressed in terms of V.

The total field in our problem is a superposition of
waves of the type

U |
2 2

Yt = exp{:tizl/%—(kb—idn) —i—i(k,,—z—:;E)y—imt}, (2)
which diverge upwards and downwards away from the
grating. In formula (2) n is an integer that can be eith-
either positive, negative, or zero. The function ¥, de-
scribes a propagating wave only at definite values of
the number n, satisfying the inequality

An-)<r<g(or).  ©
The inequality (3) is the condition for the existence of
a spectrum of n-th order.

Just as in '}, we shall say that the function ¥, de-
scribes the channel numbered n. If n satisfies the in-
equality (3), i.e., if there exists a spectrum numbered
n, then we shall call the channel open, otherwise the
channel is called closed.

Let us consider a case when an electromagnetic
wave is incident on the grating through channel k. If
this wave is incident from the upper half-space, then it
is described by the function \I'l; . The field on both sides
of the grating can then be described in the form

Wi~ + D) Rt above the grating
Oy = (4)
S LW~ below the grating

n

where the coefficients R, and Ly, are chosen such
as to satisfy the boundary conditions on the grating. The
coefficient Rpk can be naturally called the coefficient
of the transformation of the incident wave of channel k
into a reflected wave of channel n. Accordingly, Ly is
the coefficient of transformation of an incident wave of
channel k into a transmitted wave of channel n. If the
wave is incident on the grating from the lower half-
space, then the field is written in the form

> K. ¥.+ above the grating

n

¥, = (5)
Wyt + X MaW,- below the grating

n
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Let the number of open channels (the number of dif-
fraction spectra) be equal to N. The channels above and
below the grating are assumed to be different. Accord-
ingly, we renumber the channels in such a way that the
index k in formula (4) takes on the values from 1 to N,
and the index k’ in (5) takes on the values from N + 1
to 2N. In the general case the field at infinity can con-
tain converging and diverging waves of all the open
channels, i.e., it can be of the form

O = 2 an®y
( N N " N 2N
! Zuk‘l’k‘ =+ 2 2‘ ahRnh‘Pn*‘-i- 2 E (lenh‘Pn+, z—> 4 oo,
_ { k=1 n=1h=t n=1h=N+1
‘ 2N N 2N (6)
(

R=N+H1 n=N-+ R=N+1 k=1 n=N-+H

If we set up a matrix P of order 2N out of the trans-
formation coefficients R, L, M, and K, namely

R K (7
P= <L M)’ )
then relations (6) can be rewritten in simpler form
N 2N
Zahqfrh + Z Zahpnhwn , 2>+ 00;
(D= n=1 k=1 (8)
2N 2N 2N
_2_ arWrt -+ 2 2 P Wn=, z—>—oco.
R=N-+1 n=N-+1 r={

The matrix P, made up of the coefficients P, de-
scribes completely the diffraction of the waves in the
open channels. The order of the matrix is equal to the
number of open channels 2N. We recall that in the as-
sumed notation each spectrum corresponds to two open
channels (the wave can be radiated either into the upper
or into the lower half-space). Therefore when a new
spectrum appears, the order of the matrix increases by
two.

Let us write down the energy conservation law for
the field (8), taking into account the fact that the compo-
nent of the Poynting vector along the z axis is propor-
tional to ®*3®/9z. Equating the energy fluxes in the
waves traveling to and from the grating, we have

2N 2N
h§1 lar|? =2 anan’ PunPonsn, 9)

ny Ry R=1

where

e I

By virtue of the complete arbitrariness of the coeffi-
cients ag, we can conclude from (9) that

DV Pk P kn = Sk, (11)
or, introducing the matrix
Sun= V%:—Pnh, (12)
we obtain
SV Sk Snre = e (13)
i.e., the matrix S is l:nitary:
S+ =81, (14)

Wit -+ Z 2 M ¥n= 4+ D) 2 apLny Wn=, 25— oo.
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The unitarity condition is in this case the consequence
of the energy conservation law.

Let us assume that the number N of the allowed
spectra increases by unity. This phenomenon can occur,
for example, when the frequency of the waves under con-
sideration increases. When a new spectrum appears,
the number of open channels increases, and the order of
the matrix S consequently increases, as already noted,
by two. The matrix acquires two new rows, numbered
N + 1 and 2N + 2, and two new columns with the same
numbers. Let us examine the behavior of the matrix
elements Sy near the point of appearance of the new
spectrum. At the point of appearance of the new spec-
trum of order N + 1, the quantity

2 9 2
%N+1=’K2N+2:V?—2_[ku_7n(]v+ 1)] (15)
vanishes, and the quantity k), is small near this
point. We can therefore represent the matrix S, accu-
rate to terms linear in kp, ,, in the form

S = So + axn+1, (16)

where a is a matrix to be determined. To determine a,
we used the unitarity of the matrix S, which is written
near threshold in the form

S§+S = (So+ — ia*|un41]) (So + ia]xyu1|) = 1below the threshold
S+S = Sp+So = 1 at the threshold 17)
S+§ = (S¢* + atnn41) (So + axy41) + Buny =1 above the
threshold
The matrix B is defined by the equation
1
= Pty i+ Para, i Pivan, ) (18)

The indices i and j cannot assume values correspond-
ing to the newly opened channel, i.e., the values N + 1
and 2N + 2.

With the aid of simple calculations, we obtain the fol-
lowing expression for the unknown matrix a:

a = —1/,80B. (19)
We recall that the order of the matrix S, is 2N. Sub-
stituting this relation in (16), we get
S =8,— 2—l|uN+1 |SsB below the threshold

S = Se — Ymn1+1SeB  above the threshold

The result (20) signifies that, generally speaking, when
a spectrum of new order appears, the amplitudes in all
the previously opened channels acquire a root singular-
ity of the form

A+BV———[k —A—(N+1)] (21)
where the coefficients A and B depend on the grating
parameters and on the number of the channel. The co-
efficients A and B are complex numbers and relation
(21) describes the behavior near threshold of both the
amplitudes and the phase of the wave in the open chan-
nel. The amplitude of the wave is then determined by
the absolute magnitude of (21), and is equal to
' Re 4B*

T (22)

[A]+ w41

The phase of the wave in the open channel near the
threshold of appearance of the new spectrum is given by
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tro — »Ilili . Im AB*
EP= Red ™ (Red)z”
Formulas (22) and (23) are valid above the threshold of
the appearance of the new spectrum. Below the thresh-
old, the amplitude of the wave in the existing channels

can be written in the form

(23)

Im AB*

|A|+[KN+1|—|'A—I‘—7 (24)
and the phase is given by
Im A Re AB*
=4 TIxenlRE (25)

We note that the foregoing calculations are closely con-
nected with those employed in the theory of threshold
nuclear reactions.!®!

2. DIFFRACTION OF ELECTROMAGNETIC WAVE
FROM THE OPEN END OF A WAVEGUIDE

We shall consider below the incidence of an electro-
magnetic wave on the open end of a waveguide. For
simplicity we confine ourselves to the case of a cylin-
drical semi-infinite waveguide with infinitesimally thin
ideally conducting walls. As is well known, the natural
modes in a cylindrical single-connected waveguide are
either of the electric type or of the magnetic type, de-
pending on which field component along the z axis
(which is parallel to the waveguide generatrix) differs
from zero.'*) When E; # 0 we have E waves, and when
when H; # 0 we have H waves.

Assume that a wave propagates from the interior of
the waveguide to an open end. The field inside the wave-
guide can be written with the aid of two Hertz vectors—
electric I1 and magnetic II:f%!

O=1L =1L+ 2 L ¥, =TI, =

ut

DM Tt (26)
Rk

By an and ﬁ:rtn we denote here the Hertz vectors of
the electric and magnetic modes that can propagate in
the waveguide of a given cross section:

% = Wa(z, y)exitnr, ﬁmi=\l~jm($y y)eim"‘z§ (27)

¥, and ¥ are the solutions of the corresponding
boundary-value problems, and h, and h,, are the
propagation constants of the electric and magnetic
waves. We shall assume the functions ¥, and ¥, to
be normalized in such a way that the energy flux car-
ried through the waveguide cross section is equal to
the propagation of hy (and accordingly hp,). The index
n should be taken to mean the set of indices defining the
eigenfunction. The electric and magnetic fields in the
waveguide are determined in terms of I and II in the
well-known manner:

E 1 o211 1 0 _
=~ aae oo
1 I 1 @I
H=—rot— ————. (28)
ot e oop

The expression for the field in the waveguide in the
form (26) has the following physical meaning. The first
term in the expression for the electric Hertz vector de-
scribes an E wave that travels from the interior of the

waveguide to its open end. Upon striking the open end,
this wave is partially reflected and is transformed into
other electric and magnetic modes that travel from the
open end to the interior of the waveguide. The sum over
m in expression (26) for II describes just the E waves
that travel to the interior of the wave guide. The num-
bers Lpyn denote the coefficients of transformation of
the n-th incident E wave into the m-th reflected E wave.
The vector II describes H waves. The quantity My is
the coefficient of transformation of the n-th incident
E wave into the k-th reflected H wave.

We now write the field outside the waveguide at large
distances R from the open end:

gikR

II=F,(9¢) —,
(0, 9) R

(29)

eihR

ﬁ:Fﬂ(ﬁ,m)Y,

where the functions Fj, and Fj, are determined by the
number of the incident E waves.

If an H wave is incident on the open end of the wave-
guide from its interior, the field can be written in the
form

H= ZN,.;JI,.’*’, fI= ﬁh_-}- ERS}; ﬁs+, (30)
where Ny is the coefficient of transformation of the
incident H wave numbered k into the reflected E wave
numbered n, and Rgy is the coefficient of transforma-
tion of the incident H wave numbered k into the re-
flected H wave numbered s. The fields outside the
waveguide (as R — ) are given by

gikR eikR

R = ®(9, ¢) & 31)

II= ®.(8,¢)

The functions &y and &y are determined by the num-
ber of the incident H wave.

We now consider the general case, when an arbitrary
superposition of electric and magnetic waves propagates
from the interior of the waveguide towards its open end:

II-= E a1, ﬁ_ = Z Brllr=. (32)

the total field inside the waveguide can be written in the
form

II= 2 aan‘ + Z GannHm+ + Z ﬂthhHm+y
n k,m

n,m

D anMen I+ D) prRan T+, (33)

I = D\ palli—+
13 n,s ks
If we consider the field inside the waveguide, far from
its open end, then the summation in (33) extends only
over the open channels.
We also write down the field outside the waveguide,

at large distances from the open end:

T=(3 et ma)k>¥,
n k (34)

gikR

o= <"Zanf'n+‘k213@h> 7

Formulas (33) and (34) can be simplified. Let there be
N, open electric channels and N, open magnetic chan-
nels. We introduce a matrix P of order N, + Nz, de-



98

fined in the following manner:

LN
= . 35
P=(u'n) (35)
Obviously
Pip =Ly (i, k < Ny);
Pi, nir = Nun (t << Ny, k<< No);
, (36)
Pyi,n= Mgp (i << Noy k<< Ny);
Py, Noah = Rin (i, k < N»).
We also put
Br = ann (k << Ny);
= 37
Dp = Fnth, DOn = Fnin, Fn= hngn (37)

Then the law of conservation of the electromagnetic en-
ergy assumes the form

S lan|2ha
n

* . 4 »
= 3 [p,,,,, P b+ bt § (F.F

my ny n’

+ FoFn)sin? ﬂdQ] . (38)
The summation over all the indices is from 1 to N;
+ N,. The left side of (38) describes the energy flux of
the incident waves. The right side of (38) is the sum of
the energy fluxes of the respective waves and of the en-
ergy that goes out to the open space (the integral over
all angles dQ2).

In view of the arbitrariness of the coefficients ap,
we get from (38)
¢kt

EsmnS'm‘n' = 6rm’ —_
m 81t Yhnhn:

[(FuF o + FuF)sin? 040, (39)

where

hm
Smn == .Vh_npmn' (40)
The matrix Sy introduced in this manner is symmet-
rical, as can be readily shown by using the reciprocity
theorem. Relation (39), which follows from the energy
conservation law, does not reduce in this case to the
condition for the unitarity of the matrix S, since part
of the energy goes out to the open space.

Let us examine the behavior of the elements S, at
the threshold of appearance of the new channel (it is im-
material whether it is electric or magnetic). Let the
propagation constant of the wave in the new channel be
k. Near the threshold of the new channel we assume, as
usual, that « is the small quantity and confine ourselves
to relations of order not higher than the first in k. We
write relation (39) in the form

SS+=1—, (41)
where

(Dnn'= L p—
8 Vhnhy,

§ (FuFr + FoFr)sin? 0. (42)

Near the threshold of the new channel, the following re-
lations hold: below the threshold
S = So + ia|x|,
(43)

Fn = Fno+ iyn|x|, Fo = Fno+ iyn|xl;

B. M. BOLOTOVSKIi and K. I.
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at the threshold

S = Sy, Py = Frpy, Frn = Fag; (44)
and above the threshold
S:S0+0K, Fn:Fﬂ0+YTIMy F7z:Fn0+'Vn%- (45)

If the values of F; and }:n below the threshold, given
in formula (43), are substituted in formula (42), then
we obtain

® = O, +i|x|4 below the threshold (46)
where

c Kk
81t Yhnhy

*

Apnr = § (Frooyn — Fusym + i — Fuqr)sin? 049, (47)

We note that the matrix A is anti-Hermitian, i.e.,
AT = —A,

We now write the expansion in terms of « for the
matrix & above the threshold. From (42) and (45) we
get

® = @, +xl above the threshold (48)
where

Hnn’

ck*

= W S (F:L’()Yn + Frgyn'" + Frno¥n 4+ Froyn-")sin? 9 dQ.

(49)
From (49) we see that H is a Hermitian matrix.

The obtained relations enable us to write down the
electromagnetic-energy conservation law (41) near the
threshold of the new channel:

(So + ialx%j) (So+ — iat|x]|) =1 — ®y; — i4d|x| below the threshold

SeSot = 1 — @y at the threshold
(So + ax) (So* + a*n) + Bx =1 — ®, — H»  above the threshold
(50)
where
By = ——— Py, iP;:, By (51)

itk
and N denotes the number of the channel. From (50)
we obtain two relations
Soat — aSet = A,
S0a+ + llSo+ = —B—H. (52)

Adding and subtracting these two equations, we obtain
Soat = 1fy(A — B — H),
aSot = —1,(4 4+ B + H).

(53)

Recognizing that B and H are Hermitian matrices, and
A is anti-Hermitian, we can show that one of the rela-
tions (53) is the consequence of the other. From (53) we
obtain

@ = —2(4 + B+ H) (S)*. (54)

Substituting this value of a in formulas (43) and (45)
and taking (40) into account, we obtain the law of the be-
havior of the transformation coefficients Pp,, near the
threshold of appearance of the new mode.

Let us estimate the relative order of magnitude of
the threshold anomalies. To this end we note that the
matrix S defined by formula (12) is symmetrical, as
can be readily shown with the aid of the reciprocity the-
orem. Taking the symmetry of the S matrix into ac-
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count, expression (19) can be rewritten in the form

11 Pyyt,iPnian o Py, iPonyz,n o+
aip = — | ——————Prpt, N1 + ———————Pny1, 2842
2 Voeinn Varea
Pyyio, iPaniz,n Ponyo, PNyt e ¢
+ ————"—Pony2, 2nt2 + ————"—Pin4s, N+1] . (19a)

Vrirn Vrirn

To estimate the value of ajk, it is necessary to know
the order of magnitude of the coefficients Pj; that de-
termine the transformation of the waves in the newly
opened channels numbered N + 1 and 2N + 2,

To estimate the transformation coefficients P, we
shall use the exact solution of the problem of diffrac-
tion of an electromagnetic wave that is normally inci-
dent on a plane grating made up of ideally conducting
ribbons. It is assumed here that the width of the slits
is equal to the width of the ribbons. Obviously, the ex-
act solution of such a problem®®! gives expressions for
the transformation coefficients P,,. Knowing these ex-
pressions, we can determine the form of the threshold
singularities by-expanding Py in powers of ky,, at the
threshold of currents of the new channel. In particular,
in the case of a first-order spectrum, the coefficient
Py, as follows from the exact formulas, behaves in the
following manner:

|Poo| =1 — 2%/ k,
and the coefficient P, can be written in the form
|Po| = V2(1 — 1 [ B).

It is seen from these formulas that in the region 2n

< kd < 47 (i.e., near the threshold for the first-order
spectrum) the magnitude of the threshold anomaly is of
the same order as the first term of the expansion,
which does not depend on k,. From the exact formulas
it is also seen that the relative magnitude of the anom-
aly in the behavior of the coefficient |Py,| decreases
with increasing order of the occurring spectrum. In ad-
dition, P, decreases in inverse proportion to n at
high frequencies.

The problem of diffraction by a grating has not yet
found an exact solution capable of giving the complete
matrix of the transformation coefficients Pijk. The val-
ue of Pjx can be estimated with the aid of the Kirch-
hoff approximation. This yields

Pik ~ (i —_ k)_i
at a sufficiently large difference i —k. Therefore the
first coefficient in (20), which gives the behavior of the
matrix coefficients at the threshold, is proportional to
@ —k)'l, and the coefficient of k., is proportional to

(N+1—i)"'(N +1—-k)™". These rough estimates can_
give an idea of the relative magnitude of the threshold

anomaly of the coefficient Pjk. It must be remembered,
however, that all this reasoning does not apply to dif-
fraction by a grating having a more complicated profile.
The magnitude of the anomalies depend strongly on the
profile of the grating.

Let us consider now the question of the useful infor-
mation that can be extracted by observing threshold
anomalies. We note first that, as a rule, diffraction
problems cannot be solved exactly and quantitative re-
sults are obtained mostly with the aid of electronic com-
puters. Knowledge of the law governing the threshold
anomalies facilitates the calculations. Indeed, since all
the coefficients Pjk have near the threshold the form
A + Bk, it is sufficient to determine the two constants
A and B in order to ascertain the behavior of the am-
plitudes and phases of the waves near the threshold.

In addition to this circumstance, we note also the
following. The matrix ajx (19), which contains the co-
efficients of « in the expressions for Sji, is deter-
mined only by the coefficients of transformations from
the existing channels to the newly created ones (see
formula (19a)). By measuring the threshold anomalies
of the transformation coefficients in the ‘‘old’’ chan-
nels, we can determine with the aid of formulas (20),
(19), and (19a) all the coefficients of wave transforma-
tion from the ‘‘old’’ channels into the ‘‘new’’ ones.
Conversely, knowing all the transformation coefficients
between the ‘“old’’ and ‘‘new’’ channels, we can deter-
mine the threshold anomalies in the ‘“old’’ channels.
(The entire reasoning is applicable also to a wave-
guide.) The symmetry of the matrix S also reduces the
number of measurements.
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