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The amplitude and polarization of a photon echo in a gaseous medium are determined for various atomic
transitions and for the case of linear or circular polarization of the light pulses. It is proved that for
atomic transitions involving a change of the total momentum 0 =1 and 1 — 1, the photon echo has the
polarization of the second pulse. If the light pulses are linearly polarized the photon-echo amplitude is
proportional to cos y, where ¢ is the angle between the polarization vectors of the pulses. The photon-
echo intensity for the J, = l/2 — J, = Y, atomic transition is independent of angle ¢ and the polarization
vector of the photon echo makes an angle 2y with the polarization direction of the first pulse.

PHOTO echo was observed recently in a gas medium
by transmitting two pulses of light with wavelength A

= 10.6 u from a CO, laser through SFg gas."™™ The quan-
tum-mechanical transition that is resonant to the 10.6 p
wavelength is J, = J+ 1 — J, = J between two excited
rotational levels of the SFg molecules with angular mo-
menta J, and J,, respectively. The numerical value of

J was not determined exactly. Owing to the Boltzmann
factor, only 1/300th of the total number of the SF; mol-
ecules, whose density was 5 x10** cm™, took part in the
echo formation. The obtained phenomenon was used by
the authors to determine experimentally the collision
width of the excited level as a function of the pressure
and of the presence of impurity gases. It was estab-
lished that, unlike the photon echo in ruby, 3! the po-
larization of photon echo in gas coincides with the po-
larization of the second signal, and the echo intensity
depends on the angle y between the polarization vectors
of the transmitted light pulses approximately like cos®y.

In the present article we present a theoretical inves-
tigation of the polarization effects of the photon echo in
a gas. It is shown that for quantum-mechanical transi-
tions with total angular-momentum change 0 <=1 and
1 — 1, the polarization and the amplitude of the photon
echo agree with the experimental data of ', If the first
and second signals are respectively linearly and circu-
larly polarized (or vice versa), then the photon-echo po-
larization coincides with the polarization of the second
signal. If the two transmitted signals are circularly po-
larized, then the photon echo is produced only when the
directions of rotation of the electric field vectors of
both signals are the same. Thus, our investigation leads
to the conclusion that for the indicated atomic transi-
tions the photon echo in a gas medium has the same po-
larization as the second signal.

The foregoing rule does not hold for photon echo on
the atomic transition J, = %, — J, = ,. A distinguishing
feature of this transition leads to the fact that the reso-
nant linearly-polarized wave breaks up into right- and
left-polarized circular waves, which propagate indepen-
dently of each other. At the same time, any two linearly
polarized waves are mutually dependent in such a medi-
um. As a result, a linearly polarized pulse following a
circular pulse produces a photon echo with circular po-
larization, a factor of importance for an experimental

identification of the echo.

An analogous singularity of the propagation of right-
and left-polarized waves is observed also in ruby placed
in a magnetic field. At low temperature, the atomic
transitions with change of projection M of the total an-
gular momentum

A(M = —')2) > 2E(E) (M = —')2), *A2 (M = '[z) - 2E(E) (M ="]»),

form in ruby two independent two-level subsystems
without degeneracy; the first of them interacts only
with the right-polarized wave, and the second with the
left-polarized wave.™ The independence of the propa-
gation of the circular waves in ruby leads to a specific
rotation of the photon-echo polarization by an angle 2y
relative to the polarization of the first pulse. Unlike in
ruby, the energy levels with total angular momentum 1/2
in a gas are doubly degenerate. Nonetheless, the photon-
echo polarization in the gas is also rotated through an
angle 2y in the atomic transition %, — Y,. If the gas is
placed, like the ruby, in a magnetic field, then the po-
larization effects of the photon echo will be quite dif-
ferent in these two media.

In photon-echo polarization in a gas, allowance for
the level degeneracy is a fundamentally essential fac-
tor, for in the case of dipole transitions 1 or 2 of the
working levels are degenerate. Therefore, the methodo-
logical approach to the investigation of photon echo,
proposed in ! for two-level systems without degeneracy,
cannot be applied to gases without any stipulation. In
particular, the intuitive interpretation is lost. The con-
cepts of 90 and 180° pulses, which are borrowed from
spin echo,'™ lose their distinct meaning in the case of
photon echo in a gas medium, if the time of reversible
relaxation is small compared with the time duration of
the light pulses, as was the case in the experiment of 1.

1. FUNDAMENTAL EQUATIONS

As the fundamental equations we take

Od, — —[ffg avSpla
[+

and the quantum-mechanical equation for the density
matrix, in terms of which the polarization current I,
is expressed. The vector potential A, and the current
I, are written in the form

(1)
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@)
®3)

Aq = aqexpli(kr — ot + @)],
« = jeexp[i(kr — ot + @)],

where ay and jo are slowly-varying amplitudes, and
the phase @ is real and constant. An important role is
played in the problem only by the phase difference between
Ay and Iy, which we refer to jo. The equations for the
amplitudes without the relaxation terms are of the form®

(4)
(5)

i) 9 .
(Gt g e = 20§ v
o .\, ,.3
<5[~-+-Lkv>]a+lz(2]2+1)YCZN0tﬁaﬁ=01

a i, .
E[\‘uﬂ + TC(aU Jo — /0+au) TocB

(6)

+ lec—(acr‘Taﬂ].a — jptTasts) = 0,

where
Ja = — i‘-‘-’ORumd:H’ exp [i((‘)t —kr— (D)],

. B
Nog = p2Tap — p1*B, Top = dumdmaw”dhj"z’

P2 = Oup, 0% = duma.omm'dr%‘u'/ldhl’lzi
v = 4|d; 2|2 [ 3(2]2 + 1) Aix3.

Here py ' and pmm- are density matrices describing
the quantum-mechanical state of the atom on the upper
and lower degenerate levels with total angular momenta
J. and J,, respectively; Ry is the density matrix de-
scribing the transitions between the indicated working

levels, and dﬁm’ dgz are the dipole and the reduced di-
1

pole moments of this transition; y is the probability of
spontaneous emission of a quantum hw, per unit time
for a separate isolated atom. The term k. v takes into
account the Doppler variation of the frequency when the
atom moves with velocity v. The frequency w of the
electromagnetic field coincides with the frequency w,
of the atomic transition x = ¢/w. For the different
atomic transitions we obtain
a) forr,=J—>J1=1J
JpJa
Top = 707 T 1 75
T+ 1) 21+ 1)k
b) forl,=J—>1=7+1

(2T + 3) heapySy + 2(J 4 1)21260p — (Jad g + T )
2(/ 1) (2T +1) (27 3)A2 ’

c) forr,=741>7=17J

Top =

o =T+ D) heayy + 2(J + 1) h2bap — (JuSp + Jp/)
* 2(7 4+ 1) (27 +1) (27 + 3) 12
We write out the initial conditions for Eqs. (4)-(6):
(7)
(8)

ae(r, 0) = ju(r, 0) = 0,
Nog(r, 0) = [no/ (212 + 1) — i/ (271 + 1) 1fTap,

where n, and n, is the total number of atoms at the upper
and lower levels respectively at the initial time t = 0,
and

f= (1 nud) exp (—v?/u?)

DSummation over repeated vector and matrix indices is implied. The
matrix index is chosen to be the projection of the total angular momentum
of the upper level.
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is the Maxwell distribution function; u is the thermal
velocity of the atom.

2. ECHO ON ATOMIC TRANSITION WITH ONE DE-
GENERATE LEVEL

Let us consider the simplest variant

Jo=0->Ji=1, Top= ap/3,

for which all the investigated formulas are quite simple.
Let the transmitted pulses propagate along the Z axis.
The first pulse, which is linearly polarized along the X
axis, is incident on the boundary z = 0 of the medium at
the instant t = 0. The reaction of the resonant medium
on the transmitted pulses will be neglected. We then
have from (5)-(8) in the region 0=t-z/c =T,

. _ 2 __ychNof{kv _ ( z)]
]1<t 7,\— o E[i cos Q| ¢ -

+isin91(t——-i—>} ,

je(t—z/lc) =0, No=ny—n;/3,

N“<t—ic>=l\;if 1—22‘:2{1—(:%91(.*.—%)}}, (10)

N22<t_%>= N:;f‘{1 —%[1—005 Qa(t——ic)]}, (11)
(12)

Q2 = (kv)2+ vyia?/ f.
where T, is the time duration of the first pulse, and the
remaining components of the tensor N5 vanish.
According to (4), the polarization current (9) induces
a field a,, which assumes the largest value near the
boundary z = [ of the gas medium:

2 —& si 2 2) '
ap =T NoaralyT, § =2 e+ ) W
) ®+enn

t—z/c=T,

©)

N3z = Ny,

00

de,
(13)

In order to be able to neglect the reaction of the me-
dium on the transmitted pulse, it is necessary to have

(14)

For gaseous media, this inequality is readily satisfied
as a result of the small excess population N,, since
usually the two working levels are excited and their ex-
cess population is due to the Boltzmann distribution of
the particles over the levels. For example, for the pa-
rameters of the experiments of ‘! we obtain

To=1/ku, e2 = yxaT2/h.

ap/a< 1.

NoR2yTy ~ 1073,

where y = 107 sec™ is taken from .

The solution of (5) and (6) in the region T, <t-2z/c,
after the passage of the first pulse, obtained by putting
ag = 0. As a result we find that the current (3) is di-
rected along the X axis

Lt—Ty—z/¢) = ji(T1) exp {i[o(z/c —t) —kv(t—=Ti—z/¢c) + @]},

(15)
and the tensor Ngg is given by

Nop = Neg(T)), (16)

where j,(T,) and Nyg(T,) are the functions (9)-(12)

taken at the instant of time t = T, + z/c. Here &, is the
constant phase of the first pulse in the form (2).
After passage of the first pulse, the polarization cur-
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rent (15) of the group of molecules moving with velocity
v differs from zero in all the subsequent instants of
time. Yet the average polarization current, in the right
side of Eq. (1), attenuates exponentially as a result of
the Doppler dephasing.

The polarization current (15) induces an electromag-
netic field whose order of magnitude is given by (13).
This field, however, attenuates exponentially in the re-
gion T, <t-z/c,

exp[—(t—T1—z/¢)? ] 4Te%].

Thus, the initial rectangular electromagnetic pulse with
a time duration T, is followed by an exponentially
damped ‘“tail’’ of duration T, (usually T, < T,). This
‘4ail’’ produces in turn, in the region

W<t—z/cST1+To

an additional polarization current, which is much
smaller than the main current (15), if the inequality
(14) is satisfied.

At the instant t = 7, a second pulse with amplitude b
and time duration T, is seen along the Z axis; its polar-
ization vector makes an angle y with the polarization of
the first pulse. The vector potential and the current I in
the region 7 <t -z /c will be represented in the form

)
(18)

We rotate the coordinate system around the Z axis
so that the X axis coincides with the polarization vector
of the second pulse. In the rotated coordinate system,
Egs. (4)-(6) remain unchanged, and the initial conditions
are obtained from (15) and (16) by means of the rotation
transformation at the instant of timet = 7+z/c. As a
result we get

Aq = baexpli(kr — ot + @3)],
I, = joexp[i(kr — ot + @) ].

z . y#b? [ ( z ﬂ
i . _——) = * W — — t._ -_——
]1<t T c) = j1*(T1)cos § ST 1 — cos Q T

xexp {i{kv(t — T1)— @1 + G} (19)
j2<t——‘r-—~-§—>=]',(Ti)sin\b{C()SQg(t—t—-ci)
—ilg;zsin92<t—r—%>]cxp{i[@,——@z
—~21—kv<t+1:—2T1~(—‘:->}} i%
S¢Vof sin 2 (1 — cos QuT) <in Q( I—x —j> (20)

Q2 = (kv)24-yx82/h, 1<t—z/c<t1+ T,

where j¥(T,) is the complex-conjugate current (9) at the
instant t = T, + z/c. Expression (20) is exact, and in (19)
we have retained only the terms that contribute to the
echo. In the region 7+ T, <t -2z/c, the solution of (5)
with ay = 0 is given by

jalt —t— T2 —2z/c) == ja(T2) exp {i[D: — o (v + T2)

—kv(t—T1—Ts—2/ )]}, (21)

where j,(T,) is the current of polarization of (19) and
(20)att = 7+ T+ z/c.

As seen from (21), (19), and (4), a photon echo having
the polarization of the second pulse is produced and its
amplitude of the echo is proportional to cos . We write
out the polarization current of the right side of (1),
which is responsible for the echo:

1141
- y2K2cab2N, _ 1 — cos QT [,kL o
S dvl= —Tcosw S dvf-—ajgz—z— o (1 —cos QiTy)
—isinQiTl}exp!i[m (i—t>
{ \ ¢
—kV<t—2t+T,—T2—TZ)—CD1+2(Dz]}. (22)

With the aid of (1) and (22) we obtain the vector poten-
tial A(z, t) of the photon echo outside a gaseous medium
of dimension I:

Az, 1) = i2and § vl 23)

The complexity of the expression for the current I does
not make it possible to evaluate (22) in analytic form.
To calculate this integral, it is necessary to use the pa-
rameters of a concrete experiment. In the particular
case when

T2 = (ku)2<<vyka?/h, (ku)2<<yib%/h (24)

the expression (23) for the vector potential of the photon
echo simplifies to:*

Az, t)= — ;(hxy) "%INg cos v sin @47y (1 — cos QuT5)
(t—2v4 T, — T, —z/c)? . z _
xexp {~ AT +ilo(%—1) q>1+2cl)2}}(25)

As follows from (22) and (25), the concepts of 90° and
180° pulses have a definite meaning in a gaseous medium
only in the particular case (24), when the quantity k-v
in the frequencies 2, and 2, can be neglected. If the
pulse duration is larger than or equal to the time of the
reversible relaxation T, = 1/ku, then Q,T, and ,T, de-
pends significantly on the velocities of the atoms, and
the concepts of 90° and 180° pulses become arbitrary.

The vector potential of the photon echo (23) or (25)
gives rise to an increment of the polarization current
(22). This increment can be estimated from formula
(9), assuming approximately that the photon echo is a
rectangular pulse with a time duration T,. It turns out
that the addition caused by the photon-echo field is
smaller than the main current (22) if T, < T,. How-
ever, conservation of this addition leads to the occur-
rence of a second echo.

It is easy to show that the polarizations of the second
signal and of the photon echo will be the same, as before,
also in the case when the inequality (14) is not satisfied
and it is necessary to take into account the reaction of
the medium on the transmitted electromagnetic signals.
However, this results in a complicated nonlinear equa-
tion for the echo amplitude.

All the final results for the atomic transition J, =1
— J, = 0 are obtained from the preceding formulas
(22)-(25) by making the substitutions

y—3y, No—>n2/3—nu

3. ECHO ON ATOMIC TRANSITION WITH TWO DE-
GENERATE LEVELS

In view of the complexity of the formulas, we shall
solve Egs. (4)—(6) for the particular case J, =1 —J,

2)The characteristic exponential factor (25) of the photon echo was
obtained in a different manner in [®7], without allowance for the de-
generacy of the working levels. Allowance for the degeneracy changes
the numerical values of 2, and £, and of the pre-exponential factor.
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= 1. In this approximation we obtain in lieu of (9)-(12)

yr')m(nz—-n,)]{ [1_ ( _ z)]
~Teom g cos (¢ -

+isin§2,<t—~z~>}]1.7a

i ==

(26)

SCE LTI TP T
ap = —_ - t—— J Ja, ( )
N 1 1872 1 2h912 1 COSQ‘ z 1

. —ng)f SyRatr, ( _.i>]} i (28)
N = = 18&2 {1 4h912[1 cos Qu( t—— Jode, (
o=12 0<t—z/c<Ty; Q= (kv)2+ 3yRa®/2h,

where we use the relation J3, = §,, and all the physical
quantities have been defined above. The other compo-
nents of Nyg are not needed in explicit form.

The solution in the region T, =<t -z/c will be obtained
in analogy with (15) and (16) by using (26)-(28) as the

initial conditions, taken at the instant of time t = T, + z/c.

After turning on the second pulse (17), it is convenient
to change over to a coordinate system with the X axis
along the polarization vector of this pulse. In this case,
besides transforming the tensors, it is necessary to re-
write the angular-momentum operators in a new repre-
sentation, connected with the rotated coordinate system.
As a result we obtain

(%4_ ikv ),‘, + ii’- yeRbNy, = 0, (29)

]

—6?N“ +i—r 67'13 (o 2+ T2 — 21117 2) =0, (30)

j1(0) = ]oe-'“’(ilz cos P + JoJ, sin b)),
Niu(0) = B2+ Byaly, @= Do — @ +kv(v — T1),

where j, is the factor of the matrix (26) taken at the in-
stant t = T, + z/c, and B, and B; are certain constants
which are of no importance for the formation of the
photon echo. Unlike the preceding gaseous medium
with one degenerate level, the equation for j,(t-7-2/c)
contains in this case the inhomogeneity

9
(i 4 ikv) ot i ¥eRD Ny = 0,

7 (31)

a
b 1V21+l -71 jo = 6713 ——(2jit — j1) JuJa, (32)

72(0) = joe~®(J2 sin ¢ + S cosp), Na(0) = Difa? + Dol
where D, and D, are inessential constants. According
to these equations, the diagonal matrix elements of the
current j, are connected with the off-diagonal elements
of the current j,. In other words, the diagonal elements
of j, and j, are independent. Therefore the trace of j, is
given by

Spjz = ¢1 + caexp (—ig),
where c, and c; do not contain ¢. Consequently, the cur-
rent j, makes no contribution to the photon echo, which
therefore acquires the polarization of the second pulse.

The final form of the polarization current producing the
photon echo is given by (3):
VRb? (1 — cos QaT5) -

z
11<t—r— Ty— *) —]{"(Ti)COSW 4fLQ ry
X {i[m(z —t)
exp -
—kv<t—21:+‘T1—Tz-—ic>-®1+2q)z]}y
Q)2 = (kv)2 + Bynb2/2,
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where j;(T,) is the Hermitian conjugate of the current

(26), taken at the instantt = 7+ T, for & = 1. A physi-
cally meaningful quantity is
deSpIi(Z—T—Tz——Z/c). (33)

1t is easy to see that expression (33) coincides with for-
mula (22), if we make in the latter the substitutions

y—>3v/2, No—2(ng—my)/3.

4. PHOTON ECHO WITH CIRCULAR POLARIZATION

For concreteness, we consider the atomic transition
Jz =1 —J, = 0. We represent the current j, in the form
of a superposition of right- and left-polarized compo-
nents

Jo=liaj+ +1lof-, Ll =1
Let the first signal have a right-circular polarization
Ao = Lyaa exp [i(kz — ot 4 @) ].

We then obtain from (5)-(8)

a 2
(7{ -+ ikv >j+ + iTZ—ychN_+ =0,

a . . 2a . .
77?]\‘++Lﬁ%(]+_]+ )=0,
J(2,0) =0, N_(2,0)=(ns/3 — ny)f = Nof, (34)
a 3
(E-l-ikv)j_—i—i—[:ycxaNH:O,
a . La .
—BZAH_{_L?{E]_—O’
jo(z,0) =0, Nyi(z,0) = 0. (35)

We write out immediately the solution in the region

T\ <t—zjc, (ku)2<<3yka®/h= Q2

after the passage of the first pulse

I, = —it)4(3hyk) %cfNo sin Qi T exp {ilo(z/c —t)
—kv (t-——Tl ——Z/C) +€D1]},
N_+ = Nof cos 91T1, N.‘—: —ch sinz(QlT, /2),
I_—N_ =Ny =0.

If the second pulse has the same polarization
Ag = Ligbexpli(kz — ot + @)1,

then the equations and initial conditions of (35) remain
in force, and in lieu of (34) we get

N_(0) = Nof cos T,

7+ (0) = —it/u(3hyX) acfNosin Qi T1e~i0. (36)
We see that in the region
r<t—z/e<<t+ Ty (37)

the polarization current j, is expressed in the form of
a linear combination of sin ¢ and cos ¢. This means
that the current j, will contain terms proportional both
to e~1¥ and to el®. The latter term leads to the occur-
rence of the photon echo.

If the first signal is right-polarized and the second
is left-polarized, then the term with the phase factor
el® can occur, in principle only in a current j, satisfy-
ing in the region (37) the equations
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7} .3 .
<W+ikv>j++l74 yeRbN__ =0,
7}

b
ﬁt—N__—l_ l*ﬁzh =0,

with initial condition N__(0) = 0 and (36). In fact, we ob-
tain

jr(t—1—2z/c) ~ e-io,

Consequently, left-polarized second signal produces no
photon echo.

Other variants, for example pulses with linear and
circular polarizations, can be investigated analogously.
In each case, the photon echo on the atomic transitions

<=1 and 1 — 1 has the polarization of the second sig-
nal.

5. ECHO ON ATOMIC TRANSITION J, = Y, —J, = ¥,

The atomic transition J, = %, — J, =, is distin-
guished from all others in that it leads to a resolution
of a linearly polarized wave into independent circular
waves with right and left polarizations. Therefore it is
convenient to solve the photon-echo problem in this case
in terms of circular waves. The amplitude ay of a lin-
early polarized first pulse (2) and the current j, will be
written in the form

g = liaas + l—aa—,
Ja= Lyojy + laj,
a . J++ 0
T ”_qu ) ’
The matrix-element indices plus and minus denote
upper-level momentum projections +’/z and - ’/2, re-
spectively. It follows from (5) and (6) that the off-diag-
onal matrix elements of the currents j, and j_ comprise
a system of mutually coupled equations. At the same
time, the diagonal matrix elements form two independent
systems of equations for the right-circularly polarized
wave:

. 0 .7+~)
Jo=( " :
0j-

I iy )i 4l - 38
(7??+lkv>]H.+LE—yc7\a+NH-——0, (38)
] 2 . -
a7 Ve + i%(%'lﬁ — i) =0 (39)
and for the left-circularly polarized wave:
@ N\, 3 _
(—(?—t-—l—lkV) ]__—f-zi'yc?(a_]\’__ =u, (40)
a 2
R i 2 ai 41
ar V- tigpg (@l -— e ) =0 (41)

with initial conditions

J++(0) =j-—(0) =0
Ny y(0) = N__(0) = (nz—ny)f/6.

The solution of the equations after the passage of the
first pulse is given by
I.H..(t—-T]—Z/C) =I_(t——T1 —Z/C)
= j (1) exp{i[o(z/c —t) —kv(t—T1—z/c) + D11},

Ra(ny — k
j++(T1)=—La(—nfi’)i[~i(l—cosQiTl)—i—isinQ,Ti],
47/291 Q
_ M m yia?
Ny =N = f[1—71£T12(1—msgiT1)], (42)

Q2= (kv):yxa?/h, Ti<t—1z/c.
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If the second pulse (17) is linearly polarized at an
angle relative to the first, then it is necessary to make
in (38)—(41) in the region of (37) the following substitu-
tions:

ay— (b/V2)e, a_.— (b]Y2)e-i.

As the initial conditions for N, ,(0) and N__(0) it is
necessary to take (42), and for the currents the initial
conditions are

j++(0) = jis (T1) e'o,
where ¢ was defined above.
We emphasize that the solution of the problem in
terms of linear polarization would lead in the region

(37) to the system of equations (29)-(32) in which the
following substitutions are made:

J-—(0) = j(T1) e ',

v—>2v/3, f—>3f/2, Jo—hoa

By virtue of the singular properties of the Pauli ma-
trices oy, the diagonal elements of the mutually per-
pendicular polarization currents j, and j, will now be
connected by Egs. (29)-(32).

We write out the final solution of the equations in
the region

T+ To<t—z/c
after the passage of the second pulse:

yAb2

z .
I++<t——1:— T, —-—c> = jit (T1)_§ﬁ§;§(1 — cos Q1)

chp{i[m(%—t)—kv(t—%—l—Ti——Tg)

—q>1+2(cbz+,np)]}, Q2 = (kv)? + yab2/h, (43)

The solution for the left-polarized current is ob-
tained from (43) by making the substitution y — - y. As
seen from (43), the left- and right-polarized components
of the photon echo on emerging from the gaseous me-
dium add up together to form a pulse which is linearly
polarized at an angle 2y relative to the initial pulse, and
the amplitude of the echo does not depend at all on the
angle y. A similar phenomenon was observed in ruby.

If the first and second pulses have respectively linear
or circular polarizations (or vice versa), then the photon
echo on the atomic transition J, = %, — J, = Y, is always
circularly polarized in a direction opposite to that of the
other atomic transitions.

The authors are grateful to V. M. Galitskif for contin-
uous interest in the work and useful discussions, and
also to A. A. Manykin for a discussion.
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